AN AXIOMATIC APPROACH TO THE REAL
THREE-DIMENSIONAL LINEAR ANALYTIC GEOMETRY

Ivan Chobanov, Nicolai Stoev

» .. j& ne suis pas encor content de
I’Algebre, en ce qu’elle ne donne ny les
plus courtes voyes, ny les plus belles
constructions de Geometrie. C’est pour-
quoy lorsqu’il s’agit de cela, je croy
qu’lf nous faut encor une autre analyse

proprement geometrique ou lineaire, qui-
) nous exprime directement situm, com-

me I’Algebre exprime magnitudinem ... ¢

Lelbniz

Being introductory to a series of studies on the axiomatic building up
of analytical mechanics, which are to be published under the common title
Logical foundations of analytical mechanics, the present paper is the na-
tural basis for the whole further exposition. Because of its specific nature
as well as to avoid eventual qui pro quo it is nec plus ultra necessary to
expose the reasons which make the present axiomatical approach to the real
three-dimensional linear analytic geometry an argumentum ad rem for the
forthcoming axiomatic building up of analytical mechanics itself.

After Lagrange’s capital treatise [1] the tradition of building up the
exposition on an entirely analytical basis has been confirmed in analytical
mechanics. Lagrange emphasizes that trend by deliberately avoiding diagrams
in-his work. But so far as geometrical facts have their analytic equivalent
this does not yet mean either a complete denial of geometry in mechanics,
or a realization of the purely heuristic role which geometrical treatment plays
in mechanical considerations. Even today one can hear statements as “me-
chanics is four-dimensional geometry”. As far as certain parts of analytical
mechanics are concerned, kinematics for example, some justification in the
historical aspect at least might be found for such .an attitude; but never-
theless it underestimates the specific nature of mechanics as a whole and
does not take into account the impossibility on principle for the existence
of. multi-dimensional statics and dynamics — the absence of vector product
in multi-dimensional Euclidean spaces being a formal expression of that fact —
in spite of the existence of multi-dimensional geometries. This phenome-
non — most clearly noticeable in modern algebra and analysis — of a break
between heuristic geometrical genesis and subsequent abstraction, between
general theoretical conceptions and underlying geometrical motivations can
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be ascertained in analytical mechanics only after the apparalus of vector al-
gebra and vector analysis has been introduced in this science as an effec-
tive technical and conceptual factor.

Vector calculus only recently — in the historical aspect at least —
entered analytical mechanics. In the twenties v. Mises wrote in his ar-
ticle [2]:

» Wer heute mit Aufgaben aus der Mechanik, die iiber das allereinfachste
hmausgehen zu tun hat, “wird kaum auf -das bequeme Hilfsmittel der Vek-
torrechnung verzichten. Wir konnen uns nur schwer in die erst wenige
Jahrzehnte zuriickgehende Zeit versetizen, in der die Begriffsbildungen und
vor allem die Formeln der Vektoranalysis den ,angewandten Mathematikern*
so fremd waren, dafi Lehrbiicher der Mechanik von ihnen nur mit der groB-
ten Vorsicht, in sparsamen Ausmal und nach langen Vorbereitungen Ge-
brauch zu machen wagten. “

As it is known forerunner of vector calculus was Leibniz, in whose
_letter to Huygens of 8. 9. 1679 an Essay setting forth the basic ideas of
the “geometrical symbolic language” (nouvelle characteristique) was enclosed.
As for us, who know the sad childhood of the vector calculus and the con-
fines of old tradition and intellectual inertuess the new mathematical theory
had to overcome, we can see nothing strange in the fact, that Huygens,
whose answer of 20. 11. 1679 was little encouraging, could not grasp the
ingenious scientific foresight in Leibniz’ conception. Even two centuries after
Leibniz the first versions [3] — [5] of the foundations of vector calculus
were looked upon with contempt:

»Ein Zeitalter, welches die 1magmaren GroBen noch als unméglich ansah,
und die onichteuklidische* Geomettie mit Kopfschitteln betrachtete, konnte
natfirlich auch an den n Dimensionen der Ausdehnungslehre nur wem’g Ge-
schmack finden, und noch weniger vielleicht an den ungewohnten Operationen
mit ebenso ungewohnten Objekten. Dazu kam wohl auch der Umstand, daf]
die mathematischen Krifte der letzten Jahrzehnte vollauf beschaftigt waren mit
der Ausbildung der Theorien eines Jacobi, Dirichlet, Steiner, Mébius, Pli-
cker, Hesse und Anderer, die alle einen Krels eifriger Schiiler um sich sam-
melteh wihrend dem Verfasser der Ausdehnungslehre, das Geschmack eine
g]eiché Wirksamkeit versagt hatte. Endlich aber darf nicht unberiicksichtigt
bleiben, daB das Werk in seiner mehr philosophis¢chen als mathematischen
Form, ungewdhnlichen Inhalt ifi' ungewthnlicher Form bietend, dem Studium
groﬁe Schwierigkeiten entgegensetzte, deren Bewaltigung nicht einmal eint
sehr lockefides Ziel verhie. Denn die Ideenkreise des Buches lagen von
denen der {ibrigen gleichzeltigen Bestrebungen in der Mathematik weit ent-
fernt, und die rdumlichen Anwendungen kamen meist nur der Elementar-
Geometne Zu Gute, welche damals noch unerschiittert auf der Euklidischen
Basis ‘thronte« [6]. -

It was’ as late as the first decades of the present century that the at-
titiffe towards the vector algebra and vector analysis was of such a nature,
that gave v. Mises grounds for writmg the following ironical remarks:

" ,Wenn man in den gebriulichen' Darstellungen der Vektorrechnung an
ihrer Spltze die Erkldrung findet, der Vektor sei eine ~gerichtete Grofie®,
50 muf )eder Verniinftige crkennen daf} damit so viel wie nichts gesagt 1st
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Die andere Definition, der man ebenso hidufig begegnet, der Vektor sei eine
»Zahlentripel“, ist offenbar zu weit, denn die Zahl der Ménner, Frauen und
Kinder an einem Ort ist gewiB kein Vektor“ [2]

The first efforts to emancipate analytical mechanics — with regard to
its axiomatic building up — from synthetic Euclidean geometry consists in
the axiomatic building up of the real three-dimensional linear analytic geo-
metry, an approach to that being outlined in [7]. A non-Euclidean — alge-
braic — treatment of the Euclidean geometry was first given by Weyl [8],
see also [9]. Unlike Weyl’s approach, which also works in multi-dimensional
Euclidean spaces, the version proposed in the present paper makes substan-
tial use of vector product and the effect of the given pattern confines it-
self to the three-dimensional case only — perfectly sufficient for the pur-
poses of the analytical mechanics, by the way.

As it is well known, in the traditional exposition of analytic geometry (as
a model of synthetic Euclidean geometry, preliminary build up on an axio-
matic basis) the vector equation

mn rxa=b (@+0, ab=0).
where the vectors a and & are given and r is the current radius vectorn

represents a straight line, the latter being also represented by any equation
of the form

) rX(a)=1b (A+0),

obtained by multiplying both sides of (1) by an arbitrarly non-zero real
number A — and by equations of the form (2) only; similarly, the vector
equation

@ Féma c+0),

where the arbitrary real number « and the vector ¢ are given and ris the
current radius vector, represents a plane, the latter being also represented by
any equation of the form

“4) - r(c) = Ae (A#0),

obtained by multiplying both sides of (3) by an arbitrary non-zero real
number X — and by equations of the form (4) only.

Let A be the set of all the ordered pairs (a, b) of vectors a and &
with a+0 and ab=0, and when (a,, b,) € A(v=1, 2) let by definition

(6) (a,, b)) ~(a,, b))
exactly when
(6) El'_‘) Adz, El=li7-2:

A being a non-zero real number. It is immediately seen, that (§) is an equi-
valence relation in A.

_Let Il be the set of all the ordered pairs (¢, ) of vectors ¢ with
¢+ 0 and real numbers «, and when (c,, «,) ¢Il(v=1,2) let by definition
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(7 (Eb “1)"’(‘; az)
exactly when

(8) E-l =A Ez; 0y = Adlg,

A being a non-zero real number. It follows immediately, that (7) is an equi-
valence relation in IL

Now let X be a set in which an equivalence relation ~ is defined
and let Y and Z be two primary sets, for which the following system of
axioms holds: ‘

Ax 1. ZC XXY.

Ax 2. x ¢ X implies: there exists a y ¢ ¥ with (x, y) € Z.

Ax 3' (xw yv) EZ(V=1! 2)’ x1~x2 Imply ylzyZ‘

Ax 4. y ¢ Y implies: there exists a x ¢ X with (x, y) ¢ Z.

Ax 5. (x,, ) € Z(v=1,2) imply x,~x,.

A model of the set Y is the set of all the equivalence classes in X,
generated by the equivalence relation ~ in X: the system of axioms Ax 1 —
Ax 5 is consistent and categorical [10). To every equivalence relation ~ in
X there corresponds a mathematical theory T for the set Y, The develop-
ment of T consists in revealing the properties of the elements of X, which
are invariant with respect to the equivalence relation ~ in X.

The model-axiomatizing pattern Ax 1 — Ax 5 is universal: no assump-
tions are made about the mathematical nature either of the set X or of the
equivalence relation ~ in X; any mathematical object that could be defined
as an equivalence class in the set X, generated by an equivalence relation ~
in X, is susceptible to being axiomatically defined by the system Ax 1 —
Ax 5 or, which is actually the same, the model-axiomatizing pattern can be
regarded as an axiomatic definition of the equivalence classes in X, generat-
ed by the relation ~ in X. '

Some classical examples are given below.

~ Let X be the set of all the ordered pairs (m, n) of natural numbers m
and 7, and if (m,, n,) € X(v=1, 2) let by definition (m,, n,)~(m,, n,) exactly
when mi+n,=my+n,. Then Y from Ax 1 — Ax § is the set of the whole
numbers and T is the arithmetic of the whole numbers.

Let X be the set of all the ordered pairs (p,q) of whole numbers p and
g with ¢+0and if (p,, ¢,) € X (v=1, 2) let by detinition (p,, ¢,)~(p2 ¢2)
exactly when p,¢,=p,q,. Then Y from Ax1—Ax5 is the set of the ra-
tional numbers and 7 is the arithmetic of the rational numbers.

Let X be the set of all the finite (fundamental, Cantor’s) sequences
{x,}=_, of rational numbers x, (v=1, 2,...) — such that for any positive

v=1
rational number ¢ there exists a rational number r, so that the inequality
xm—x, <e¢ holds for all natural numbers m and n, greater than r, — and if
the sequerices {x,}*  and {y,}=, belong to X let by defihition {x,}%

~{y,)=, exactly when for any postitive rational number e there exists a
rational number p,, so that the inequality |x,—y,/<e holds for all natural
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numbers n greater than p,. Then Y from Ax 1 — Ax 5 is the set of the
real numbers and T is the arithmetic of the real numbers.

And so on.

In the case X=A or X=II the mathematical theory of the set Y from
Ax 1 — Ax 5 is the real three-dimensional analytic geometry of straight
lines or of planes respectively. The totality of these two theories represents
what we here call the real three-dimensional analytic geometry.

The model-axiomatizing pattern has been. applied in [11] for the axio-
matic building up of the kinematics of the affine and Euclidean bodies in
real Hilbert spaces and in the real three-dimensional vector space particular-
ly. In case of a traditional exposition of the foundations of kinematics its
basic concept of rigid body is regarded as a priori known and standards
for its behaviour during the mechanical motions are derived. But “jeder
Verniinftige”, as v. Mises would have said, would understand, that with de-
finitions like “ein materieller Korper heifle starr, wenn der gegenseitige
Abstand je zweier seiner Punkte unverindert ist, so da der Korper sich
weder ausdehnen, noch zusammenziehen, noch sich sonst deformieren, wohl
aber seine Lage in bezug auf seine Umgebung indern kann” [12] or “TBep-
IBIM TEeJIOM B KHHEMaTHYeCKOM CMBIC/E, HJIH HEH3MeHseMON CHCTEMOH TOUeK...
Ha3blBaeTCs TPeXMepPHaf HeH3MEeHHas cpena, SJHeMEHTOM KOTOPOR CAYXHT
Touka” [13] “soviel wie nicht gesagt ist”. The basic for the analytical me-
chanics concept of rigid body should either be strictly defined in a model,
or it should be axiomatically introduced as a primary concept. This applics
also to other concepts of “il paradiso delle scienze matematiche” by Leo-
nardo’s words, whose definilions — as they could be found in the tradition-
al expositions, at least — could hardly be accepted by a critical mind but
with “Kopfschiitteln”. :

Let us emphasize, that in the present paper definitions have been intro-
duced in usum delphini only, according to Landau’s expression [14] — in
order to draw a parallel between the present formalized exposition and that,
known to the reader from the traditional versions of analytic geometry, and
to establish harmony between the symbolic used here and the usual termi-
nology. These could be fully omitted without any harm either to the logical
aspect of the exposition or to its comprehension.

Ad finem the symbols Sgn, sgn:, Df, Pr, Dm will here replace the words
notation, denote, definition, proposition, proof respectively; R denotes the
set of the real numbers and ¥V — the real three-dimensional vector
space.

Quotations will be made as follows: Sgn 1, Df 2, Pr 3 from § 1 for
example are quoted as Sgn 1, Df 2, Pr 3 respectively in § 1 itself, but as
Sgn 1.1, Df 1.2, Pr 1.3 respectively in the subsequent paragraphs.

. § 0. PRELIMINARY

Let ¥ be a set for which mappings «: V2 — ¥, B:RXV -V, y:V?— R
and §:V?— ¥V are defined, such that if a-+-b sgn: a(a, b), a sgn: BQ, E),

absgn:y(a b) and axb sgn: 3@, b ) the following conditions be
satisfied :
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Ax 1. a, b, c¢V imply (a+b)+ c= a+(b+c)
Ax 2. There exists such a 0 ¢ V that ‘a ¢ V implies a+0=a.
Ax 3. a ¢ V implies: there exists such a — a ¢ V' that a+(—a)=0.
Ax 4. a ¢ V.implies la=a.
Ax 5. A, p€R a¢V imply A(p a)=(\pa.
Ax 6. ), p € R, a ¢ Vimply (l+p)a— la+pa
Ax 7. XER a bev 1mply X(a+b) =Aa--)b.
Ax 8. qa, bEVlmplv ab=>ba.
Ax 9. A €R; 4, bevV 1mply (Aa)b A(a b).

Ax 10. a, b, cecV imply (a+b)c=ac+bec.

Ax 11. a¢V implies aa>0 .
Ax 12. a ¢V, aa=0 imply a=0

Ax 13. a, b€V imply axXb=—bxa. .

Ax 14.X€R;a, b¢V imply (A a)><b X (@X b).

Ax 15. a, b, c € V imply (a+ b)Xc=aXc+bXc.

Ax 16. a, b, ceV imply axb.c=a.bXec.

Ax 17. a, b, c €V imply (ax b)Xc= (ac)b—(b c)a.

Ax 18. There exist a, b ¢ V with aX b+ 0

provided :

Sgn 1. a—b sign: a+(—b) iff a, beV.
Df 1. V is called real three-dimensional vector space.
Df 2. Ax 1 — Ax 18 are called axioms of real three-dimensional vec-

tor space.

sgn:

Df 3. @ is called a real three-dimensional vector iff a¢V.
Df 4. a+ b is called the sum of @ and b iff a, bev.

Di 5. 0 is called the zero-vector.

Df 6. — a is called the opposite vector of a iff ae V.

Df 7. a—b is called the difference of a _and b iff a, beV.

Df 8. Aa is called the product of A and a iff A¢ R, ac V.
Df 9. ab is called the scalar product of a and biffa, b V.
Df 10. aXx b is called the vector product of @ and b iff a, b¢ V.

1 av+1>< a,+z

Sgn 2. a, ! sgn: (v=1,23)iff g, ¢V (v = 1,2 3), @13
a,Xa,.a,

a (v—-l 2), a,><a2 a,+0.
Df 11. a,! (v=1, 2, 3) are called Gibbs’-vectors for a, (v=1, 2, 3) iff

a, eV (v=1,2, 3), a,xa,. a,%0.

The followmg propositions are often used [11]:
Pri1. a 6¢V,a+0, a b=0 imply: all the solutions r ¢ ¥V of -the

vector equation

(1)

rXa=b
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are
) F=Aa - -%—iﬁ A €R).
Pr2 a¢R; a b, c¢V,a+0, ab=0, c+0 imply:
iff @ c+0 the system of vector equations (1) and
(3) r c=a

(4) r= '—-—_—:——— H o

ift ac=0, aa+ cXb+ 0 the system of vector equations (1), (3) is in-
consistent;

iff ac=0, aa+cXb=0 every solution (2) of the vector equation (1)
is also a solution of the vector equation (3), but the inverse is not true.

Pr3.a¢Ra,cV (v=1, 2, 3)
(5) a,Xay.a,%0
imply: the system of vector equations
(6) ra,=a, (v=1, 2, 3)

has exactly one solution 7 ¢ V, namely

3
(7) f=2a,.:i,—‘1'
v=1

Pr4.a, b,cV (v=1,2) imply : necessary conditions for the system of
vector equations ‘

(8) rxa,=b, (v=1, 2)

(r¢ V) to be consistent are

C)) a, b,+a, b,=0 (, v=1, 3)
Pr 6. a,b,¢V (v=1, 2, 3), (5),

(10) a,b,+a, b,=0 (@ v=1, 2, 3)

imply: the system of vector equations

(1) rxa,=b, (v=1,2, 3)

has exactly one solution ¢V, namely
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3
- — =1
(12) r=§2 v va-

Pr6. a, b €V (v=1, 2, 3), (5), (10) imply: the system of vector equa-
tions (11) has exactly one solution r ¢ V, namely

_ 1 i
13 r=———— a,+20,41)a,
(13) alxaz.asé( +2b,+1)
with
(l4) Er+3 = Zv (V= 1; 2)’
(15) b4=b1-
Pr7 a,b ¢V (v=1, 2), (9),
(16) a,Xa,+0

imply: The system of vector equatlons (8) has exactly one solution r ¢ V,
namely (12) with

(17) a;=a;Xa,

(l 8) -ba =(—11 X—Eﬁ +_51 x~d2.

Pr8. a, b€V (v=1,2), (9), (16) imply: the system of vector equa-
tions (8) has exactly one solution r ¢ ¥, namely

- (al X az)2

(19) Z(aﬁf‘lbﬂ'l)a

with (14), (15), (17), (18).
Pt 9. a,b ¢V (v=1,2), (9), (16) imply: the system of vector equa-
tions (8) has exactly one solution r ¢ V, namely

o [(a1><a2 b.‘,)a1+(a2><a1 b)) a2+(a2b)al><a9]

Pr 10. a, b, ¢V (v=1, 2), (9), (16) imply: the system of vector equa-
tions (8) has exactly one solution r ¢ ¥, namely

P o~ 10 "\ 1

(21) r=a1 ! Xbl+az 1)( bz"i"(EI bz)a3—
with (17).

_ PrlL a, b, ¢V, a, b,<0 (v=1, 2), (16) 1mp1y all the solutions a, b ¢V
(a=_|=0 a b=0) of the system of vector equations

(22) E‘—z—;v:O (v=1, 2)’
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(23) ab,+a, b=0 (v=1,2)

are
(24) a=X\a,Xa,,
~ a:X 2
(25) b=1AX X[(azxa1 b)) a, +(@a,Xa,. bl)aZ]
(alva)
with 0% ¢ R.

__ Pr 12, «, € R a, €V (v=1,2),(16) imply: all the solutions a, & ¢ V(a +0,
a b=0) of the system of vector equations

(26) aa,=0 (v=1,2),
(27) o, a+ a,Xb=0 (v=1,2)
are* (24),
(28) b=\a,a,—a, a,)
with 0%2A E.R.

§ 1. LINES

Sgn 1. A sgn: {@ b):a, beV, E:}:g, d5_=0}.

Pr 1. 0:{:aeR, (a, b) € A imply (aa, a b) ¢ A.

Dm. Sgn 1.
( Sgn 2. (@, b)~(a,, b,) sgn: a,=aa, b, =ab, (« ¢ R) iff (a,, b)) ¢ A
v=1, 2).

Df 1 A, is called equivalent to 2, iff X, € A (v=1, 2), A;~2,

]SgQI; 3. (ay, 1)"“(‘1.2, b,) sgn: a, Faa, or bl-JF“bz (« € R)iff (a,, b, ) €A
(v=

Df 2.}, is called non-equivalent to X, iff A, € A (v=1,2), A;~A;

Pr 2. A, € A (v=1, 2) imply: exactly one of the relations A;~2, A;~2,
holds.

Dm. Sgn 2, Sgn 3.

Pr 3. (a, b,) €A (v=1,2) imply:

(1 (@1, ,)~ (@3, b,)
iff there exists a « ¢ R with
) a,=ad,, b,=ab, (230).

Dm. Sgn 1, Sgn 2.

Pr 4. (a, b)) €A (v=1, 2) imply:
(3) (‘_119 zl)::(zb Z—2)
iff there exists no « ¢ R with (2).






