GIBBS VECTORS IN THREE-DIMENSIONAL
VECTOR SPACES OVER ORDERED FIELDS

Ivanka Christova, Ivan Chobanov

Non nova, sed nove

In the present paper the symbols Sgn, sgn:, Ax, Df, Pr and Dm stand
for the words notation, denote, axiom, definition, proposition and proof re-
spectively.

F stands for an arbitrary non-trivial ordered field and Vs for the three-
dimensional vector space over F, defined as a set, for which mappings

1) My:Vi— Vi

(addition in Vp),

(2) My:FXVe— Vg
(multiplication of the elements of F with the elements of Vpg),
(3) Ms:VE—F

(scalar multiplication of the elements of Vg and

) M,: Vi— Vi

(vector multiplication in Vr) are defined, so that, provided
() a+b sgn: M, ((a, b))

(sum of a, b),

(6) Aa sgn: M, ((2, )

(product of 2, a),

(7) ab sgn: Mg ((a, b))

(scalar product of a, b) and

(8) axb sgn: M, ((a, b)

(vector product of a, 6), the following conditions are satisfied:
Ax 1, a, b, ceVrimply (a+b)+c=a+(b+c).
Ax 2. There exists 0¢ Vr with: a ¢ Vi implies a4+0=a.
Ax 3. a¢ Vr implies: there exists — a € V¢ with a4 (—a)=0.
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Ax 4. a¢ Vr implies 1 a=a.

Ax 5. X, peF, ae¢Vrimply (Ap) a=2(ra).

Ax 6. l peF, ac Veimply A+pla=2ra+pa.
Ax 7. A€F;a, beVrimply A(a+b)=Aa+2b.
Ax 8.4, b¢ Vpimply ab=ba.

Ax 9. A¢F; a, be¢ Ve imply (A a) b=X (ab).

Ax 10. a, b, c¢ VFr imply (a+b) c=ac+be.

Ax 11. a¢ Vpnmphes 0< a2

Ax 12. a¢ Vg a*=0 imply a=0.

Ax 13. a, b¢e Vr imply aXb=—(bXa).

Ax 14. A€ F; a, be Vp imply (Aa)Xb=2 (aXb).

Ax 15. a, b, c(VF imply (a-+b8)Xc=aXc+bXc.

Ax 16. aq, b, c e Vrimply aXb .c=a.bXc.

Ax 17. a. b, c¢ Vr imply (@aXb)Xc=(ac)b—(bc) a.

Ax 18. There exist a, b€ Vg with a X b==0.

0 in Ax 11, Ax 12 and 1 in Ax 4 denote the zero and the unit element
of F respectlvely and a—b sgn: a-4-(—¥b) for all a and b of V¢ (difference
of a, b); a? sgn: aa for every a¢ Vp.

The conditions ax 1 — Ax 18 are called axioms for three-dimensional
vector space Vg over F.

Ax 1 — Ax 3 specify Vr to an additive group with respect to M, with
zero element O and inverse element — afor the element a of Vp; it is pro-
ved, that this group is commutative.

Ax 1 — Ax 7 specify Vr to a linear space over F with respect to
M, and M,

Ax 1 — Ax 12 specify Vr to an Euclidean space over F with respect
to My, My and M,

It is proved that every four elements of Vr are linearly dependent
and that if @ and b are linearly independent elements of Vr the elements
a, b and aXb of VF are linearly independent also. Now Ax 18 eliminates
the m;g-dimensional case and turns Vr into a three-dimensional linear space
over F.

The consistency of the system of axioms Ax 1 — Ax 18 is traditionally
proved by constructing an arithmetical model of V¢ in F3: (5)—(8)are defin-
ed as follows:

%) (@1, Q3 @g)+(by, by by) sgn: (ay+b4,0:+ by, ay+by),
(10) A(an ag ag) sgn: (Aay, Aa, Adg),
3
(11) (ab a2) aa) (bl’ b2a ba) Sgnfza- bn
y=1
(12) (a.h aﬁs a3)><(b1, b21 b3) Sgn:

(az by—b, a3, a3 by—by ay, a; b,—b, a,)
provided
(13) A¢F,
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(14) (a1, a,, as) € F3,
(15) (bl! b2: bs) €F3

and Ax 1 — Ax 18 are verified; it is proved that V¢ is athree-dimensional
linear space over F with respect to (9), (10) and this implies the categorica-
lity of the system of axioms Ax 1 — Ax 18.

The question to what degree the mathematical theory involved de-
pends on the -arithmetical specificity of the field F quite naturally arises: it is
immediately seen, that all the axioms Ax 4 — Ax 12, Ax 14, Ax 16 and
Ax 17 remain meaningful if Fis replaced by an arbitrary additive-multiplicative
bistructure B with zero element O and unity element !, in which an order
relation < is defined compatible with the addition and multiplication in B.
In case the system of axioms Ax 1 — Ax 18, properly modified, remains
consistent, the mathematical theory so established is of course void of con-
tent: it becomes sapid when various expedient properties to the relations
addition and multiplication in B are attributed.

Systematical investigations on the interaction of the various axioms of
the system Ax 1 — Ax 18 are still lacking: we do not have at our dispo-
sal for example proofs for the independence of these axioms; but these quest-
ions for the time being will be left aside. At any rate the condition F to
be an ordered field is an essential one, as may be seen from the example
with the field C of the complex numbers.

Namely, it is easily seen that if L¢ is a linear space over C with two
at least linearly independent elements p and ¢ it is impossible to define sca-
lar multiplication of the elements of L¢ with values in C which satisfies the
following conditions:

Ax 8C. a, b¢Lc imply ab=ba.

Ax 9C. 2 ¢C; a, beLc imply (Aa) b=2 (a b).

Ax 10C. a, b, C ¢ Lc imply (a+b6)c=ac+bc.

Ax 12C. a€¢Lc¢,a?=0 imply a=0.

To this end it is sufficient to consider the quadratic equation -

(16) M pP+22Apg+q°=0
with roots obviously in C; Ax 8C — Ax 10C imply
(17) (Ap+9P=2 p*4+20pq+4¢*=0
contrary to Ax 12C since

(18) Aptq=Ap+1lg=0
because of the linear independence of p and g¢.

We shall give here some reasons for undertaking the present investi-
gation. At that R stands for the field of the real numbers and V for the
three-dimensional vector space over R (real three-dimensional vector space).

In some previous articles we have made an attempt to emphasize by
concrete examples on the important role which the application of the recip-
rocal repers plays in various questions of the linear algebra, linear analytical

geometry and analytical mechanics since this role in our opinion is usually
underestimated [1) — [12]. The advantage the reciprocal vectors propose is
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a double one. On the one hand, they enable us to obtain elegant solutions
of a series of basic problems whose treatment without their aid is a very
clumsy one. On the other hand, the Gibbs vectors give us the opportunity
to build up an entirely new technics for the formulation of some situations
concerning the logical foundations of the analytical mechanics. Atlast, being
generalized for real and complex Euclidean spaces, the reciprocal repers en-
able us to establish far reaching geometric-mechanical analogies.

As most instructive examples for the technical advantages of the Gibbs
vectors in the case of the real three-dimensional vector space we shall
point out the following ones.

Let the vectors

19) a, eV (v=1, 2, 3)
with

(20) a;Xa, . a0

be given and

(21) «, ¢ R (v=1, 2, 3).
Then the system of vector equations

(22) ra,=a, (v=1, 2, 3)

has exactly one solution r¢ V, namely

(23) r= iw. a;l

vl

The elegant form (23) of the Kramer formulae for the linear system of equa-
tions (22) is retained in the multidimensional case too; let H¢ be a Hermite
space over the field C of the complex numbers; if

(24) a €C (v=1,2,...,n)
and

(25) a,cHe v=L12,...,n)
are linearly independent, the system of vector equations

(26) ra, =, v=1, 2,. . ., n),

has exactly one solution » in the n-dimensional linear subspace Hc (a,)y=y Of
Hc, generated by the vectors (25), namely

(27) r:i‘a, al,
=1

the reciprocal reper
(28) a;' € He ov=1,2...,n

of the reper (25) being appropriately defined.
Let the vectors (19) with (20) be given and

29) boe V v=1, 2, 3).
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P

Then a necessary condition for the consistency of the system of vector

equations

(30) rxa,=b, (v=1, 2, 3)
is

31 a.b,+ab,=0 (m v=1, 2, 3).

provided (31), the system (30) with (20) has exactly one solution re¢V
namely

3
32) r=—-%a-1xo,.
( 3 ,Zf’ .
Applied to the system of vector equations
(33) rxa,=b, v=1, 2)
with
(34) a, Xa, 50

this theorem leads to the following result. A necessary condition for the
consistency of the system (33) is

(35) a, b,4+a, b,=0 (W v=1, 2).

Provided (35), the system (33) with (34) has exactly one solution namely
(32) with ‘

(36) A3=0a;Xay
and
(37) by=a,X by + b, X 5.

The geometrical interpretation of the systems of vector equations (22) with
(19) — (21); (30) with (19), (20), (29), (31); (33) with (19), (20), (29), (34),
(35) is obvious. The technical advantage of the solution (23) of (22) with
(19) — (21) for example over the solution

a, a, a, 0

1 a’ aa, aa, «

- (alxal . 03)2 azal ag a’aa %g
Qxa; axa; al  ay

(38)

of the same system (22) of vector equations without the aid of the Gibbs
vectors is also obvious.
If the vector functions

(39) a,=a, (t) ¢ %4 (V= lr 2’ 3)

with (foO) represent a rigid reper (a coordinate system fixed in a rigid body),
e i

(40) (@, a,)=0 (1 v=1, 2, 3),

10 Foa. va Cog. yuus,, dax. 110 MaTeMaTHKa W Mexawuka, T. 70, 1975/76
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there exists exactly one vector function
(41) w=w()¢V

(instantaneous angular velocity of the rigid body) with the following pro-
perty: for every point

(42) p=pd€V
of the body, i. e. for every vector function (42) with
| d —
(43) W(P“:l)=0 (v=1, 2, 3),
the equality
dp _ 7
(44) 2 =wxp

holds. The vector (41) can be found as the solution of the system of vec-
tor equations

(45) o = wxa, v=1, 2, 3)
if (39) with (20) are given and 'hence
(46) “eev (v=1, 2, 3)

are known; the system (45) is obtained from (44) in the special case

p=a,(v=1, 2, 3). Because of (40) the conditions (31) are satisfied and (32)
mpli es

- da,
(47) o= 5 Sla-ix G-
=1
Now (43), (45) imply (44) by differentiating the identity
3
(48) p=) (paNa,
2

with respect to #, The result (47) is a vector-analytical version of the well-
known Euler theorem. Since

(49) a'=a, (v=1,2, 3),
iff
(50) aﬂ a'={é 8:;:; (P-’ y= 1! 2' ?),

in case of an orthonormal coordinate system (39) the instantaneous angular
velocity (47) takes the form
3
1 da,
=5 E a, X a5

'2)!

€l

(51)
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or, adopting the traditional notations for the unit vectors of an invariably
connected with the rigid body coordinate system, the form

— ] — —_ — - -— .
(52) w=— (EOXE+ "X n°+{°XT%).

In the case (50) of an orthonormal coordinate system (39) the equality
(51), because of the trivial identity
3

da' da.
(53) > @<=
r=1
implies ,
do 1 ., P,
(54) G e X

=1

It turns out now that in the general case of a coordinate system (39) which
s not necessarily orthonormal the analogous of (54) equality

1 2 d2a
(55) - 720.“>< T

r=1

or the instantaneous angular acceleration

T.do
(56) e=_2
of the body still holds although the terms of the sum
Syda!  da,
(57) dr X d@r

r=1

do not necessarily vanish, contrary to the case (53): the sum (57) is also zero:
3, da7!  da,

(58) —Xz7=0
v=1

and (47), (56) imply (55). The identity (58) is however not an absolute

but a conditional one: it is true only when (40) holds. More generally,
provided (39), (40), (20), the equalities . :

3

dma, d"a;' GQdma' 4,
(59) 2 @ X Tan T Ly Tam N g
v=1 y=1
(m, n=0, 1, 2, . . ) hold where
da, aa;! |
(60) =% g =4 (v=1, 2, 3);
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(99) with m=n imply

dnag!

3
d" a
(61) Z X =0 (n=0, 1, 2, . . .),
r=1

i. e. (58) is a special case of (61) (n=1). Because of (59) the vectors (47)
and (55) can also be written in the equivalent form

3 -1
- 1 da,
(62) W= 5= Z ayX —5—
ya={
and
3 -1
- 1 d2 a,
(63) E=-—2—'Z a, X —T{t-r
r=1

respectively. In the special case (50) of an orthonormal coordinate system
(39) the equality (63) takes the form '

— 1 3 ata,
v=1

because of (49), respectively

(65) T= g EXE X+ X

according to (52).
In the case

(66) ZZ(% (@,a)) #0

u=1 v=1

one at least of the equalities (45) fails for an arbitrary function (41). Quite
naturally the question arises about the existence of functions

(67) c,=cr(f) €V (v=1, 2, 3)
and a function (44) with
(68) =X a,+-0, v=1,2, 3),
i. e. with

— da,
(69) wXa,= ——c, (v=I1, 2, 3).

The system of equations (69) is of the form (30). A necessary condition
for its consistency is

da, da“ , _
(70) a,‘('—dT"C,)+a'(7t——C“):0 . (}l, V-—l, 2, 3)
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according to (31), i. e.
(1 Uy v, €= 55 (0, @) w v=1, 2. 3).

provided (71), the system (68) has exactly one solution (41), namely

3 3
— da
(72) w=—;—Za,"xfj+—,}Za+a:l,
o=1] o=]
according to (32).
From (70) it is seen that the number of the necessary and sufficient
conditions for the existence of functions (67) with (68) is 6. There are
hence 3 degrees of freedom for the choice of the functions (67). One
ossible additional defining of these quantities could be made with the aid
of the requirement the vector (41) with (68) to be of the same structure in
the case (66) as in the case (45). Now from (47) and (72) it follows that
such a coincidence will take place exactly when

3
(73) Dle,xa;1=0.

From the definition of the Gibbs vectors it follows that (73) is equivalent to
3

(74) DX @41Xa,42) =0,
p=]
i. e to
(75) (@3 €a—@3 €3) Ay +(ay C3—a3 €1) Ag+(a3 €1 —a, €3) A3=0.

Because of (20) the equality (75) is equivalent to

(76) a,c,=a,c, . v=1, 2, 3)
It follows from (76) and (71) that
(77) a, c,=—é—-—;t—(a,‘ a,) G, v=1, 2, 3).
Now (77), (20) imply

3
(78) c,————%—z -;T(a,, a) a;’! (v=1, 2, 3)

p=1
and (68), (78) imply

3
~ 1

(79) %‘%:—. xa,+—2~2—:—t- @u a,) a7

u=1
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(v=1, 2, 3). Since
3

d 2/ da
(80) Z’E (@aa)a;! = Z(a“ —d;-) a!

e e

(v=1, 2, 3) (79) implies

(81) %z to><a,+Z(a ——)a—' (v=1, 2, 3).

When these considerations are: apphed to the Gibbs vectors a;! (v=1,
2," 3) instead of the initial reper (39), the equalities

(82) (a;)'=a, (v=1, 2, 3)
together with the second form (62) of (47) imply that the equalities
3
7 d
(83) ——=wXa,+ o Zg;- @' aa,
p=1

(v=1, 2, 3), analogous to (79), also hold. The equality (81) takes now

the form
—1 3 —1

da, _ da
(84) T=2w><a:‘+2(a:' ) a =1, 2, 3).
a=1
If (42) is a point invariably connected with the affine coordinate sys-
tem (39), i. e. if the condltlons (43) are satlshed from (48) and (79) we have

(85) S ) =S Garyexa,
r=1] =1
+%Z(pa—')zdt (. a,) @',
r=1
Since
3
) Y e @ua)

—

-

d

3 L B
=E‘Z(—P—a,_l) (au a,)=—3—t(pa,,) k=1 2, 3)

r=]
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e ———

according to (43), (85) implies

3
de - 1 d —
@ G =xoty Y (7 o0

u=1

Calculations, which will not be given here, show that the equality (87)
can be written also in the form

3 3
d; -~ i —da' _ 1 g dd’ .
(88) -,,7=ka9+-2,—2(9—;‘7)0,‘+-§-2(9 ) &
r=1 =]
The equality (88) shows that the velocity of every point (42) in variably
connected with the affine coordinate system (39) can be found by vector-
algebraic operations over (42) instead of differentiation and is a generalization
of Euler theorem (44) for the case of an affine body.
Elegant results are also obtained when the Gibbs vectors are applied
to finite displacements and finite rotations of the real three-dimensional vec-
tor space V. Let

(89) r.evV (v=1, 2, 3)
(90) pEV (v=1, 2, 3),
©b Tulv=0u pr ( v=1, 2, 3),
(92) 0 < (ryX7s5-15) (P1XPs-ps)-

The conditions (91) express the fact that the modules of the vectors (89)
are equal to the modules of their equi-index vectors (90) and the angles
between every two different vectors (89) are equal to the angles between
their equi-index vectors (90). The condition (92) expresses -the fact that the
vectors (89) and (90) form two equi-orientated repers. The equalities (91)

imply

(93) (X7 - 73)*= (p1X p3 - py)?

and (92), (93) imply

(94) riXry . r3=p1XPs- Py-
Provided (89) — (92), let

(95) ';=° (f,, Ev; ’,)l=l

stand for the transformation of V defined as follows. If

3
(96) r=>0r M ER, v=1, 2, 3),
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let (95) map (96) in the vector

3
(97) p= > A,

Obviously
98) c(’n Fv; ru)?=l=9u ("v—_‘lv 2’ 3)-
Since
3
(99) ' r=Y@erhr,
and
3 —
(100) ;: (;E,—l) Py
the -correspondance, realized by (95), has the property
101) re'="pp" (=1, 2, 3)

or every vector r and its c-image p. Inversely, the equalities (101) could
be taken as defining the mapping (95) since (101) imply

3
(102) p= Z(rr;') o
v=1

n accordance with (96), (97). The transformation (95) with (89) — (92) map-
ping (96) in (97) and especially (89) in (90) according to (98) is called a
finite displacement of V' with a fixed point O determined by the repers (89),
(90) of V mith (91), (92). _

These definitions can be generalized to the case of an arbitrary Eucli-
de#n space E. Let

(103) r, ¢ E (v=1,2, ..., n)
and

(104) pe € E v=1,2,...,n)
be two repers in £ with

(105) T To=Pu Py . v=1,2, ... n:

In case E is an n-dimensional Euclidean space it must moreover be suppo-
sed, thatthe repers (103), (104) are equi-orientated, which means by definiti-
on that

I &1 N1 Pa- - Ty Pa
fs 1 Ty P2 -T2 Pn i

ooooooooooooooo

(106) 0<
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Then the transformation in £

(l07) ; = o(’w ‘;V-’ r):=l’
mapping every vector r belonging to the n-dimensional linear space L (r,y"

generated by the reper (103) into the vector p belonging to the n-dimensio-

nal linear space L (p,);- generated by the reper (104), according to the
equations -
- ——

(108) rr;! =p p (v=12, - . ., n),
or, which is the same, according to the equality

(109) o= e

r=]

is called a finite displacement in £ with a fixed point 0 determined by the
repers (103), (104) in E with (105).

Another possible generalization consists in avoiding the conditions (105)
and using again (108) or (109) as defining the transformation (107) condi-
tions. This transformation shoud be called a finite affine deformation in £
with a fixed point O determined by the repers (103), (104) in E.

Returning now to the case of the real three-dimensional vector space V,

given

(110) ®¢R

and B

(111) weV

let

(112) 0=0a’

and let

(113) p=1(w, 7)

be the transformation of V, defined by the equality

(114) p=(1—cos®) (r ©°) @+ 50s ® 7}-sin @ W0 X 7

for every 7¢ V. The transformation (113) or (114) with (110)—(112) iscall-
ed a finite rotation of V' at the angle ® round the axis w® through 0.

It is proved that every finite displacement (95) with (89) — (92), (98)
of V' with a fixed point O is equivalent to a finite rotation (114) with(110),
(111) of V, i. e. that
(115) (T Poy Po=1=7 (0, 7)
for every r¢ V with appropiate (110)—(112). Especially (115), (96), (97),
(114) imply

(116) p»=(1—cos®) (7, 0°) w®+cos @7, -+sin @ w X7, (v=1, 2, 3).
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This theorem formalizes the well-known Euler theorem (Novi Comment.
Petrop., vol. 20 (1776), § 25, p. 189) in terms of vector algebra. The Gibbs
vectors enable us to give an elegant solution of the system of vector equati-
ons (116), where the vectors (89), (90) with (91), (92) are given, whereas
the real number (110) and the unit vector (111) are unknown. Despite the
fact, that the system of equations (116) appears to be a very complicated

one, its solution, obtained by means of reciprocal repers, is a very
simple one:

3
(117) sinm¢;°=—;——zr,"‘><9_.
y=l
and
© 3
(118) cos m.—.—;—(z,;l‘p',—l) )
r=1

The equalities (117), (118) are a vector version of the well-known Rodri-
gues formula, first given in [13]. Of course an intermediate step in the proof
onsists in establishing the conditional, i. e. provided (91), (92), identity

(119) (ir:‘x p_,)’+(§3:r;“‘ p_,——l)’=4.
r=1 rv=1

The relation between finite displacements and finite rotations of the

eal three-dimensional vector space V could be also established in the follow-
ng manner. Let

(120) rvE V (V*l, 2)v
(121) e €V (v=1, 2),
(122) w7y =Pu P» (B, v=1, 2),
(123) ryXryv0.

(120) — (122) imply
(124) (r1X72)?= (pXps)®.

(123), (124) imply N
(125) P1Xps7<0.
Now let
(126) ry=nXrs p3=p1Xps
Then L
(127) r,7s=0, 5,ps=0 o=1, 2),
(128) Fi=(nXn) Pi=(p1Xp)*

(120), (121), (126) imply (89), (90); (122), (127), (128), (124) imply (92).
Then the result for finite displacements of V could be reformulated for the
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P

vector% 28120), (121) with (122), (123) instead of the vectors (89), (90) with
91), (

( The Gibbs vectors play an important role also in other problems of
the analytical mechanics, for example in the three- and multidimensional point
kinematics, in the axiomatical building up of affine and rigid body kinema-
tics in real and complex Hilbert spaces, in the axiomatical approach to the
real three-dimensional linear analytic geometry etc. Now it turns out
that all these considerations work mutatis mutandis in more general situa-
tions. One of the aims of the present article is to prepare the ground for
such investigations, in the first place for developing an algebraic theory of
arrows, an sxiomatic approach to Pythagorean analytic geometries, for defi-
ning finite rotations in discontinuous vector spaces ete.

Let
(129) a, ¢ Vg (v=1, 2),
(130) b, ¢ Vp (v=1, 2),
(131) a, ¢ Ve (v=1, 2, 3),
(132) b, € Vr (v=1, 2, 3).
Then:
Pr 1. (129), (130) imply
(133) a;Xa, . by Xby=(a, b,) (as b)—(a, by) (ash,).

Dm. a,Xa,.b,Xbs=(a,Xag) X b, .b,=((ay b,) as—(as bi) a,) by
=(a; &) (a, ba)—(al by) (a5 by).
Pr 2. (129), (130) imply

ab, a,b
a, . by Xb,=; +r T1E
(134) X 01O ash, asb, ‘
Dm. Pr 1
Pr 3. (129) imply
(135) (X a5)*=a} ai—(a, a,)*.
Dm. Pr 1.
Pr 4. (_129) imply
az aa
o 1 1%2
(136) (@1 X ay)?= a0, a2
Dm. Pr 3.
Pr 5. (129),
(137) as sgn: a;Xa,
imply
(138) a, a;=0 (v=1, 2).
Dm. Clear.

Pr 6. (129), (137) imply
(139) ;X ay . ag=(a; X a,)*.
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Dm. Clear.

Pr 7. (131),
(140) reVe
imply

(141) (e, Xa, . ag) r=(a;Xa; . 1) ay,+(agXa, .7) a,+(a, Xa, . 1) a,.
Dm. (141) follows from

(142) (@1 Xas) X (agXn)=(a, . agXr)a;-—(as . az;Xr) a;
and
(143) (@, X ag) X (@3 Xr)=(a1Xy.7) G3—(@1XAs.- Gy} T.

Pr 8. (131), (132) imply

b aby  ab
ash;  asb,  asby
ash; ash, agh,

(144) (a1 Xasy. ay) (blxba-ba)=

Dm. Pr 7, Pr 1 imply
(145) (81X @5 - ag) b, X b,

- @40, ash, "I + ash, azb, a,b, a,b, |as'
ash; ash, ab, a,b, ash; a,b,
whence (144).
Pr 9. (131) imply
a 4ay, a)a5
(146) (@:1Xay. 0= a8, ai  as8 |-
as8; a3,  g;
Dm. Pr 8.
Pr 10. (131), (132),
(147) a,43 Sgn: a, (v=1, 2),
and
(148) b,4s sgn: b, (v=1, 2)
imply
3 s
(149) (41X Byt 2) X0y =Y (B2 by 41—8,41 b,42) .

Dm. (149) follows from

3 3
(150) Z (@41 X8y 42) X b, = Z'(a.-q-l b,) a,42

=} rm|
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3 3 s
-—Z(a,.;.z b,) a,s1= Z(a.-i-:z b,+1) a."‘Z(awH b,+1) a,.

rwml =] o=l

Pr 11. (131), (147) imply
3

(151) ay X (@, +1X 8p42)=0.
Dm. Pr 10.
Df 1. The dyad (129) is called orthogonal iff
(152) al a’=0.
Pr 12. (129), (152) imply
(153) (a1 Xal)’=a? a,
Dm. Pr 3.
Df 2. The triad (13!) is called orthogonal iff
154) aa,=0 @ v=1,2, 3; pyev).
Pr 13. (131), (154) imply
(155) (a,Xas . ag)*=a? a? a2,
Dm. Pr 9.
Df 3. The dyad (129) is called a reper in Vg iff
(156) a; X ay#0.
Pr 14. (129), (152) imply (156) iff .
(157) a, %0 ' (v=1, 2).
Dm. Pr 12.
Df 4. The triad (131) is called a reper of Vp iff
(158) a;Xay . ag#0.
Pr 15. (131), (154) imply (158) iff
(159) a, % 0 (v=1, 2, 3).
Dm. Pr 13.
Di 5. A reper (131) of Vp is called right orientated iff
(160) 0<a,Xa,.a,
Di 6. A reper (131) of Vi is called left orientated iff
(161) ay Xa, , a;<0.
Pr 16. (129), (137), (156) imply (160}).
Dm. Pr 6

Df 7. The. repers (131), (132) of Vi are called equi-orientated ift
( 162) 0<(ar1Xa, . a3) (b,Xb,. b5).
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Df 8. The repers (131), (132) of V¢ are called contra-orientated itf

(163) (@ X ay . az) (b, X b, . bs)<O.

Pr 17. (129),

I (p=v)

164 = , vexly 2
(169 o a {0 (b b=l 2
imply
(165) (a1 Xay)?=

Dm. Pr 12.

Pr 18. (129) (164) imply (156).

Dm. Pr 1

Df 9. The 'reper (129) in Vp is called orthonorma! iff (164).
Pr 19. (129), (137), (164) imply
(166) alxa, o a3= ].

Dm. Pr 6, Pr 17.
Pr 20. (129), (137), (164) imply

I (p=v)

167) a a,={ @ v=1, 2, 3)
‘ "0 @ *

Dm. Pr 5, Pr 19.

Pr 21. (131), (167) imply
(168) (al)(a, B as)’= l.

Dm. Pr 13.

Pr 22. (131), (168) imply (158).

Dm. Pr 21.

Df 10. The reper (131) of Vi is called orthonormal iff (167).

Sgn 1. a7t sgn: 202 (01,9, 3) it (131), (147), (158).

Df. 11. a7t (v=1, 2, 3) are called the reciprocal or Gibbs vectors to
the vectors (131) or else the reper
(169) aleVr (v=1, 2, 3)

(s. Pr 25 below) is called the reciprocal or Gibbs reper to the reper (131).
The following propositions describe the basic properties of the reciprocal

repers in Vr
Pr 23.(131), (158) imply
a1 (&=v
170) 4 a lz{ L v=1, 2, 9.
‘ By 0 (P'?‘V) (F . y )
Dm. Sgn 1.
Pr 24. (131), (158) imply
(171) (@1Xa,.ay) (@' Xaz! .a7")=1.

Dm. Pr 8, Pr 23.
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Pr 25. (131), (158) imply
(172) a;'Xa;!.a;' + 0.
Dm. Pr 24.
Pr 26. (131), (158) imply (160) iff
(173) 0<aytXaz!. a?,
Dm. Pr 24
Pr 27. (131), (158) imply (161) iff
(174) ar'Xa;!. a7'<0.
Dm. Pr 24.
Pr 28. (131), (158) imply (168) iff
(175) a;Xay.ag=a;' Xaz;'. a7t
Dm. Pr 24.
Pr 29. (131), (158) imply
(176) (@-!)~'=a, (=1, 2, 3).

Dm. Pr 25, Sgn 1.
Pr 30. (131), (158) imply
3
(177) Za,Xa;" =0.

v=1

Dm. Pr 11, Sgn 1.
Pr 31. (131), (140), (158) imply

3 3
(178) Z(ra,) = Z(ra:’) a,.
ym] pm|]
Dm. Pr 30.
Pr 32. (131), (158),
(179) Isvs3
imply: a necessary and sufficient condition for
(180) a,Xa;1=0
is
(181) a,a,=0
Dm. Sgn 1

(r=1,2 3; p5v).

Pr 33. (131), (158), (179) imply: a necessary and sufficient condition

for (180) is
(182) a;'a1=0

Dm. Pr 25, Pr 29, Pr 32.

e=1, 2 3; p %)

Pr 34. (131), (158), (179) imply: a necessary and sufficient condition

for (181) is (182).
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Dm. Pr 32, Pr 33.

Pr 35. (131), (158), (179) imply: a necessary and sufficient con-
dition for
(183) a,=aa;!
1s (181).

Dm. Pr 32, Pr 25, Pr 23.

Pr 36. (131), (158), (179) imply : a necessary and sufﬁcnent condition for
(183) is (182).

Dm. Pr 34, Pr 35.

Pr 37. (131) (158), (179) imply: a necessary and sufficient conditon for

(184) a'=(a-") a,
is (181).

Dm. Pr 32, Pr 23.

Pr 38. (131), (158), (179) imply: a necessary and sufficient condition
for (184) is (182).

Dm. Pr 33, Pr 37.

Pr 39. (131),(158), (179) imply: a necessary and sufficient condition for

(185) a (a7 =1
is (181).

Dm. Pr 23, Pr 32.

Pr 40. 131) (158), (179) imply: a necessary and sufficient condition
for (185) is (182)

Dm. Pr 34, Pr 39.

Pr 41. (131) imply: a necessary and sufficient condition for

(186) a'=a, (v=1, 2, 3)
is (167).

Dm. Pr 22, Pr 35.
Pr 42. (131), (147), (167) imply

(l87) a.=av+!><a.+2 (V=], 2: 3)

i1 (166).
Dm. Pr 21, Sgn 1, Pr 41.
Pr 43. (131), (147), (167) imply

(188) a,=a,4+2X0qy41 (Vzl, 2, 3)
ift '
(189) alxaz B a3=—l.

Dm. Pr 21, Sgn 1, Pr 41.
Pr 44.(129), (137), (156) imply

—1_ @sX(ayXas)
(190) ay'= (arXag)®
(191) a—! — (a3 X ag) Xay

2 7 (g Xag)®
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e

.y aXa
(192) aa 1 — (a:x‘:)'
Dm. Pr 6, Sgn 1.
Pr 45. (129), (137), (156)imply
(193) a;t=ar'Xaz!l.
Dm. Pr 44.
Pr 46. (129), (137), (156) imply
a
(194 o o= e
Dm. Pr 44.
Pr 47. (129), (137), (156) imply
(195) ala;! =0 (ve=1, 2).
Dm. Pr 44.
Pr 48. (129), (137), (156) imply
(196) azxXa;'=0.
Dm. Pr 44.
Pr 49. (129), (137), (156) imply
(197) ariXaz!. a5 = (ar X a7 ).
Dm. Pr 45.
Pr 50. (129), (137), (156) imply
(198) (@, Xay)? (a7 Xaz)?=1.

Dm. Pr 6, Pr 49, Pr 24
Pr 51. (129), (137), (156) imply: a necessary and sufficient condition for

(199) a,Xa;1=0 (v=1,2)

is (152).

Dm. Pr 6, Pr 5, Pr 32.

Pr 52. (129) (137),- (156) imply: a necessary and sufficient condition
for (199) is

(200) art a5t =0.

Dm. Pr 46, Pr 51.
Pr) 53. (129) (137) imply: a necessary and sufficient conditien for (186).
is (164
( Dm. Pr 20, Pr 5, Pr 48, Pr 51, Pr 35.
Pr 54. (131), (140), (158) imply

3
(201) r= Z(ra:l)_ a,.
=1

11 Toa. Ha Cod. yuus., Pak. Mo maTeMaTuka ¥ MeXaHuka, T. 70, 1975/76
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Dm. There exist
(202) o, €F (v=1, 2, 3
with
3

(203) y= Z“’ a'.

ym=]
Now Pr 23 implies
(204) @, =ra;! (v=1, 2, 3)

Pr 55. (131), (140), (158) imply

3
(205) r= Z (ra,) a}.
o=1

Dm. Pr 54, Pr 3l.
Pr 56. (131), (140), (167) imply

3
(206) r= Z(ra,) a,.

ym]

Dm. Pr 21, Pr 41, Pr 54.
Pr 57. (131), (158),

(207) PEeVE,

(208) g¢ Ve

imply ,

(209) Pg= D (pa,) (ga?).

y=1

Dm. Pr 54, Pr 55, Pr 23.
Pr 58. (131), (167), (207), (208) imply

3
(210) pg= " (ps.)(qa,)
=1

Dm. Pr 41, Pr 57.
Pr 59. (131), (158), (207), (208) imply

i a;, a; G,
(211) PXI="Gas.a; | PO Pa Pas
qa, 4qas 4qa
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-r

Dm. Pr 54, Sgn 1 imply

3
@12 px4=Z(p><q a7l a,

y=={

3
1
=—aXay @ 2 P XY BriXan) g,

3
= '—a-l—)-zal-z—a-a-z«pa,.'.l) (qa'.'+2) - (Pa.—+2) (qav+l )) Q,,

v=|

whence (211) according to (147).
Pr 60. (131), (158), (207), (208) imply

o' a4 a
parl pa-2—| pas*‘i

qa;! ga;' qay!

(213) PXg=(ayXa4 .a5)

Dm. Pr 24, Pr 59.
Pr 61. (131), (132), (147), (148), (158) imply

3 3
(214) ? 0‘:"Xb,= -———l--—‘ (@p42 Oppt~ay g1 0y0) @,
=,l;, ayXay . a3 .Z|
Dm. Pr 10, Sgun 1.
Pr 62. (131), 5n32), (158) imply
)
(215) Za'—lx b, =0
o]
iff
(216) a,b,=a,b, (s v=1, 2, 35 pokv).
Dm. Pr 61.
Pr 63. (131), (132), (158) imply (215) iff
3
(217) b= ) (a,b)a (v=1, 2, 3.

Dm. Pr 55 implies

(218) b,= Z (a, (',’)‘a:n (v=1, 2, 3).

p=l
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. 2 <

Now Pr 62.
Pr 64. (129), (130), (137), (156),
(219) b8=a1)(b.+b1)(a,
mply (215) iff
220) al b’ =0, blp
’221) al)(a, . b,=0 (Vgl, 2)

Dm. Pr 62.

Pr 65. (131), (158), (202) imply: the system of vector equations
(222) ra,=a, (v=1, 2, 3)
has exactly one solution (140), namely

3
(223) r="»a al.
pml]

Dm. Pr 55, Pr 23.
Pr 66. (131), (158) imply: the system of vector equations

(224) , ra,=0 (v=1, 2, 3)
has exactly one solution (140), namely
(225) r=0.

Dm. Pr 65.

Pr. 67. (131), (167), (202) imply: the system of vector equations (222)
has exactly one solution (140), namely (203).

Dm. Pr 41, Pr 65.

Pr 68. (131), (132), (158) imply

1 (= |
(226) a, b,={ . gi"‘v'; @, v=1, 2, 3)
iff
(227) b, =a:! (v=1, 2, 3).

Dm. Pr 23, Pr 65.
Pr 69. (129), (156),

(228) ‘a, ¢ F (v=1, 2)
imply : the system of vector equations '
(229) ra,=a, (v=1, 2)
(230) r.a; Xasg=(

has exactly one solution (140), namely

(231) r= (::;:::), X (% @3 — &, ).

'Dm. Pr 6, Pr 44, Pr 65.
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i

Pr 70. (129), (156) imply : the system of vector equations

(232) ra,=0 (v=1, 2),
(230) has exactly one solution (140), namely (225).
Dm. Pr 69.

Pr 71. (129), (164), (228) imply: the systemof vector equatxons (229) ,
(230) haj exactly one solution (140), namely )
(233) re=a,a, +80a,.

Dm. |Pr 53, Pr 67.

Pr 72. (129), (130), (140) imply : a necessary condition - for. the consis-
tency of the system of vector equations

RN

(234) rXa,=b, (v-l 2)

is

(235) a, b,4a, b,=0 ™ v-:l 2)
Dm. @34) imply

(236) a, b,4-a, b,=rXxa, .a,+rXa,.a,

=r.a,Xa,+r.a,Xa,=r (a,Xa,+a,Xa)=0 (g, v=,_l';.:2);'
Pr 73.|(131), (132), (140) imply: a necessary condition for the. con-

sistency of the system of vector equations o
(237) \ rXa,=b, (v=1, 2, 3)
;;38) a,b,+a, b,=0 n v=1, 2, 3).

Dm. Ps 72.

Pr 74. (131), (132), (140) imply: a necessary condition for the consis-
tency of th* system of vector equations (237) is _
(239) 0, X by . b3=0,

Dm. (297) imply
(240) b, X by . by=(rXa,)X(rXa,) . (rxas)

=(rXa,-ay) (r.rXas)=0.

Pr 75. (131), (132), (140), (147) imply: a necessary condition for the
consistency pf the system of vector equations (237) is

s
(241) Za,.HXa,.,.g .b,=0.

l
=1

Dm. (2$7), Pr 11 lmply

) )
(242) Za.-u Xbyy2.b,= Za....;xa..*z .rXxa,

,-! s
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3 3
= D7 -0,X(8,41X0,42)=" ZG.X(arHXa.-n)-O.

vl vl

Pr 76. (131), (132), '(140), (158) imply: a necessary condlﬂon for the
.consistency of the .system of vector equations (237) is

(243) Za;" b, =0. i

‘Dm. ‘Pr 75, Sgn
_ Pr 77. (129), (130) (156) imply: the system of vector equations (234)
.does not admit more than one solution (140).

Dm. Let
() € Ve [o=1, 9,
(245) r,Xa,=b, , yeel, 2),
(246) _6 = rl"" r’. ‘7
Then B
3‘7) ani-o '(V=l, 2).
whence
1£248) ) ;—.—:«,a, . =1, 2)
with (228) since (157) according to (156); (248) imply
(249) 0=pXp=(x,22)a, X a4}
(156), (249) imply |
(250) xya3=0,
whence B ’
(251) . p =0 :
according to (248), i. e.
(252) ry=ry

according to (246).
Pr 78. (131), (132), (158), (238) ithply: the system of vector equations
(237) has exactly one solution (140), namely ’

3 |
(253) r= —;-Za:' X8,. |
r=1

‘Dm. Pr 77 and Pr 23 implies
3

3
254) (Z’a;'xb,)Xan,.— Se.b,) a7 k=1 2, 3).

v=l r=1



97 Gibbs wvectors in three-dimensional . . . 167

Now (25}, (238) Pr 55 imply

(255)

(_;.ia,—lxo,)xa.-b.. =1, 2, 3.

vl

Pr 7. (131), (132), (140), (158) imply: (238) is .a sufficient cordition
for tge c ,sis7t§ncy of the system of vector equations (237).
m. br 78.

(131), (132), (158), (238) imply: the system .of vector eqsiations
(237) hasixactly one solution (140), namely

3
1
r= ——-——‘1X‘I A Z(a,.g b,-'.[) a,

=i
with (147 (148).
Dm.y 78, Pr 61.

(131), (132), (158), (238) imply: the system of vector eqjtations
(237) hasactly one solution (140), namely

3
~1
r =_m Z(av-ﬂ bv‘l'?)'v

with (147)}48).
Dm

Pr 82, 31), (132), (166), (238) imply: the system of vector equations
(237) has ¢ctly one solution (140), namely | :

3
(258) '=Z(a""’ b, +1) a,

vl

ith (147)8)
m. RO.
Pr 83]31), (132), (189), (238) imply: the system of vector equations
(237) has etly one solution (140), namely ! .

. 3
(259) r= Z(ar!-l bv+2) a,
vl
with (147)48).
Dm. Bl
Pr 84

Bf), (158) imply: the system of vector equations
(260) rxa,=0

has exactlpe solution (140), namely (225).
Dm. 18.

(v=1, 2, ﬂ
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Pr 85. (131), (132), (167), (238) imply: the system of vector equations
.(237) has exactly one solution (140), namely

3
1

(261) r=~2—Za,><b,.

=1

Dm. Pr 41, Pr 78.

Pr- 86. (129), (130), (156), (235) imply: the system of vector equations
(234) has exactly one solution (140), namely (253) with (137), (219).

Dm. (137), (219) imply

(262) a, by+ay b,=0 v=1,2.
(137), (219), (235) imply
(263) ag by=a,Xa, . (a;Xb3+b,X ay);

(235), (26%) (263) imply (238). The statement now follows from Pr 16,
Pr 61, Pr

Pr 87. (129), (130), (140), (156) imply: (235) is a sufficient condition
for the consistency of the system of vector equations (234).

Dm. Pr 86. |

Pr 88. (129), (130), (156), (235) imply: the system of vector equations
234) has exactly one solution (140), namely

3
(264) r= —_(_dT)%;T’—)T_— Z(arfq bv-H) a,

r=1

with (137), (219), (147), (148)

Dm. Pr 6, Pr 86, Pr

Pr 89. (129), (130\ (156) (235) imply: the system of vector equations
(234) has exactly one solution (140), namely

-1
(265) T= @ Xag)? Z(av-i-l b,.2) a,
. ya=xl
with (137), (219), (147), (149
Dm. Pr. 88.

Pr 90 (129), (130), (165), (235) imply: the system of vector equations
(234) has exactly one solution (140), namely (258) with (137), (219),
(147), (148).

Dm. Pr 88.

Pr 91. (129), (130), (165), (235) imply: the system of vector equations
(234) has exactly one solution (140) namely

M) r =='-'Z(av-{v-l bv+2) a,

ral

with (137), (219), (147), (148).
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Dm. Pr 89.
Pr. 92. (129), (156) imply: the system of vector equations

(267) rxa,=0 v=1, 2)

has exactly one solution (140), namely (225).

Dm. Pr 86.

Pr 93. (129), (130), (164), (235) imply: the system of vector equations
(234) has exactly one solution (140), namely (261) with (137), (219).

Dm. Pr 53, Pr 86.

Pr 94. (129), (130), (156), (235) imply: the system of vector equations
(234) has exactly one solution (140), namely
(268) r= m‘l‘ai‘«alxaa .bg)a, +(asXa, by) as+(a, by) a;Xa,).

Dm. Pr 86, (137), (219).

Pr 95. (127), (130), (156), (235) imply: the system of vector equations
\234) has exactly one solution (140), namely

(269) r=ar!'Xb;+agt X by+(a,bs) a5t
with (137).
Dm. Pr 94, Pr 44 and
(270) (a,Xa;. b,) a,+(a;Xa, . b)) a;+(a; b,) a, Xa,

={(ay b)) a,Xay—(a,Xa,. b)) a)+((a,Xa, . by) @
—(ay by) ay X as)+-(a, by) a X as=(asX(a,Xas)) X5,
+((a, X as) X a;) X b+ (a, by) @, X a,.
Pr 96. (131), (132), (140), (156),
(271) a,Xas . ag=0

imply : necessary conditions for the consistency of the system of vector
equations (237) are (235) and

(272) ag=0, a,+ay as,
(273) by=0a, b;+ oy by
with (228).

Dm. The consistency of the system of vector equations (237) implies
the consistency of the system of vector equations (234), whence (235)
according to Pr 72. Since (271), (156) imply (272) with appropriate
(228), (237) implies

(274) by=rXas=rX(x a,+«; a,)
=¢1 rxa1+“2 fXag=¢1 bl+“’ b’.

Pr 97. (131), (132), (140), (156) imply: (235), (§72), (273) with (228)
are sufficient conditions for the consistency of the system of vector equati-
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ons (237): (235), (272), (273) imply that the system (237) has exactly one
solution (140), namely (268).

Dm. Pr 94 and: let (14) be a solution of the system of vector equati-
ons (234); then

(275) fxa,=r><(¢1 al+¢3 a,)=¢, rXal+¢, fXa,=al bl.-l-a, b’

'_accorging to (272), (273) imply: (140) is a solution of the third vector equati-
on (237).
Pr 98. (131), (132), (158) imply: the system

3
(276) r><a,-——-b,—Z(a, by) a;! v=1, 2, 3)

=1
has exactly one solution (140), namely

3
(277) r=Ya;txb,.
v=}
Dm. Pr 23 implies

278) a, (b,- 233 (a, b2) a;l) + a, (bp - Za:(aa’bx) 'af l)
1m1

A=l

’

=a, b,—a, b,+a, b,—a,b,=0 (., v=1, 2, 3),

i. e. the necessary and sufficient conditions according to Pr 73, Pr 78 for
the consistency of the system of vector equatiors (276) are satisfied. Then
Pr 78 implies, that (276) has exactly one solution (140). This solution is (277)
according to (254).

Pr 99. (131), (132), (158) imply: the system of vector equations (276)
has exactly one solution (140), namely .

3
1
279) r= X a5 4 Z(a.-f-z by r1—a, 41 b,+2)a,

r=l

with (147), (148).

Dm. Pr 98, Pr 61.

Pr 100. (131), (132), (167) imply: the system of vector equations (276)
has exacty one solution (140), namely

3
2 80) r= Za,xb,.

r=l

‘Dm. Pr 21, Pr 41, Pr 98.
Pr 101. (131) (132), (166) imply: the system of vector equations {(276)
has exactly one solution (140), namely ‘
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3
(281) Y=Z(ar+2 br1—ap1 bpia)a,.
sl
Dm. Pr 99.

Pr 102. (131, (132), (189) imply: the system of vector equations (276)
has exactly one solution {140), namely

3

(282) r= Z (@41 bpyp2—a,42 0,4) a,.
sml
Dm. Pr 99.
Pr 103. (1313, (132), (140),
(283) ¢, € Ve v=1, 2, 3

imply: a necessary condition for the consistency of the system of vector
equations

(284) rXa,=b,—c, (v=1, 2, 3)

is

(285) a, b,+a, b,=~a,c,+a,c, @, v=1, 2, 3).
Dm. Pr 73.

Pr 104. (131), (132), (158), (283), (285) imply: the system of vector
equations (284) has exactly one solution (140), namely

3 3
(286) r=53 a7iXb, — 5> artXe,.
»=x]

pal

Dm. Pr 78.
Pr '105. (131), (132), (140), (158), (283) imply: (285) is a sufficient con-
dition for the consistency of the system of vector equations (284).

Dm. Pr 104.
Pr 106. (131), (132), (158), (283), (285) imply: the system of vector
equations (284) has exactly one solution (140), namely (253) iff

1
(287) @ Cy=—5" (@, b,+a,b,) ® v=1, 2, 3).

Dm. Pr 104, Pr 62.
Pr 107. (131), (132), (158),

3

1 1

(288) 6= b+ 5 2@ b) art v=1, 2, 3)
-- iml '

imply (285).
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Dm. Pr 23 implies
3
1
@59) u CrF @y Cu="g G (b.+ > (@ b,) a;l)

- 1=1

3
+% a, (b,, + Z(az bJa7! )=—%‘(au b,+a, b,)

i=l
+_;‘ (av b,u+a, b,‘)=a“ b,+a, b“ ([J., V=l, 2, 3).

Pr 108. (131), (132), (158), (283) imply: the system of vector equation
(284) has exactly one solution (140), namely (253) iff (288).
Dm. Pr 105—Pr 107, Pr 65, Pr 55.
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BEKTOPH HA TMBC B TPMUMEPHO |
BEKTOPHO IPOCTPAHCTBO HAJ HAPEJIEHO IIOJIE

U. Xpucrora, N. Yo6anos

(PE3IOME)

B nsxou npeauaymwu paGoTH Ha aBTopmTe [1] — [12] ce noxueprapa Bax-
HaTa poJid, KOAATO BekTOopuTe Ha ['M6C HrpasT B peAHlla BBIPOCH Ha
ngHeinaTa anre6pa, JiuHefiHaTa ~ aHAJMTHUHA TE€OMETpPUA M aHAJHTHY-
uara MexaHmka. KuM Tesu Bwnpocu cnapat: uspasure (47) u (55) 3a mo-

MEHTHATA BIVIOEA CKOPOCT w H MOMEHTHOTO BIJ/IOBO YCKODEHHE € Ha TBBPHAO
TA0; H3pa3bT (88) 3a JoKaJAHATA CKOPOCT HA TOYKA Ha aHHHO TAJO, KBAETO

‘@ € aHaJlor Ha MOMEHTHaTa bIJIoBa CKOPOCT B adMHHAaTa KHHeMAaTHKa; H3pa-
sure (117), (118), onpenensiun poranusta(114), KOATO OCBHILECTBABA KPaKHOTO
npeMecTBaHe, onpelaeneHo or penepure (89), (90) ¢ (91), (92); TexHudeCKH
K3AUIHaTa BB3MOXKHOCT 33 aKCHOMaTHYHO OGOCHOBaBaHe HA KHHEMAaTHKaTa Ha
apuHHHTE ¥ TBBPJAHTE Tesla B PeaJIHHTE H KOMIVIEKCHUTE Xu/IGepPTOBH MPOCTPAH-
ctBa H T. H. OKa3pa ce, ye BekTopuTe Ha 'n6c paGoTAT B 3HAUUTENHO MO-
o6WH CHTYalUHH, OTKOJKOTO B PeajHOTO TPHMEPHO BEKTOPHO NPOCTPaHCTBO,
HanpuMep B TPHUMEDHO BEKTOPHO NPOCTPAHCTBO Ha/Jl MPOH3BOJIHO HAapeacHO
aone. B HacTodmaTa pa6ota ca KajeHH OCHOBHHTe MOJIOXKEHHS Ha ayre6para
EM B TaKOBa MPOCTPAHCTBO.



