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Introduction

A Hausdorff topological group G is said to be minimal if every conti-
nuous group isomorphism %:G — G,, where G, is a Hausdorff topological
group, is homeomorphism. Obviously, every compact topological group is
minimal. Doitchinov [2] gives examples of non-compact minimal topological

roups.

g A Hausdorff topological group G is said to be totally minimal if every
continuous group epimorphism &:G — G,, where G, is a Hausdorff topologi-
cal group, is open. Clearly, every compact group is totally minimal and
every totally minimal group is minimal. _

The main purpose of this paper is to establish some cardinal invariants
of compact Abelian groups and to prove that every precompact minimal
Abelian group may be topologically imbedded in a precompact totally minimal
Abelian group with the same cardinality (see sec. 2). The main technical
tool which is used in sec. 2 is Theorem 2 (see sec. 1). As a whole the paper
is a continuation of a part of [3), and uses the methods developed there.
The author wishes to thank I. Prodanov for the stating of the problem and
for the permanent encouragement.

We use the following notations: P— the set of all primes; Z — the adi-
tive group of the integers; Z(p=) — the quotient group of the rationals with
denominators powers of p, over Z (p€P); S(X)— the socle of the p-group
X (the set of all elements of X with period p); A=@A, where A is a

group and < is a cardinal; X*— the group of all continuous characters of
the topological group X; Z,— the compact group of p-adic numbers. It is
known that Z'=Z (p=); T"=R"/Z", where R is the topological aditive group
of the reals; a,=card Z, ¢=card R.

Let G be a locally compact Abelian group and A be asubgroup of G.
By AL we denote the group of all contiruous characters y of G such that
x(4)={0}. If B is a subgroup of G* using the Pontrjagin’s duality, we shall
identify Bl with the group of all elements x of G such that y(x)=0 for every
x€B. It is well known that for every family { A, }, of subgroups of G we

have (z AG)L= n AL, where by Z A, is denoted the minimal subgroup

of G which contains A, for every «.
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A subgroup G’ of the topological group G is said to be totally danse
in G if for every closed normal subgroup /f of G the group AN G’ is dense
in H.

We make use of the following proposition which is proved in [1}.

Proposition 1. Let G be a Hausdorif topological group and G’ b2

a dense subgroup of G. Then G’ is totally minimal iff G is totally minimal
and G’ is totally dense in G.

1. THE MAIN STATEMENT

Theorem 1. Lel t, be an infinite cardinal and t be the minimal car-
dinal with the property max (c, 27)>7,. Let X be an Abelian group. Then
the following conditions are equivalent:

i) X is the group of the continuous characters of a precompact totally
minimal Abelian group, with cardinality at most <,;

ii) X is the group of the continuous characters of a precompact totally
minimal Abelian group, with cardinality, less than max (¢, 2%);

iii} X is the group of the continuous characters of a precompact mini-
mal Abelian group, with cardinality at most <,;

iv) X is the group of the continuous characters of a precompact mini-
mal Abelian group, with cardinality, less than max(c, 2¢);

v) the set of maximal proper subgroups of X has a cardinality at most
t,, and for each prime p there does not exist an epimarphism X — Z (p=)¢-+2;

vi) the set of maximal proper subgroups of X has a cardiaality, less
than max gc, 27), and for each prime p there does not exist an epimdrphism
X—2Z “) "+2); .

vii) the rank of the group X is less than mazx (a, t) and if A is a free
subgroup of X such that X/A is periodic, then

X|A=@ (Z(p=) P D Fp),
peP

where t,<t+2, F, denotes a suitable p-group without non-zero divisible sub-
roups and card Fp<max (a, t) (p€P). . _
Proof. We prove the theorem using the following diagram :

’)/ . "7\ vi) == vit)=s>1).
\iii) ==>) =

The implications i) & ii), i) = iii), ii) = iv), v) => vi) are obvious and the
proofs of the implications iii) = v) and iv) = vi) are analogical to the corres-
ponding implications of Theorem 3 in [3].

Proof of vi)=>vii). We consider the case ©> a,, because the case
s=a, is considered in [3].

Let X be an Abelian group, satisfying the condition vi). Then for p¢ P
we have card Z(p=)® =1 and there does not exist an epimorphism S — 2
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*)*). Hence the rank of X is less than 1. Let A be a free subgroup of
X such that X/A is periodic. Then X/A=@ T, where T, is a p-group
peP

(p €P).
The main difficulty is to prove that card T, <<t for every prime p.
Let us fix a prime p. For every positive integer & there exist epimorphisms
X Tp>prTp—>pr T, p*H' T,
On the other hand p* T,/p*+! T, is a vector space over Z/pZ and if we
assume card (p* T,/p*H T,)=x there would be at least 2+ hyperplanes in
P* To/p*t' Ty, and hence there would be at least 2* maximal proper subgroups
in X, which contradicts vi). Hence card (p* Tp/p*H! T,)<z(k=0, 1, 2, .. ).
Let us assume now that card 7,=t. It follows from the exactness of
the sequences

O—p**' Ty > p* Ty — p* Tp/p*+ T, — 0
that Cafd (pﬁ Tp)=Cer Tp(k=l, 2, o e e ).
But if T is a non-countable p-group, then card T=card S(7). Indeed,

if for every positive integer n 7, denotes the group of all elements x¢ 7
such that p?x=0, then

S(N=TcTyc- . . CTaCTopyc- - -andT=|J T

For the homomorphism ¢: Thy, — Ta, defined by ¢ (x)=px, we have
Ker pc 7, and hencecard 7, ,s(card T») (card 7y). This implies card T,
S(card T,)" for every n=1, 2,. . . Now we obtain that 7, is infinite and
hence card Th,=card Ty (n=1, 2,. . .). Now card T=cardS(T) follows
immediately. :

Let us consider the sequence Y,DV;D .. .-2Y,> ..., where V,=
S(p* Tp). Then card Y,=card Tp(k=0, 1,- - - ). On the other hand

card (Y/Y, ) scard (P2 T /pFt Tp) <=

and hence card (Y, /Y)<t(k=1, 2,. . .). Since Y, is an infinite dimensional
vector space over Z/pZ, we are able to find a sequence 2Z,, Z,, - - -,

Zy, - - - of vector subspaces of Y, such that ¥Y,= e§ lZ,. and card Z,=card
n=

Yo(n=1, 2,. . .). For every positive integer n there exists a monomorhism
Z,/ZanY, —Y,/VYa Therefore, card Z,/Z,NY,<card Y, fY,<tgcard Za.
Hence card Z:/Z,NYa=card Z,. Let us denote by B, a Hamel’s basis of
ZaNYa Then card By=card Z,N Y,=<, and hence there exists a surjection
Ay Bn— S(Z(p=))®. Obviously, A, can be extended to an epimorhism
Pt ZaNYn = S@Z(pe))®. Now we obtain the homomorphism

ch@l o :;é;l (Zn O Yn) = Z(p~) .

Since Z (p~)® is a divisible group, ¢ can be extended to a homomorphism
$: T->Z(p=)). It is easy to see that ¢(p* Tp)DS(Z(p~) ™) for every
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k=0, 1,. . ., which implies that ¢ is an epimorphism. Thus we found an

eplmorphlsm X > Z(p~)® which contradicts vi). Hence card T,<=z for
every prime p.

Let D, be the maximal divisible subgroup of 7,. Then T,=D,®DF,,
where F, has no non-zero divisible subgroups. It follows from the structural
theorem for divisible groups that D,=Z (p=)#). From card T,<z it

follows 1,<t and card F,<t. In such a way the implication iv)=>vii) is
proved.

Proof of vii)=>i). Assume that X is an Abelian group, satisfying the
condition vii) and A is a free subgroup of X such that X/A is periodic.
Consider the decomposition of X/A into a sum of p-groups: X /A:-@ T,.

Now we prove that for every prime p there exists a totally dense
subgroup of 7, with cardinality at most z,. There are two cases.

Case A): 1<a, Then t=0 and hence T, is finite or T,=Z (p=)DF,,
where F, is finite. The first subcase is tnvxal and we consider T,,-Z(p“)
@F,. It is easy to see that the set of all closed subgroups of T, is count-

able. Now we are able to find a countable totally dense subgroup of 7,.In

fact, it may be proved that ZX F, is totally dense in Z,X F,.
Case B): t>a,. Then card Tp<r, which implies 2¢rd Tp<t . Since the
weight of the space T, is equal to card T,, we obtain card T;SQ““’ Tr <,

There exists a totally dense subgroup N of (X/A)* with a caradinality
at most t,. Indeed, (X/A)*—H T, and for every prime p there exists a

totally dense subgroup N, of T" such that card N,<=,. Then if N= (—BN,,,
we have card N<r,. Let H be a closed subgroup of (X/A)*. Then Hi—

@I‘,,, where T, is a subgroup of 7,, and hence H= || I'L. Since >
pe

H T, we find I‘l-— HHP where 12 is a closed subgroup of T,. Then

atp

H_HH,,, where H,= n Hp, and hence ANN is dense in H, which

peP

means that N is totally dense in (X/A)*. |

Now we prove that if I’ is a subgroup of A, then there exists a sub-
group Ly of (X/T)* such that card Lr=<t, and for every closed subgroup H
of (X/T)*, satisfying HLnA/T=0, the intersection HNLp is dense in H.

It follows from Zorn’s lemma that there exists a subgroup B of A such
that B=I'@QI" and A/B is periodic. Hence B is free and X/B is periodic.
From the exactness of the sequence

0TI - X— X/B—0,
it follows that the sequence

0—I'— XT < x/B—0
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is also exact. By passing to the conjugate groups and homomorphisms we
find the exact sequence

0 — I & (xT)* << (X/B)* —o0,

where iy (X)=%o?) Jje(¥)=Yo/j are continuous homomorphisms between the
corresponding compact groups.

Let Tr denotes the group of all periodic elements of X/T. It follows
from Tp Ni(I')=0 that TL 4 (i (I"))L =(X/T)*. Hence i, (T})=I"*. The weight
of the space I'* is equal to card I"<card A<, Then therc exists a sub-
group Mp of T4 such that i, (Mp) is dense in I'* and card My<v,. On
the other hand it follows from vii) that there exists a totally dense subgroup of
(X/B)* with a cardinality at most t,. Consequently, there exists a subgroup
Nr of (X/T)* such that card Npgv, and f!(Np) is totally dense in (X/B)*.
Let Lp=Mp+Np. Clearly, card Lp<t, Let H be a closed subgroup of
(X/D)*, satisfying HL n A/T'=0.Then AL n B/T'=0, which means that HL ni(I")
=0. Hence A1 cTrand D TiL. Let x be an element of /. There exists a net

{m,} of elements of My such that ¢, (m,)— i, (x). Since H is compact, without
oss of generality we may assume that r;z.—? yeH. Then i, (x)=i,(y) and
hence x—y =, (f). On the other hand H=j;! (H) is a closed subgroup of
(X/B)* and since j+!' (Nr) is totally dense in (X/B)*, we find a net nygt
suchthatns¢ A n jo' (Np). Then j, (n)€¢H NNp and j, (np)'_a-’ Ju (¢). There-
fore mg+j, (n,,)m x. Since m,+js(ng) € Mp+HNNp and MpCT5 CH we

find m,+j,(ng)¢ HNLp. Hence HNLy is dense in H. In this way the exi-
stence of L is proved.

Now we prove that if I' is a subgroup of A; then there exists a sub-
group Gr of X* such that card Grs7, and if H is a closed subgroup of X*,
satisfying H1 n A=T, the intersection A NGp is dense in H.

Let ¢ be the canonical epimorphism X — X/T. We have the exact se-

quence X* ¥ (X/T)*—0. Now we consider the group Gpr=¢, (Lr). Obvi-

ously, card Gpr=rt,. Let H be aclosed subgroup of X* such that ALnA=T.

For H=g¢=' (H) we have (F)jkry =9 (H)%:). Then (A&r NAT=0 and
hence HNLr is densein H. Therefore HNGr is dense in H. The existen-
ce of Gr is proved.

Let G/ =ZG[', where I' runs over the subgroups of A. Since there are

r
at most t, subgroups in A, we find card G'<x, It is tasy tosee that G’
is totally dense in X* and from Proposition 1 we obtain that G’ is totally
minimal. Theorem 2 is proved.

17 Toa. Ha Cod. yHus., Pak. no maremMaTHKa U MeXaHuKa, T. 70, 1975/76
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2. SOME APPLICATIONS

Using the Pontrjagin’s duality we obtain from Theorem 2:

Proposition 3. Let t, be an infinite cardinal and v be the minimal
cardinal with the property max (¢, 2*)>7,. Let G be a compact Abelian
group. Then the following conditions are equivalent:

i) there exists a dense subgroup of G with cardinality at most t, which
is totally minimal with respect to the relative topology;

ii) there exists a dense subgroup of (G with cardinality, less than
max (¢, 2¢), which is totally minimal with respect to the relative topology;

ili) there exists a dense subgroup of G with cardinality at most <,
which is minimal with respect to the relative topology;

iv) there exists a dense subgroup of G with cardinality, less than
max (¢, 2¢), which is minimal with respect to the relative topology ;

v) the set of minimal non-zero closed subgroups of G has a cardinality
at mgg 7, and for every prime p the group G does not contain copies
of Z++2;

zi) the set of minimal non-zero closed subgroups of G has a cardinality,
less than max (¢, 2¢), and for every prime p the group G does not contain
copies of Z:*?;

vii) there exists an exact sequence

0— (T 2_G LH (ZepX F7)—0,
peP d

where & and t,(p€P) are cardinals, « < max (a,, 1), Tp,<t+2, F, denotes
a p-group without non-zero divisible subgroups such that card F,
<max (a, t), A and p are continuous group homomorphisms.

I[t j«should be noticed that Proposition 3 is analogical to Proposition
4 in [3].

Theorem 4. For every precompact minimal Abelian group G there
exists a precompact totally minimal Abelian group G; and a topologically
imbedding i:G— G, such that {(G) is dense in G, and card G,=card G.

Proof. The statement follows directly from Proposition 3.

Let G be a compact group. By m(G) we denote the minimal cardinality
of dense subgroups of G, which are minimal with respect to the relative
topology. Obviously, m (G)<card G.

Now we shall note some properties of m (G).

Proposition 5. For every compact Abelian group G

(1) card G*<m (G), card G2m()

Proof. 1f G is finite (1) is trivial. We assume that G is infinite and put
tp=m(G). If © is the minimal cardinal with the property max (¢, 2)>x,,
from the equivilence of iii) and vii) in Theorem 2, we find an exact se-

quence
0— Z@— G* — (4% (Z (p=) Go)DF,) — 0,
pe
where a<max (a,, 1),7,<t+2, card Fy<max (a, <) (p€P).
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It is easy to see now that card G*<z, and hence card G=2%.

Proposition 6. For every infinite compact Abelian group G there
are at least m(G) closed subgroups in G.

Proof. The statement follows from the fact that for every infinite-
Abzli«}l group X the set of all subgroups of X has a cardinality at least
card X.

Example 1. Let G=HZ,,. Then m(G)=a,. It is easy to see that

eP
there are ¢ closed subgroupg in G. Therefore, the set of all closed subgroups
of G has a cardinality, greater than m(G).

Example 2. Let G=T7» Then G*=2Z", and hence the set of all clo-
sed subgroups of G is countable. On the other hand m(G)=a,. Therefore,
the set of all closed subgroups of G has a cardinality m(G).

Proposition 7. If His a closed subgroup of the infinite compact Abe-
lian group G, then

@ m (H)+m (G/H)y=m (G).

Proof. There exists a totally dense subgroup G’ of G such that card
G'=m(G). Since HNG’ is totally dense in H, we find m(H)<m(G). I
Jj:G— GJH is the canonical epimorphism, j(G') is totally dense in G/H. There-
fore, m(G/H)<m (G), which proves (2).

The following example shows that in (2) the equality may not hold.

Example 3. Let G=22, H=Z, X 0. Now m(H)=m(G/H)=a,, but
m(G)=c. Hence m (H)+m(G/H)<m(G).

- Proposition 8. Let G be a compact Abelian group and H be a
closed subgroup of G such that max (m(H), m(G/H))=c. Then m(H)+
m(G/H)=m(G).

Proof. Let tye=max (m(H), m(G/H)) and © be the minimal cardinal
with the property 2:>z,. We denote X=G* I'=H! cX. Then I'=(G/H)*
and XT=H* Let A be a free subgroup of X such that X/A4 is periodic.
We put B=ANT. Since B is free, we are able to find a free subgroup A,
of A such that A/A, is periodic and A,=B@C. It follows from Theorem 2
that there exist exact sequences

0—8—r-Lar 0,
peP

il' J‘II "
0 A4)/B— X[T =@ T, 0,

where ’ and " are the canonical imbeddings, T, and T, are p-groups,
card T;< 3, card T, <t (p¢€P).
Consider the following exact sequence

0—T/B— x/B-L~ x/r—0,

where i and j are the canonical homomorphisms. Using that (A,+4I)/B
=A,/B@T'/B we find that the sequence
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l" > (4 4
0— 4,/B@r/B ~& x/p L @ T, 0
pe

is also exact. Since I'/B=@ T,’, there exists another exact sequence
peP

0—~@T,— X/A—@T,~0.

peP

Let X/A1=@P T, X|A=@ T, where T and T, are p-groups (p¢P)
pe

Then for every prime p card T '=(card T,)(card T )<t and hence card.
Tp<lt, because X/A=(X/A))/(A/A,). From the equivilence of iii) and vii)
in Theorem 2 and from the fact that rank A=rank I'+rank (X/I) we find
m (G)=t,. Therefore m(H)+m(G/H)=m (G).

Corollary. If G is a compact Abelian group and card G>¢ then m(H)
+m (G/H)=m (G) for every closed subgroup H of G.

Proof. 1t is sufficient to prove that max (m(H), m(G/H))=c. If we
assume m(H)<c and m(G/H)<c it would follow from Proposition 3 that
m(H)<a, and m (G/H)<a,. Now from (1) we will find card H=<c and
card (G/H)=<c, which is impossible.
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[ToctTpmmuna Ha 28.1. 1977 r.

EJHO CBOHCTBO HA IPEJKOMITAKTHUTE MWUHHMAJIHU
ABEJIEBH T'PYTIN

JI. Ctroasnos

(PE3IOME)

B Ta3u paGoTa ce H3yuaBaT HAKOH KapAHHAJIHH HRBADHAHTH Ha KOMIMAKT-
HuTe abeseBM TpPyNH H ce JOKa3Ba, Ye BCAIKA NPEAKOMNAKTHA MHHHMAJIHA
abejieBa rpyna TONOJOFHYECKH c€ BJara B NPeJKOMNAkTHA TOTAJHO MHHH-
MajHa abe/iepa Tpyna cbC ChIIATAa MOWMIHOCT. MeToiHTe, H3MOJN3YBaHH TYK,
ca pasBuTH B [3]. I'naBeoto TBipAesHe B paGoraTa e Teopema 2, KOATO
npejcTaBnaBa o6o6meHHe H pasiiHperHe Ha Teopema 3 or [3].



