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O HEKOTOPLIX MOJUPUKALIMSAX METOJIA
JDK. TBOPUYKA JUIA TIPEJCTABJIEHUS
AJICEBPAUYECKOIO MHOTOYJIEHA B BU/IE
IIPOVI3BEJIEHUSI KBAJIPATUUHBIX MHOXWUTEJIE

Hukonait Kropxkunen

Huxonai Ko px4ues Onexoropblx Mogudukauuax meroaa Jix. /(sop-
YyKa ANf NPeACTABIICHAS aareOpandecKero MHOTOYW/IEHR B BHMJAE HNPOM3BE/ICHMST KBa-
APATHYHBIX MHOMXKHTEJICH.

PaccMatpuBaeTcs npo6nema O npeacTaBaeHHH anre6pandyeckoro MHOTOYJeHa
Sf(x) cremenn n--2m B BHAE NpouIBelEHUHS MHOXHUTE el X+p;x+q; Je=1, 2 s TR
[TpH onpencieHHBIX NPEANOJOXeHHRX 06 f(X) M HauaApHBIX SHAYEHHSX pﬁo), q(o),

i=1, 2,,.., m, HafIeHs NOCIe10BATEALHOCTH {pg.")}, {q,.(")}, k=0, 1, .., xoTopbie
ABMAIOTCH CXOXALLIUMH.

Nikolai Kiurkchiev. Some moadifications of Dvorcuk’s Method for
Factorization of a Polynomial into Quadrati¢ Factors.

The problem of factorization of a polynomial f(x) of degrec n=2m into

factors of the form x‘-’+pjx+qj, j=1,2,..., m, is considered. Under some as-
sumptions on f(x) and on the initial values pgo), qf.o), i=1, 2,..., m, the sequ-
ences {pﬁ")}, {qgk)}, k=0, 1,..., are constructed and their convergence is
proved. _

Mycts f(x) — anreGpanyeckuii MHOTOWIEH ¢ LeHCTBHTEAbHBLIMH KOI(DHH-
uueHTaMu Buza f(x)=x"+ax"14... +a,
[Ipexnonoxum, yto Bee Hyau {x;}7 f(x) ABAAKTCA nPOCTHIMU. Bymem wc-

KaTh MPeJCTaBJe€HHE MHOTOUIECHA f(x) B BHIe NPOU3BeAeHHA JeHCTBHTEALHBIX
KBAaJPAaTHYHBEIX MHOXHUTeENEeH ¢

fo=[]oe+px+ap; n=2m.

=1



O6o3nayum uepes A, l,(.f’gm KopHH MHorouaeHa x2+pOx+qg®, i=1, 2,..., m,
a yepes A%, A® — kopnu MHOrowreHa x*+pPx+g®, i=1,..., m.

Hcnoasdyst meron HoueBa [l1] a1a OAHOBPEMEHHOI'O Ipu6G/IHHEHHOTO BbI-
YACJIEHHS BCEX PA3NMYHBIX KOpHeil ypasHenns f(x)=0, Dvorfuc [2, 3] npexa-

JIOXKHJA CJACAYIOIIHH Npoliecc AJs HaxOXIAEHHUs TOCAeN0BaTEbHBIX npnﬁﬂmﬁe-
Hul p®, g
p( : qj

pisv=po SO | | o3+, TT 02,29,
) Vi Joct fon
0
g +v=go—ag, foey] T ow—a—ap raw) T ] ag, -4,
’;;:f ;;:i-km
P2l Dew it R0, Lo
On [IoKa3aJa, 4TO €CJH BbIINOJHEHO HEPABEHCTBO

; l‘,»“’-x; 1§d(l ~(1 +q)1/(n—-i))/(1 —2(1 +(])] (n——l))’

rae d=min'x;—x; u 0<{g<(8,2*—D—7)71 1O MOXHO OXHAATb KBaZpaTHy-
i
HYI0 CKOPOCTb CXOLHMOCTH IocaenoBatenbhocTeld {p¢G= . {g®}> i=1, 2,
“.., n, NOJyYeHHBIX IO npaBuiam (1).
MoxHO NpoAO/KHUTL HecaenoBanus J{Bopuyka caeaytomum o6pasom. [TycTb
3a/1aH NpoLece

PO =P+ FO) b P 1D, )/

(2) i+m
q ‘,(k +1) — qi(k)"_l;('ﬁ-)m f()\,-(k ,) / bt'(k)—li(k) ﬂll(i)m) / bi(—t)m ,
i=1,.., m k=0,1,.,
rae
“ n R P A
(ky — Wiy X o s —i
b: L—‘I (A[ A} ) i 7:1 lj(k)-—-lfk) 1t 4 )\f(k)—")\g‘) L= iy i+m.
Jo S+ s
s==1
CnpaBenyuBa ciepyiomias
Teopema 1.Ilycts 0<g<1, d=min|x,—x; >0u ¢>0 Takoe,yTo BHIO.I-
HEHO ij
3) 0< V2 cenj(d—2c)< 1.

Torna, ecam BuimosneHo HepaBencTBo |A®—Xx; =cgq, TO mpouece i Ha-
XOXJeHHsI MOC/Iel0BaTe/bHbIX NPHOMKeHAH p®, ¢), mosyyeHHHIX M0 NpaBH-

aaM (2), obnanaer Ky6HuecKOH CKOPOCTHIO CXOAHMOCTH.

Jokaxem yTBepx<IeHHE TEOpPeMbl TOJABKO JJIA  I[IOCJEJ0BATENbHOCTH
PPy

[pu nomom# npocThix npeoGpasoBauuit nas pasHocts p¥+H—p, no-
JgydyaeM
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A0 —xs
ika’j — A&
5

l () — l ky__ xJ _n
I] A (k)__}\(k) )J l o Af [3) I—J
PEHO—p=—®—x) i i 5

j+l

_xj A (k)—Xs
.4 2, | M3 ﬂ 2@
9:#]

2 K . k n
k %
Jj=1 lglm—kj(l‘) =1 7k?-cl—)m_—_'lj(k) s=1 )‘f(k)—)ﬁ(?k)
__(A(Ii) e, ) J=Ei+m JFEi+m ey
i+

= (k)' -y A0} (A)

14+ 2 \* AO—x; [I A®—xs
;:{:H-m .r_’:;

Jlanee U3 paBeHCTBa

ﬁlgk)_xj . )r:;(k)_x -l A8 —x, I_OI l"O—xJ >
J=1 AP —0) mPYCESYCR S PYCESYOREE & DY Yo

i . s+ y =, j-—#t

AO—x; \”1)\ =35 To A%
IFI—IA(@ w«) =WICEION | PYCEWC)

=1 Ifl

HLI s:h

11 ()!z)_.)L (k) = 1 “"—-M") 1j(k) )..(k)

J=h H—J . :’__ j

n

j—1 1-2
li(k)—xj "‘7 ll( )——xz 1’] )\.i(k)‘—x

T Ao 2B = @ -3 A= —A® '
i =

s:T'-I

uMes B BHIY OTrpaHHueHHe (3), 3aBepllaeTcd HHIYKTHBHOE J0KA3aTeJbCTBO 00
olLleHKe CKOpOcTH cxoxumocTH. OTMmeTHM, yTo OGosee oOuipe MeTOAB MOJY4Ye-
HHsI TAKHX OUEHOK HMeloTcs B [4, 5]

BriBoguM elle OHY HTEpalHOHHYIO (opMyJly, ABJMIOILYIOCSH MoauduHKa-
uueit Metona [IBopuyka. Bo3aMOXHO [OJMyyeHHe CKOPOCTH CXOAMMOCTH BhILIE, YEM
Ky6uueckasi. [TycTs 3anaH mporecc

pErD=p,®0 4 fQ0) e+ fi (}‘( lt C:k+)"f’
C)

g+t =g® 20 fQE)/e,0— 3 OfOE )/c®

i+m i+m?

1:1,2,.,,, m, k:“O; Ly o



rae

o1
o =F OO —f®) 2 55

JH
v SO, .
—faP )"'1 (O — 2 )3 I ] jf( N l=i, i+m.
J 91-)'
sl

ViMeeT mecTo ciaenyoLias

Teopema 2. Nyets 0< g< 1, d=min|x;—x;| ¥ ¢ Takoe, 4to
i=+Jj

n2e*3c?/(d—2c)? < 1.

Toraa, ecau Buinoaieno |A®—x; \=cq, To npouecc (4) UMeeT MNOPALOK T=4
B 1a6s. 1 1puBeJeHbl BBIYHCIUTENbHBIE SKCNEPHMEHTBI, NIPOBEACHHbIE IO

cxemam (2) u (4) nos npumepa f(x)=x*—26x%+131x2—226x+120.
Tabaunna l
E ﬁ p}l‘) o cxeme (2) qfr") no cxeme (2)
ERRS N _
T 1 ‘
o |1 ! o 8] L 5,9
i 2 —21,1 19,9
’ ‘ 1 | — 5003802473 6,068681065
: 2 C —21,00001847 20,00162722
] N L
|
P 1o cxeme (4) ; ¢% no cxeme (4)
2 | —21,1 l 19,9
i1 — 5,000932631 ! 6,070857916
f 2 —20,99999797 : 20,00111562

IloguepkHeM, 4TO MOXHO TOJYYUTb U APYyrve MOAUPUIUPOBAHHLIE METOIBI
c 6O0JbIIOH CKOPDOCTHIO CXONUMOCTH. AHAMM3 TaKUX METOHOB TPYAOEMOK, H B
cuny 6osiee CIOXHOM peanysandd 5TH MOAU(UKaLMK ObIIH OTBEPIHYTH B Jlafb-
HEHINX SKCIIePHMEHTaX.
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SOME MODIFICATIONS OF DVORCUK’S METHOD
FOR FACTORIZATION OF A POLYNOMIAL
INTO QUADRATIC FACTORS

' N. Kiurkchiev

(SUMMARY)

Let the palynomial f(x)=x"+a,x* '+ ... +a, have n simple roots xx,,
..+ Xp Denote d=min i+; | x;—x; . Let the approximations p{?, ¢@©, i=1, 2,..,,

m, of the coefficients in the factorization
f(x)=n (+px+q,), n=2m
i=1

be such that the roots A®,..., X® of the polynomials x?4-p©Ox+¢®, i=1,
2,.., m, satisfy the unequalities
| X0 —x, =cg,

where 0<g<1, 0<V2 cen/(d—2c)<1.

Then the sequences {p®}> ~ {g®}= . i=1, 2,..., m, determined by (2)
are cubically convergent. A generalized method is given which possesses
higher order of convergence than cubical. In particular an iteration method
with order of convergence t=4 is proposed.
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BBPXY KMHEMATHUYHATA I'BCTOTA
HA BUILVIAHAPHATA TPYIIA

Anpusn B. Bopucos

AngpusyH B. Bbopwucos O KugeMATHIECKOHR INIOTHOCTH OUIJIZHAPHOH rpynubl.

Bunaasapuoe npocrpasctso Bh'Y sapasercs npocrpascTBom Knedlma ¢ dyHaa-
MEHTANBHBIM MNpOCTpPaHCTBOM P, u ¢dyHIiMeHTaNcHOH rpynnoft GL, cocrosillel M3

TeX KOANHHealuWH B Pn, KOTOPBEIE COXPAHAIT ABE CKPEIIUBAIOLUMAECH Belec1BeHHbIE
naockoctd Jp B Ky (dim Jp=:p, dim Kg=gq, p+g=n—1). V3yyarorca cucreMbi = u3
h+ s+ 1)1aHeliHO 3aBHCIIMbIX TOYEK, K&KABIE /1 --§ H3 KOTOPBIX THHEeBBO HesaBiucuMbl 0<h
<p+1,0<s<q+1), u, kpome 100, / TOYKH NPHHANNEKAT NIOCKOCTH J p» 8 S—TIOCKOCTH

K,. loxasano, yto cuctembl I o6nanaior G;-MHBADHAHTHOH IJIOTHOCTHIO TOTHA M

TOABKO TOrAa, koraa A=p+1 ¥ S=qg+1. DTa NAOTHOCTE HABIRETCS KHUHEMATHYE-
ckofl maotHocThio dG, rpynnst G,. [lonyuyeRbl 1Ba KOODAMHATHBIX BhIpaXeHUR

ana dG,.

Adrijan V. Borisov. On the Kinematic Density of the Biplanar Group.

The fundamental group G, of the Klein biplanar space consists of all colli-

neations of P, which preserve two real skew planes J, and Ky (dim Jp=p, dim
Kg=q, p+g=n—1). We treat systems Z of A+s+1 linearly dependent points, such
that every k+s points of £ are linearly independent and, in addition, & points
belong. to Jp and s to Kg, 0<h="p+1, 0<s=<q+1. It is shown that the systems
L have a G -invariant density if and only if A=p+1 and s=¢+1. This density

is the kinematic density dG, for G,. Two coordinate expressions for dG,; are
obtained.

B Hactosimara pabGora npoxabmkaBaMe 3anoyHaTHTe B [1] u3caenBaHHs
BBPXy HMHTErpajJHaTa TeOMETPHs HA CHCTEMH OT TOUKH B OHIVIAHAPHO IIPO-
cTpaHcTBo. B mbpBata yacT nmpuBexKJaMe HAKPATKO HSAKOM CBeJeHMs, HeoOXo-
JN¥MH NIPY [0-HATAT'bIUHATE pasryexJanda. Bbs Bropara wacT B Ayxa Ha
paborara Ha CaHTtano [5] mojiysaBamMe HeOOXOIWMH ¥ JAOCTATHYHH YCJIOBHS 32
C’blIECTBYBaHe HA OWNIAaHAPHA TI'BCTOTA HA CUCTEMH OT A+ s+ 1 JuBeliHo 3a-
BHCHMH TOYKH, BCeKH £+ S OT KOHTO ca JHHeHHO He3aBHCHMH. VsmosasyBame
HaMepeHaTa T'bCTOTA 3a F€OMETPUYHA XapaKTePUCTHKAa Ha KHHEMaTHYHATa I'b-




cTora Ha OuniasapHata rpyna. B Tperara wacT, kaTo HMame npexaBuI [4],
H3passgBaMe KHHEMaTHUYHATA I'bCTOTA YPE3 KOOPAMHATHTE HA PpasIvVIeXKJaHHUTE
tToukd. llle oT6GenexkuM, ye HABCAKDAE IT0-HATAT'BK Pa3ryeXZaMe CaMO PeasHH
reOMETPHYHH 0OEKTH.

1. Hexa P, € n-MepHO peaJHO NPOeKTHBHO IIPOCTPAHCTBO, a Jp, U K; —
ABe ()HKCHPAaHH KPBCTOCAHH JHHEAHH IOANPOCTPAHCTBA C PasMEPHOCTH CbOT-
BETHO p ¥ ¢, TakuBa, ue p-+qg=n—1. DAn1aHapHOTO NpPOCTpPaHCTBO B e
OHOBa KMa#HOBO MPOCTPAHCTBO, YHETO OCHOBHO MPOCTPaHcTBO e P, a OCHOB-
Hata Ipynma G; Ce CBCTOM OT OHE3M €JEeMEeHTH Ha I[POeKTHBHAaTa rIpyna B
P,, otHOcHO KOHTO J, H K, ca unBapuanTHH. I'pynara G 3asucu ot L=p?
+¢2+2(p+¢)+1 He3aBucHMH mapameTpa.

llle wanonsyBaMe cemeiicTBO OT OunsiaHapeu penepn Rr=(A;...4,.,
By...Bg4;) CBbC CAENHOTO €CTECTBEHO CBOHCTBO: BBPXOBETE Ay,..., Apiq JE-
xat -B J,, a BppxoBete B,,..., Byy; — B K, OTHOCHO TakbB penep NpoOH3BO-
neH esemeHT Ha (J, MOXe Ja ce MpeicTaBH BBB BHJA

p+1
Y .
g+1

yulzzwbm’yv, u=l,...,q+l,

v=1
Kato A=det (a,)+0, B=det (6,)+0. llle npexnoxarave, ye

M AB=1.

Heka awamuruunure Ttoukn A, B, UMAT XOMOT€HHH KOODAMHATH Cb-
OTBETHO

A! (aliso ey Qp 41y 0,..., 0),
Bu (O,.l . O, blu,- v oy bq—H, n ,i

03]

¢

a uHHHUTEe3MMA/IHUTE Npeobpa3oBaHusA Ha Ry MMaT BHIA

r+1

dA,=2 wid;, i=1,., p+],
=1 ‘

q+1

dB,=2' ¢’ B, u=\,., ¢+1.
y=1
Tyx

1 4
m,f=;4 | Ay -Af"‘ldAiA1+l' wApty
3)

u

1 .
LV:E | By.. By-3d@By Bigie s Baii’

ca JunefiHH Judepenunasid GoOpMH, KOHTO YIOBJETBOPSIBAT CTPYKTYpPHHTE
YpPaBHEHHSA
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p+1

Dof= Y wiAw], i j=1,., p+],
k=1

q+1
Dgr= 3" AP, wo=1,.., ¢+1
w=1

H €JHHCTBCHATa 3aBHCHMOCT

pt1 q+1

(4 %] w1’+é: $4=0,

KOATO Ce MOJyYaBa KAaTo CJeACTBHE OT Hec'hlllecTBeHOTo orpanuyenue (1). Ot
(2) u (3) HENoCpeACTBEHO IOTyYaBaMme

)

] a+1

q":;""‘"E wé'l Bwv dbwu’

KbAeTO Ax; H By, Ca aIIOHFHpAHWTE KOJHMYECTBA CHOTBETHO HA €JEMEHTHTE
ax; B byy B matpuuute (ay) u (buy). :

2. Jla pasriienaMe MHOXECTBOTO, €J€MEHTHTE HA KOETO Ca CHCTEMH X OT
h+s+1 nMHEHHO 32BHCHMH TOYKH, BCEKH 2 +S OT KOMTO ca JIHHEHHO He3aBH-
cuMu. OcBen TOBa Heka Bcska cucreMa 2 ¢’bABPXKa A TOUKM OT J, B § TOUKH
or K, xato 0<h=<p+1, 0<s<¢g+1. B xauecTROTO Ha NpPOHM3BOJHA TaKaBa
cicTemMa Ja wu3bepeM CHCTeMaTa, KOATO C€ CBCTOH OT TOUKHTE A,,..., An
By .., Bsy, E;=A+ ... +As+B, +...+ B, Hanbieo wusTerpyematra nda-
(oBa cucTema, onpeienslla CTalMOHapHaTa HOATrPyna HAa H3OpaHATa CHCTEMa,
HMa BHIA

wi=0, ¢;=0,

2 wi— 245=0, 2 (45—4)=0,

(6) a=1,.., & Jj=1.., p+1, j*q
A=1,., s v=l,., g+1, v
p=1,..., s—1.
Hexa
. h pHi s a+1 ¥
) dE=A A w/AA A ¢
a=1 j=1, j3a A=1 v=1, v==2a

h h s s—1 s
A (S 2 )k, S ew
=1 \g=1 u=1 7

=1

€ BBHUIHOTO NPOM3BENEHHE HA BCHUKH JIEBH CTPAaHH Ha YypaBHeHMATA HA CHC-
temata (6). CobraacHo c usBectHusi kputepuii Ha Chern [3] cucremure X
NpHTeXKaBaT OHWNaHapHa I'bCTOTA (T. €. I['BCTOTA, MHBAPHAHTHE OTHOCHO O6H-
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nJaHapHata rpyna Gp), KosTo ce H3passBa ¢ Audepenunanmsata opma (7)
TOraBa H camo ToraBa, koraro D(dZ)=0. Ho

D(d2)=[ (p+1) 2 wl+h 2 u+s 2‘ ;! +(q+1)2 4;3]/\512

a=1 =1 A=1
OT KoeTo cJsefiBa, uye ycaoBHeto [ (dX) = 0 e exBHBaZeHTHO C paBeH-
CTBOTO

i
(8 P+1) 3 weth qéw "X i@ +1) 3 =0

a= l U= 1;1 ;-—1

Ot znpyra crpaxa, Mexnay JAu¢epeHIHansuTe GOpPMH C €IHWH H C'BUI IoO-
PeH H JOJieH HHIEKC € B CHJa caMo eluHcTBeHaTa 3aBucumoct (4). Cnenosa-
TEJHO paBeHCTBOTO (8) uie O6'bAe YIAOBJETBOPEHO TOYHO TOraBa, KOraTe 3a
ypcaaTa £ 1S UMaMe eJIHOBPEMEHHO

h=p+1, s=q¢+1.

C rToBa nokasaxme c/eAHarTa

Teopewma 1. CucremitTe X npuTe)xaBaT HWHBApHAHTHA OTHOCHO Ounaa-
HapHaTa rpyna rbcrora (7) ToraBa W camMo ToraBa, Korato AZ=p+1 wu
s=q+1.

Axo h=p+1, s=g+1, 6unnanapuata rpyna (. e NpoCTO TPaH3UTHBHA
32 MHOxecTBOTO Ha cucremure Z. Crenosarenso cbraacho [2, c. 113] nude-
peduuannara L-opma

L Pl a+1 g+l
dGr=A A oiANA A g
i=1 j=1,jFi u=1 v=1, ydu

P+l /[ p+1 q+1 i q q+! i
A i 4 v . -+
MR (No/=3 4 )A A X (i)
=1\ =1 u=1 F o=l .
onpeje]ss KHHEMATHYHATA I'bCTOTA HA OumvianapHara rpyma, C TouHocT 10 no-
CTOSIHEH MHOXKHTEJT T € paBHAa HAa BBHIUHOTO NpOW3BeJieHHe HA BCHYKH OTHO-
CHTENHH KOMIOHEHTH w/, w) ¢ H3KIIOYeHHe Ha (IT].

3. llle namepum e(pexmﬁi;m FeOMETPHYHHM H3pasH 32 KuUHeMaTHyHaTa I'b-
crota d(r. 3a Ta3u Lies1 OTTYK H4TaTBK npeianonarame, e h=p+1, s=qg+1,
M Ille pasryiexjaaMe caMoO OHE3H CUCTEMH X, 3a KOUTO

q+1
ap+],i #:O, i=1,---, p+1, bq—l—l,u =l:(), u=1,.-.’ q+1, zﬁbq+l,ﬂ:i:0'

n=t

ToraBa moxeM 4a MOJIOXHUM

(9) Xij:aji/ap-l-l, i i; j=17'°'! p+1)
(IO) Y2=bvu/bq+l.ua u, v=1,.., g+1,
p+1 g+1
(11) X:) _’ . / y’ bQ"l-l uy
T=
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q+1

g+1
(]2) Yl(;:.;: bRV/‘.?l bq+l.u
Ot (9) — (12) creapa, ye TOYKHMTE OT pasriex/jaHara CUCTeMa X HMaT Cb-
OTBETHO KOOPIHHATH
Al X ey X8 1y Opasy Oy L=l Pl '
B.Q©,..., 0, ¥Y.,.., Y2, 1), s=1..,q9+],
. Agtt, ¥, ¥e, 1),

Ef{ X

Kato B3emem mpeasun (9), ot (5) mocJaenoBaTenno NoJaydaBame

I 2
‘ Ak;d(ap4lzX)

w/=-
AR
r- rl 1
dap-i 1, iH Akj)(i A—-’ Ak}ap+llka
p+1 - 2
ap; 1 Q) :
o el i--‘-‘l ApdX

1 1
w i LA M
A pH1,i I?:I kj @i, 3
2

AkjdXik!

dap+t, i A 1 a
S i — Yptl,i
Ji A ’-;-:1

Ap+1,i
KbIeTO 8; € nosHaTusT cuMBOJ Ha Kposekep. Auanoruudo ot (5) u (10) Ha-

q
M:figﬂj“'_“ B +é Bieg, X Bl dre.
: a+1, u =k

MEpaMe MNpeacTaBsHEeTO

P+

ji=1, I#:l —

i AkjdXz —Aerl i A dX"
=1, j==i .
CM€ O3HAUHAH HJONMBJAHHTE/THUSA MHUHOD HA €JEMEHTA Ap-}-l i B
- b

Torasa

KBAETO ¢ Afi1i
matpunata (Ai;). Ho Ajiq =(—1)P+i+lg, (; Ap—

OTK'BIETO CJe[Ba, ue
pti y (_1)p+n+1
) 1A}:p W= 1 (@p+11, t)p'H A ax/s.
: j=1,j4i -
CaeznoBareaHo
pH1 p+1 (= D)Crtaen2 il p+1
(13) A A /= Arii I I(lﬂlp.i.l,f)"”"kl A dP;,
i=1 j=1, j+i 1 i=1

p
KaTo cMe NOJOXWM dP,= A dX
i=1



Chen aHaJOTHYHH npecMsATaHHA [OoJyYaBaMme

g+t g+l (_])(3q+4)(q+1)/2 e

(]4) A A q)v = I_[(bq+! u)q+1 A dQM:

u=1 v=1, vu O Lt

KbaeTo dQu= A dye.

v=1

KoopamnaTture Ha Toukata FE, lle NpeICTABHM KaTO JHHEHHH KOMOWHA-
IIMM Ha C'HOTBETHHTE KOODAHHATH Ha TOUKHTE Ay... Bgyy, T. €.

p+1

Xews X' XK%, k=lp.a P+l
i=1

q+1

Y¥ == Y'p.,,Y w=1,.., g+1,

lI+l
KaTO NpH TOBA ‘, ' n,=1. C nomMomra Ha ropﬂme paeerctBa ot (5) u (11)
=1

HamMUpame

p+1 p+l 1p+1 p+1 q+‘1'
vmlj H( — Akfdakz) ZAkj (ng—(l blH-l,u)

q+1
1 deq+1 U pil p+i p+1 p+1
=_-Z T— 2 7 Aua,,, A 2 bq+l u Akfd (2 liXik)
ywbq+"u i=1 k 1 k=1 » \i=1
u=1
N
42 borin fany dly
=i 3 b o) L ()
a=1 ptlJ

2 bq+l. u
u=1

KbAETO ¢ {(dX¥)} cMe 03HayumIM 3a KPaTKOCT WIEHOBETE, KOMTO CBhAbPKAT

dX¥ n npu BBHHIIHOTO YyMHOXenHe c (13) me ormagnar. [lo cbUS HaumH
NOCTHraMe H 10 PaBEHCTBOTO

q+1
g+1 d quJrl,u g+1 d
g =2l (me ) S ()]

u=1
2b4+l u
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Torasa

p+1 p+1 - » p+1
ALY wi vdﬂ“ =l A (bgs1.q41d);
F=1\i=1 u= I lp J=l
(bg11,q41)PF l lap+1,j
=1

q
+8p1,; 'u:d}lu)Jr{(dX,'-‘, arr)},

g+1 q
(2 bq+l, u)

' — q
4,;' ga+y_ u—1 g él(bqﬂ,ﬁ] dp.y

(ba+1, a41 )"n bat1.

v=1

ﬂ >
[ [\ﬂh

SRS dllu)+{(dy’”)}
H C/Ie0BATENHO

p+1 q+1 g+1
(15) H(z o — 2 W‘)A A 2 (—dt)

i=1

g+1 y+q+2
(2 bq+1 u)
IS I R - dA NdMA+{(d XK, dY)},

rlap+l j I I bq+l y
p+1 q

KbAETO dA = _Aldlj, M= Al dp.y.
Jj= w=

YmuoxaBame BBHUIHO (13), (14) u (15). [ToayyaBame

p+1 g+1 g4 1

1 2 g p+q+2
dGL:ZW(EaP+I’i) (],,1 bq+l,u) (ué: qu:ﬂ)

p+1 g+1-
X A dP,A A dQuAdANdM.
i= u=1

JlecHo ce cbobpassBa, ye cae] efeMeHTApDHH NpeoGpas3oBanus ca B cuia dop-
MYJHTE

q+1 1
Qpit, 1o on Bpit, j—1 | 3 bgi1,u )ap+1. L e Gl ptt =
u=1 T
(16)
g+1 1
bq+l. lio-bq-H‘ v—1 qu-{-l,u bq+l, v+1 -o-bq+l,q+l = T
u=1 VZ

sa j=1,..., p+1, v=1,..., g+1. B 1sx
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X;...X}_l AT Al X;H | o (O P Ym 0 4.1
XXX e,.x e, BT,
V{= * . 8 & . @ . L . . . (] LI . ’ V2: ' . « # a & 5 s o+ o " . . .
Ko X0 XB A ... 72, ¥ ¥Fi P, |
1wl gt 1 L., (L ee® 0 1 el

C nomorgra Ha ropuure (opmMysaH HaMupame

A dP; A A dQuNdAANdM

dG l=1 u=1 .
fLa LT Yive. Ve VLV Ve

[Ile magemM u Apyro npencTaBsHe HA KHHeMaTHYHATa recrota. OT

q{-jl
p+1 d )Ibq+l u 1 q+1 o+1
4 u=
VRS T +A,lb+1u 3 Agd X,
= Zb 1 ! =
+1,
u=1 g
‘1+1
Q+1 d lbq+l u 1 g+1 q
u=
Y=t Fbess T Bwdly
u- Zb { u=I1 u=1
+1,
u=1 . b :

cJie1Ba

p+l g+l q+1 p+1 ) p '
Soi= X41=3 broro (BY AgdXy —A 3B gur d; )

=1 u=1 =1 i=1 u=1

g+1

149+1 q
‘2? (4,;_4)2—}—1): BZ bq—H,u Z (Buv‘Bu,q-H)dYg.
u=1 u=1 u=1
Torasa

p41fP1 qul g 4+1 g+1 ptq+2
R I o R (L) p
t :

i
o i—=1 u=1 va=l u=1 u=1

KaTo cMe MOJOXWIH dR= A dX, f/\ A ary.
-j=1

YMuoxkasame BBHIIHO (13), (14) u (18). [TosryuaBame

16



1 g+1 p+1
dGL:'_‘XETl_Bﬁl [aerl, 1---8pyy, p+1(2 bq+l. u)
u=1

g+1 g+1 p+1 g+1
o bq+1, 1 024 bq+1,q+1(2 bq+1, " )] A dP A Al dQu AdR.

o i=1 n=

Ot ropuata ¢opmyra #u (16) HaMupame TBPCEHOTO HOBO NpEACTaBAHE Ha
KUHEeMaTHYHATA I'bCTOTA: :

p+1 q+1
A dP A A dQ,NdR
==K u=1 .
(19) COL=prys . Urr vV TV
[Tonyuenure pesyaTaTd Lie (GopMyJaIHpaMe KaTo
Teopema 2. 3a KMHeMaTHYHATa I'bCTOTA HAa OuMIaHapHaTa rpyna ca B
cuta opmyaure (17) u (19).
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ON THE KINEMATIC DENSITY OF THE BIPLANAR GROUP

A.V.Borisov
(SUMMARY)

Let J, an K, be fixed skew linear subspaces of the n-dimensional real
projective space P, dim Jp=p, dimK,=q and p+g¢g=nrn—1. The biplanar
Kleinian space has P, as the underlying space and the fundamental group
G consists of all collineations of P, preserving J, and K, The dimensions
of Gy is L=p*+¢*"+2(p+g)+1. We use a family of biplanar frames
R;=(AA,...Aps1B,B,...B;41) having the following natural property: the ver-
tices A,, Agy..., Apyy are in J, and B,, B,,.., B4y are in K, The l-forms
w/ @G, j=1,., p+1) and ¢® (u, v=1,.., g+1) are the relative compo-
nents of GL.

Let 2 be a system of £+s41 linearly dependent points, so that any
h+s points of I are linearly independent. Moreover, let each system X
contains & points of J, and s points of K, with 0<Z=p+1 and 0<s=g+1.

2 roa. Cod. yHus., dax. maT. m Mex., 1. 75, 1981, rm. 1 Mar. 17



Let the points of an arbitrary system T be A, A4,... 4 B,, B,..., B,
Ey=A+A,+...+As+B;+B,+...+B, The main result in this paper is
Theorem 1. The systems ¥ have an invariant density with respect
to the biplanar group G if and only if 2=p+1 and s=qg+1.
In this case (G, acts simply transitively on the set of all systems X.
Hence the L-from

p+1 p+1 q+1 g+1
dGr=A A wiA A A §?

i=1 j=1 u=1 y=1

Jei vu

pitl /p+1 ) q+1 g g+1
NA (e =3 wr A B Bar—u

i=1 \i=1 =1 v=1 y—1

determines the kinematic density of G,. Up to a constant factor this den-
sity is equal to the exterior product of all relative components w/, ¢’ excep-

ting ¢2t1.
We obtain two explicit formulas (17) and (19) for dG. involving the
coordinates of the points of 3. These formulas give geometric interpretations

of the kinematic density.
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rOAMIHUK HA COOUMMICKUA VHUBEPCUTET ,KJIAMEHT OXPU/ICKU“
®AKVJITET [0 MATEMATHKA U MEXAHHWKA
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SOME NOTES ON UNBOUNDED SYMMETRIC
OPERATORS IN BANACH SPACES

Hristo N. Boyadiiev

XpuctoH. Bosnxues Hexoropble 3aMevanvs 0 HEOrpaHHYEHHbIX oOIfe-
paTopax B mpocrpancrsax banaxa.

JluHeftupil onepatop A. onpeleseHHB B KOMOJEKCHOM GaHAXOBCM NMpPOCTPAH-
CTBE, HA3LIBRETCA CAMOCOTIPSKEHHEIM, ecan iA" — HHOHHHTEIHManLHEIM reHepaTop
(Co) rpynnst uaoMerpuu gaa n=1, 2,... [IpuBejieRo XapaxkTepH3ylollee ITH onepa-
TOpPHEL CBOMCTBO, BEIpaxaionieecs uepes HopMbl. Jlpyras xapaktepusaius rnoayuesa c
Hcnonb3opauneMm npeobpasoBanua Kanu. [loxasana cBA3b CO CNEKTPajbHbBIMH Onepa-
TOpaMH CKAJTAPHOrO THIIA, KOFAA MPOCTPAHCTBO C1a60 MoJaBoe.

Hristo N. Boyadziev. Some Notes on Unbounded Symmetric Operators inh
Banach Spaces.

The Banach space operator A is called self-adjoint, if iA» is an infinitesi-
mal generator of a (Cy) group of isometries for every n=1, 2,.... Such opera-
tors are characterized by means of a certain norm condition and by their Cayley
transform, which is a unitary operator in some sense. The connection with
scalar-type spectral operators is shown when the underlying space is weakly
complete.

INTRODUCTION
r

The notion of self-adjoint linear Hilbet space operator has been gene-
ralized for Banach space operators in two directions— operators with integ-
ral representation with spectral measure on the Borel subsets of R (the
so-called spectral operators of scalar type with real spectrum), and infinite-
simal generators muitiplied by i of strongly continuous one-parameter groups
of isometries, called by Palmer self-conjugate operators in [9]. For bounded
operators this notion coincides with that of hermitian operators in the sense
of Vidav [3].

Connection between these two classes of operators had been investiga-
ted by Berkson [3—D5). The years have shown that these generalizations
are useful and properly chosen.
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A characteristic property of the symmetric (self-adjoint) Hilbert space
operators is that their Cayley transforms are isometric (unitary) operators,
This is not true in general for self-conjugate or scalar type operators on
a Banach space. To obtain an isometric Cayley transform for the operator A
one needs '[(A+i)x| =!|(A—i)x|| for every x in D(A). This holds for a
class of self-conjugate operators considered by Palmer [9], namely the
normal operators with real spectrum. We adduce the exact definition and
some characteristic properties of these operators below. Afterwards we give
two new characterizations of this class; with a norm condition, and by means
of the Cayley transform. At the end we consider a norm condition de-
fining a somewhat larger class of operators.

PRELIMINARIES

Throughout X stands for a complex Banach space with dual X’ and A
stands for a closed linear operator with dense domain D(4)S X. For x in X
we denote by 7(x) the set of tangent functionals at x:

Txy={fin x":f(x)="x 1, [ fli=1}

Definition 1. The operator A is called symmetric if one of the fol-
lowing equivalent conditions holds.

(H I xh=!(Q+itA) x| for every ¢ real and every x in D(A),
(2) f(Ax) is real for every x in D(A) and some f in T(x),
3) f(Ax) is real for every x in D(A) and every f in 7(x)

((2) — (3) is the result of Batty (1); (1) implies (2) according to (7, V. 9.
5., and (2)— (1) is easy: {|x|=f(X)=|f(x) +Hitf(Ax)| =< || x-+itdx]|].)

Definition 2. ([9]). The operator A4 is called self-conjugate if iA is
the infinitesimal generator of a strongly continuous one-parameter group of
isometries u(¢, A), t in R (u(t, A)=exp (itA)).

In this case we denote:

4) cos(tA)=(u(t, A)+u(—t, A))/2; sin (tA)=(u(t, A)—u(—t, A)/(2i);
u(t, A)=cos (tA)+isin(tA), ¢ in R.

As u(t, A) is a group, for these operator-valued functions the usual trigono-
metric formulas hold.

Remark 1. It is well-kmown that A is self-conjugate if and only if it
is symmetric and (4+7) D(4)=X ([9], [7, VIIL. 1. 17], [10, IX. 9)).

In what follows, a bounded symmetric operator is called hermitian. It is
known that a hermitian operator is self-conjugate in the sense of the above
definition — see Lemma 5.2 and Theorem 9. 4 in[11).

Definition 3. ([9]). The closed commutative algebra M of bounded
operators on X is called a V* algebra if every element S in M can be writ-
ten in the form S=B-+iC with B, C hermitian operators in M.

This representation is unique and every V* algebra is a B* algebra with
the [inl\j'olution S=B+iC — §$*=B—IC (the Vidav — Palmer theorem —
see [11]).

20



pDefinition 4. (9. The bounded operator S is called normal, if it
pelongs to a V* algebra; a normal operator U is called unitary if it is onto,
jsometric, and U™t=U*,

Obviously, an operator S is normal if and only if S=B+iC with BC=CB
and B"C™ is hermitian for every n, m=0, 1, 2,... (in this case B and C ge-
nerate a V* algebra).

Therefore every normal (unitary) operator is a normal (unitary) element
in a certain B* algebra,

The following theorem was proved by Palmer [9] (as part of Theorem

. 3 there).
! Thegrem A. For A the following cenditions are equivalent.

(a) A is self-conjugate and A” is symmetric for every n=1, 2...;

(b) A" is self-conjugate for every n=1, 2,...;

(c) A is self-conjugate and sin(ZA), cos(f4) are hermitian operators for
every real Z;

Definition 5. The operators for which (a), (b), (c) hold we call self-
adjoint

] Remark 2. In his paper Palmer has given a definition for unbounded
normal operators. The self-adjoint operators are just the (unbounded) normal
operators with real spectrum in [9].

THE NORM CONDITION
Lemma. If A satisfies the condition:

(5) | tAx+ix||=||tAx—ix| for every x in D(A) and every =0,
then A is symmetric. o
Proof. For x, y in X we put l(x, y) = 11211 (x+ty | =[x [/t
t—0+

Then —I(x, —y)Si(x,y) for every x, y in X (see [7. V. 9. 3.)). Now (5) im-

plies for every x in D(A): U(x, iAx)=1(x, —iAx) = — [(x—idAx) hence

—Il(x, —iAx)S0=(x, i4x).

For every x in D(A) then there exists f in T(x) with Re f(iAx)=0, hence

f(Ax) € R according to Theorem V. 9. 5. in [7). Therefore A is symmetric

(see (2)).

Now vge give a norm characterization of the self-adjoint operators.
Theorem 1. The operator A is seli-adjoint if and only if:

(d) 1A i) x | =|(tA"—i)x || for every x in D (4", n=1, 2,.., £20 and
(Ax)D(A)=X.

Prooj. When (d) holds, for every n=1, 2,..., A" is symmetric and A is self-
conjugate according to the Lemma and the Remark after Definition 2, so that (a)
holds (here A" is densely defined and closed because of Lemma9, VIII. 2. and
Theorem 7, VIL 9. in [7]).

Now we prove (b), (c) — (d). Let n21 be a positive integer. For every r, s
real, sin(rA"), cos (sA") are hermitian ((c) applied to A7), hence sin™ (£4") for £
real is hermitian too, being a real linear combination of them (m=1, 2,..).
So for every s, ¢ real, the operator S=s(sin (¢£4%)/f)+i is normal, and Lemma
27 in [9] implies |Sx||=||S* x| for every x in X, i. e. |(s(sinCA"/D)+i) x|
=li(s(sin (¢A%)/t) —i) x |.

For every x in D(A”) we have Azx=lim (sin({A*)/f)x and hence (d)

: i->0

holds. The proof is completed.
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THE CAYLEY TRANSFORM OF A SELF-ADJOINT OPERATOR

For A self-conjugate and x in X=(A+i)D(A) we consider
6) Ux=0GA+1)(A=1)"x; Ulx=(A—-1)(A+1)"'x

and call it the Cayley transform of A. The representation

+®

(7) (sFid)x = f exp (—st) u(xt, Axdt (s>0)

(the integral exists in the strong operator topology for every x in X —
see [7, VIII. 1. 11]) and the resolvent equation imply

®) U=U,+ilUi, Ut=U,—il, where U,=(U-+U"Y/2, U,=U—-U")/(2))

+ o
and hence Ux=2A(A*+1)x=2 [ exp(—#)sin (¢A)xdt,
0
+ oo
Ux=(A2—1) (A2 +1)"1x= f exp(—£) (1—2 cos (tA))xdt, for every x in X.

0

Theorem 2. The self-conjugate operator A is self-adjoint if and only
if its Cayley transform is a unitary operator (Definition 4).

Proof. Let (c) of Theorem A hold. For x in X and fin T(x) we
have: (the proof of the formula is just like that of Lemma 22 in
[7, VIIL 1))

+ oo
AU UM x)= f exp (—8)f(1—2 cos (¢4))".(2 sin ((A))™x)dt is real for

0

n, m=0,1,2,... (here g. h(s)= f g(® h(s—1)dt).
0

As powers and products of cos(tA4), sin(fA) are real linear combinations
of cos(sA), sin(rd), ¢, s, r real, the convolution (in the strong operator
topology) of these hermitian operator-valued functions is again hermitian and
therefore U~Um is hermitian (n, m=0, 1, 2,...).So U is normal.It is onlo as
(ALt D(A)=X and isometric according to the norm condition (5). Also
U*=U-! from (8). Hence U is a unitary operator.

Conversely, let for the self-conjugate operator A its Cayley transform U
be unitary. As U'=U* we have U=U,+iU; (see (8)) and hence U, U,
generate together with 1 a V* algebra. Then for every nonzero real ¢t the ope-
rators A;

9) A= Ui (U, + 1) (LP4-£) 1 = 4 A4 A? + £(A2 4 1)2)

are hermitian (as hermitian elements of that V* algebra). When x is in D(A"),
fin T(x), n=1, 2,...,, we have f(A"x) — f(A"x) when { — 0 and therefore

f(A”x) is real. This implies that A~ is symmetric (as it is densely defined
and closed — see [7, VIL 9. 7, VIIl. 2. 9.]). The above computations hold
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because of the functional calculus for A (or U) — see [7 VIL, VIIL]. The
theorem is proved. See also remark 3.

THE CASE WHEN X IS WEAKLY COMPLETE

We show now the relation between self-adjoint and scalar-type spectral
operators, For definitions see (7, part I}, [3], [4], [5], [9]

The following theorem is contained in the results of [9]. We shall give
a shorter proof based on some results of E. Berkson.

Theorem 3. If X is weakly complete, the operator A is self-adjoint
if and only if A is a scalar-type spectral operator with real spectrum and
hermitian-valued resolution of the identity, i.e.

+
(10) Ax = f sdE(8)x, x in D(A)
and E (s) is hermitian for every s in R.

Proof.Let (c)of Theorem A hold. The operators u (£, A)=cos({4) + i sin(tA)
are normal (and hence unitary) for every £ in R, as(cos (£4))*, (sin (£A)"
(n, m=0, 1, 2,...)" being real linear combinations of hermitian opera-
tors are hermitian too, Hence u (f, A) is a scalar-type spectral operator for
every £ in R according to a theorem of Berkson [3], [7, XV. 15.], [7, XVIL
2. 12], and so we obtain a group of scalar-type unitary operators, Another
result of Berkson [5] implies the representation

+ @ +
(11) Ay= f sdE(s)y, u(t, A)x = f exp (its)dE (s) x

for every x in X and y in D(A). Here E(s)is a spectral function defined on
the real line. Moreover, E(s) is hermitian for every s according to Theorem
2.2 in [4])

Conversely, let A have the representation (10) with £(s) hermitian-valued
spectral function. Then /A4 is the infinitesimal generator of a strongly conti-
nuous group of isometries determined by the above formula (11) (as E(s)
are hermitian idempotents, they generate a V* algebra and therefore || E(s)||
=1). We have now

(12) cos(tA)x=j’wcos(ts) dE(S)x; sin(tA)x= f+ msin (ts) dE (s) x, x in X

and so cos(4), sin(fA)are hermitian for every real £; (c) of Theorem A holds
and hence A is self-adjoint. The proof is completed.

Remark 3. The integral representation of 4 can be obtained in the
folowing way. Let A be self-conjugate and its Cayley transform U be
unitary. Then according to the results of Berkson [3—b5], U has an integral
tepresentation

2x
Ux= f exp (it) dF (t)x for every x in X with F(f) hermitian valued.
0

‘ 2n
Thexl for x in D(A), Ax=i(1 + )1 —-U) x = — f cotg (/2) dF (1) x
@ B . '

\‘=_ ] sdE(s)x with E(s)=F (2 arccotg (—s)).

23



Conversely, if A has the representation (11), we can obtain the above
integral representation of U with a change of the variable. Thus we can
also see that U/ is unitary.

Therefore considering simultaneously Theorems 2 and 3 when X is we-
akly complete, we can simplify some parts in their proofs.

A SRONGER NORM CONDITION

For x, y in X we denote : oy N=llx+y|t— ‘Uc—y‘2 In [6] a densely
defined linear operator A is called symmetric, i

(13) ' (Ax, y) =(x, Ay) for every x, y in D(A).

It is shown there that such operators have some propertles in common
with symmetric operators on a Hilbert space. But it is not clear whether for
such symmetric operators A, sA is also symmetric when s is a real number,
That is why we shall adopt the followind definition.

. Definition 6. The operator A we call strongly symmetric, 1f for every
s in R* and every, x, y in D (4A) we have

(14 (sAx, y)=(x, sAy).
Proposition. Let A be strongly symmetric and (Ax{) D(A)=X. Then
A is self-adjoint.
Proof. It follows by induction that if the operator A satisfies (14), then
A" (n=2, 3,...) satisfies it too. So we obtain [sA"x+y|F— {sA"x-—y‘
|x+sA"y 2—|| x—sAny ||* for every n=1,2,..., x, y in D(A"), s=0

Taking y=ix we obtain

| (SA"+i)x |2— || (sAn—i)x |2 =||(1+isAmx |2 —{| (1 —isAMx | i. e. || (SA"+i)x |
=|[(sA"—i)x|| for every s=0, x in D(A") which is the condition (d)
The proof is completed.
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HSIKOHW BEJIEXXKHW 3A HEOPAHHUYEHWTE CUMETPHUYHH
OINEPATOPH B BAHAXOBH INPOCTPAHCTBA

X.H. Bosaxues

(PE3IOME)

Haii-y naynute 06001(€HUs HAa MOHATHETO CaMOCIIPErHaT onepaTop 3a onepa-
TOPH, JeHCTBYBall[4 B 6aHAXOBH NPOCTPAHCTBA, ca JIBE — ONEePaTOPH, C HHTErPATHO
npeicTaBiHe C’bC CIEKTpPaaHa (YHKUHA, ONpeJeseHa BBbPXy peasHaTa IpaBa
(TdKa HAapeyeHHTE CIEKTPaJHH ONEPATOPH OT CKaJapeH THI C peaNeH CHIEKTHP),
i MHQHHATE3UMAJHH TEHePATOPH HA CHIHO HeNpeKhCHATH efHONapaMeTpHUHH
rpynd OT H30METPHH.

B paGorara ce pasriexia eIHMH KJac OT OIEepaTopd OT BTOpHA BHI,
HApPEYeHH caMoclperHaTH. ToBa ca HOPMAaJIHHTe OMEPAaTOPH C peateH CHEKT’LD,
pedunupann ot Palmer [9).

XapaxTepusnpau{o CBOHCTBO Ha CaMOCIperHaTHre ONepaToOpH € ToBa, 4e
TAXHOTO Npeobpa3oBande Ha Kenn e yHuTaped onepatop (Teopema 2; mnedu-
uuiEst 4). ToBa e CBOHCTBO HAa CAMOCIPErHaTHTE ONEPaTopH B XHJIGEPTOBO
npoctpancTBo. [lajeHa e u apyra xapamepnsauua — ype3 Hopmara. MmenHo,
ako X e 0aHAXOBO NPOCTPAaHCTBO U A e (HeOTPaHWYEH) 3aTBOPEH JHHEEH oOre-
paTop ¢ HaBcAKBAE rbcrTa obmact Ha onpepenese D(A), To 4 e camocnpersar
toydo Korato (Axi)D(A)=X u |(tA*+i)x | =(¢tA*—i)x | 3a BcAKo ecTecT-
BeHo 7, x ¢ D(A”) u t neorpuuareqdo (teopeMma 1)

B cnyqaﬁ ye X e cnao I'bMHO, CAMOCIIPErHaTHTE ONEPaTOPH €a TOYHO
CMEKTPAHUTE ONMEPATOPH OT CKaJapeH THN C peasieH CHOeKT'hbp H CHEKTpasiHa
(GYHKIHMA, NpHeMalla caMOCIperHaTd cToifHocTH, T. €. A € caMocClpeersar
TOYHO KOraro

+ o0
f tdE(f) x (E(f) — cnexrtpanHa QyHKUMSR)

3a Bcsko x € D(A4), xbrero E(t) e camocnpersaT omeparop ¢ HopMa 1 3a Bcsiko
peaqHo ¢ (teopema 3).

Hakpas e noxasaHo, uye aKo 3a HaBKDbAE I'bCTO JAe(QUHHPAHHS JHHEEH
onepatop A e udnbvnieno (A+i) D(A) =X u (sAx, y)=(x, sAy) 3a Bcako
x, ¥y € D(A) u Bcsko s peadnHo, TO A e camocnopersar (Tyk (4, v)='u+7v|?
— u—v|% u veX).
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OIEHKHX CHU3Y A HEKOTOPbIX KOHCTAHT,
CBSI3AHHBIX C TPA®AMI PAMCESA

Hepsaxo /1. Henon

Hemganxo . He H o8B, OueHkH CHHIY I8 HEKOTOPbIX KOHCTAHT, CBA3AHHLIX
¢ rpadamn Pamces.

I'pagp G HasbiBaerca (py...., pg)-rpapom Pamcesn, ecau nans awbo#t  s-pac-
Kpackk ero peep cyuiectByer i, 1= i< s, Takoe, 4YTO CYIUEeCTByeT p,-KAUKa, BCE
pe6pa koTopoil okpaiwienn B [-mifl user. Uepes N(py,..., p,; g) o6osEayaercs Hau-
MeHblllee HATYPaALHOE 4HCAO 7, AAf KOTOPOro CyUIeCTBYyeT (py,..., p,)-tpad

PaMcea ¢ n BepuIHHAMH H KJHKOBEIM YucaioM MeHbiue ¢. B 2roit pabore mokasw-
BAETCR, 4YTO

N(p].!' w =y Ps ; R(pl! vy pg)—a)_é_ R(Pn v @ ps,+a!
rae R(py,..., p,) o6o3naiser coorsercTByiouiee yncao Pawmces. [okasmisaercs, yTo
ans (3, 3, 3)-rpajos Pamces 310 HEPaBeHCTBO TOUHOE.
NedjalkoD.Nenov, A Lower Bound for Some Constants Related to the Ramsey
Graphs.

The graph G is called a (py,. .., p)-Ramsey graph, if for every s-colouring
of the edges of G there exists an #, 1<<i<ss, such that G contains a monochro-
matic p,-clique of the i-th colour. In this paper it is proved that

N(p]" .3 ps ; R(pl" =2 ps)_a)éR(Pl" s 3 p;)+8

N(py,..., Pg; q) denotes the minimal natural number n such that there is a
(P1,- - p))-Ramsey graph G with n vertices and clique number cl(G) < ¢,
and R(p;,.-., pg) is the Ramsey number.

1. BBEAEHHE U1 ®OPMYJ/IMPOBKA OCHOBHbBIX PE3YJ/IbTATOB

[Ton o6bikHOBeHHbIM rpadomM OyneM MNOHAMATH YINOPAJOYEHHHYIO Tapy
G=(V(G), E(G)), tae V(U) — koHeuHOe MHOXeCTBO, a £(() —HexoTOpas COBO-
KYNHOCTb 2-S/I€MEHTHBIX IMOAMHOXECTB MHoxectBa V(G). PaccmaTpuBaioTcs
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TONBKO ObbikHOBeHHble rpadsl. Ecmm v, v, € V(G) n [v,, v,y)€ E (G), 6yaem
rOBODHTH, YTO BEPIUHHBI ¥y H U, CMEXHB. MHOXECTBO BepUIMH Ty,..., Up
rpadpa G naseiBaeTcs pP-KAMKOH, €csH JoOble ZBe M3 HHX cMexibl. Hanbo.b-
Ilee HaTypaJbHOe YHC/IO p, Aas Kotoporo rpad G obaaxaer p-kauxoif, Ha3bI-
BaeTcd KJIHMKOBBIM uHcaoM rpaga G u o6osuayaercs cl (G). MuoxecTBO Bep-
mue rpada G HasbpiBaeTCd HE3aBHCHMBIM MHOXECTBOM BEpILUHH, €CJH Jio-
Oble nxBe H3 HHX HecMexxHble. Hawboubluee HaTypaibHOE 4YHCAO 7, 15
kotoporo rpad G o6nafgaeT He3aBUCHMBIM MHOXKECTBOM M3 7 BepIIHH,
HA3bIBAETCA YMC/IOM He3aBHCHMOCTH rpada (G u obosnavaercs & ((Q).

[lycts, G; 1 G, — nBa rpaga 6e3 o6mux BepiunH. Crnenys 3eikoBy [11],
yepe3d G,+ G, o6osxauum rpad G, aas xotoporo V(G)=VWV(G)J(Gy) u E(G)
=E(GI)UE(G2)UE'J rue E,:{['le 'Uz]: ‘vIE V(Gl)s ‘026 V(G2)}

Huxe Gynem MoJyb30BaThCH CIEAYIOIIUMH 0003HAYEHHUAMH ;

<V>, VCW(G) — noarpad rpata G, moOpoXKIAEHHBIH MHOXKECTBOM €r0
BeplHH V; :

G — {vy,..., v} — noarpag rpaga G, nosyvarIuHca YyAaJTeHHEM €ro
BePUIMH V..., Uy;

K. — nonubiii rpad ¢ n BepLIHHAMH ;

Cn — NpOCTOH LMK JJHHBI 71

A(V), VCV(G) — MHOXeCTBO BCeX BepIUHH, CMEXHBIX BCEM BepLUHHAM
3 V.
Onpepnenenue. Jloboe pasnoxenue

(l) ) E(G)=E1UE2U Eie UEs: E;‘nEj:"'"Q; £=#=j,

Ha3pBaeTcs S-packpackod pebep rpada G.

[Tyctb nana s-packpacka (1) pebep rpadpa G u Q sBAsSeTCH €ro p-Kiau-
koH. Ecam E(Q)CE, 6yneM roBOpHTb, 4TO  SBJASETCS MOHOXPOMATHYECKOMH
P-KNHKOH {-0r0 1BeTa 5TOH 2-packpacku. Hibke Bcoxy py,..., Ps ABIAIOTCA
HATYPaJIbHBIMH YHCJAMH.

Onpenenenne. I'padp G nasuBaercsa (p,,... p,)-rpadom Pamces, ecan
aasi ool s-packpacku ero pebep cyinecTByerT [, 1==i=s, Takoe, YTO HMeeTCs
MOHOXPOMAaTHYEeCKas p,-KIHKa [-Or0 ILBeTa.

Yepez R(p,,..., p) OOO3HAUNM HAHMeHblllee HATYPaNbHOE UYHCJO 7, AJA
KOTOpPOTro MOJIHBIH rpag ¢ 7 BepuiHHam# sBasetcs ( py,... po-rpadpom Pamces.
CymectBoBanue uucen R(p,, .., ps) BOepBble OblIO a0Ka3aHO Ramsey [12].
Huxe 6ynem noab3oBaThcd caenylolumMu paBedctBamu: R (3, 3)=6, R(3, 4)
=R(@4, 3)=9, R(3, 5)=R(5, 3)=14 u R(3, 3, 3)=17 [13). [Toapobumii 0630p
pe3y/abTaToOB N0 uHciaam Pamvces conepxutes B [14]

Onpeneanenne. Yepes N(py,..., Ps; g) 0003HaUUM HAHMeHbLIEe HATY-
paJbHOe YHCJAO N CO CAEAYIOIHM CBOHCTBOM: CYIUIECTBYET (p,.., Ps)-Tpad
Pamcess G, tako#i, uto | V(G) =n u cl(G)<q.

B [16] nokasano, uto N (pyy..., p; q)<<oo, €CIH ¢ > max (py,..., Py
Hsyuennto uucen N(p,,..., ps; q) nocesumesns paborw [1 — 9, 15).

OcHoBHast nesnp 5TOH paboTHl AOKA3aTh CJAELYIOlIee YTBEpKIelHe :

Teopema L Ilyers, p;, 1 =i= s, — HaTypalbHHE YHCJIE, TAKHE YTO

R(ps-., p)>6. Torna |
() N(pyy+os Pss R(Pyees p) —3) = R(pyy - p)+8.

B koHue 3TOH paGoThl MOKaXkeM, 4TO HepaBeHCTBO (2) TouHoe.

Uepes y((G) o6o3nauuM xpomaTHueckoe uucao rpaga (. fcuno, uro cl (G)
<X(G). Iyctb, p u r — HaTypanbubie yucaa H 2=<p=<r. [lonoxum, H(p, r)
={G|cl(G) = p, X(G)=r} u Z(p, r)—min {| V(G)|, G ¢ H(p, r)}. CymecTBoBa-

28



uue uncea Z(p, r) nokasaio B [11]. Teopemy 1 moayysM Kaxk CJIeJCTBHE H3
CAEAYIOMIETO YTBEPKAECHHS :

Teopema 2. Z(r, r+4)=r+12, r=2. TIlpurom, ecsiu r=8, Ttoraa
Z(r, r+4)=r+12 ,

2. ®POPMYJIMPOBKA TOMOINHBIX ¥YTBEPYJIEHUHA
Uepes F; o6Gosnauum rpa, 3azanneiii na puc. 1. Uepes F, o6o3Hauum
rpad, nomyvawomuiics or rpada F; nobasnennem pebpa [3, 7], a yepes F, —
rpad, noayvaromuiica or rpapa F, no6asnennem pebpa [4, 8. Kery [18]

7 6 5 4

Co
~
o

Puc. 1

nokasan, yto ecad rpadp G Taxoi, uto ! V(G) =8, cl(Q) =2 u a(G)=3,
TOTA2 OH COBMajfaeT ¢ OAHMUM H3 rpajoB F,, F,, F; [lna yno6ersa
copMysHpyeM B BHJIe JeMMBl OJHO CJAeJCTBHE H3 B8TOTO pesy/bTara
Kepn. :

Jlemma 1. Ilyete | V(G)|=8, cl(G)=2 u a(G)=3. Ecau 7; © U3—CMex-
Hble BepuMunl rpada G, Torna noarpad G — {v,, v,} #BAAETCH CBA3HBLIM
rpacom.

Jemma 2 [6]. I[lyctb G — rpad, aas koroporo |V(G) =7, c1(G)=3 u
X(G)=4. Ecou nomosmmrensusiit rpad G sBisercs HecBsisubiM - rpadom, Toria
G=K2+CB. .

Jlemma 3 [I15). Ecin G sBasercs (py,..., Ps)»rpapom Pamces, Torna
X(G) gR(pI! *eed ps)' Y

Jlemma 4. Ilyetb GCH(r, r+4), r=2, «(G)=3, torna |V (G)
=r+12. .

Jlemma 5. [lycts V(G)={vy..., ¢}, a(G)=2 1

{v1, va}U.. U{¥s—1, as}U{P2+1}U. .. U{z:h £>25,

apnaercss X (()-xpoMaTHYecKd pasnoxcHHeM rpada (, TakuMm, 4TO v, €
AWsgpry s V) M Vg & A(Wsgiqpes» Tp), 1i=5s.TT0N0XKAM [ = <0y, [ISI==5>.
Torna, ecnu monosnutensHu# rpag /- rpada I° HMeET KOMIOHEHTY CBSI3HO-
CTH, COCTOSAINYIO0 M3 & BepiuuH, To cl ()=t+k—2s5—1.

GJIeMma 6. [ycts G¢ H(r, r+3), r=5, a(G)=2 u | V(G)|=r+10. Torna
cl (@)=r.

3. JOKA3ATEJ/IbCTBA JIEMM 4, 5 H 6

Loxazameascmeo aemmur 4. Ilycry, {v,, v, 75} — He3aBHCHMOE MHOXKe-
cTBO BepuuH rpadpa G u G,=G—{v,, v, v,}. fcHo, uto G, ¢ H(r, r+3). Co-
rnacHo Teopeme 3 u3 [7] |V (G,)| = r+9. CrenosatensHo, | V(G)| =r+12.

Joxasamesscmso nemmu 5. Be3 orpasuyenuss OOUIHOCTH MOMKHO TNpe-
NOJIOXHTE, 4T0 <Us;my| 1=ik>, k=S, siBAsieTcS] KOMIIOHEHTOH CBSI3HOCTH
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rpada 7. [lyctb [Ugm_1, Van—] € E(G), 1 < m=k, 1 =n=k. Tak KaK Uyn ¢
A(Vgs i1y .+ Te)y MBI MOXeM TPEANONOXKHTD, YTO [Ugm, Uze+1] ¢ E (G). Torna
[V2n, i) € E(G), i>2541 (unaue Oyuer (X(G)—l)-xpomaTHyeckoe pas/oxe-
nHe). Tak Kak Vo € A (Vast1ye -9 W)y TO [Vnpy Taesy] € E(G). Tenepn scHo, 4TO
[Vam, v]€ E(G), ecnn i>2s+1 (upmaue OGyzmer (X(G) — 1)-xpomaTHyeckoe
paanoxenue). M3 clenaHHBIX 3aMeyaHHdl W W3 TOTO, 4YTO <V, ,|l<i<k>
SIBISIETC KOMIIOHEHTOH CBfI3HOCTH rpaa /,, mnoayuwaem, uTo [¥,;, Tagti |
¢ E(G) H vy, € A (Wag19-- V1), 1==i=k. CenoBareibHO,

(3) 0O<v, | 1ZiK2k> + <0, i>2k+1>.

3amerum, uTo < Ty |i=25+2> =K;_2,—1. U3 TorO, yt0 (Q)=2 H (U3, Vs+1]
¢ E(Q), 1=i=k, caenyer, uT0 <7,;| |==i=<k > siBnsercs k-k/1uKkoH. Tenepb,
u3 (3) Buitekaer, uto cl (Q)=f+k—25—1.

JleMma 5 nokasaua.

JHoxasameascmso nemmn 6. Tak kak G ¢ H(r, r43), To ¢l (G)=r. Oc-
TaeTcs NOKa3ath, uto cl(G)=r. MNpexae Beero noxaxem, uto X(G)=r+3. Io-
nycTuM npoTeBHOe, T. e. X(G)>r+3. [lycte v, U ¥, — HeCMeXxHbE Bep-
wuHel rpada G H Gy,=G—{v,, v,}. Tak kak X(G)>r+3, To G, ¢ H(r, r+3).
dr1o npoTuBopeuyHT Teopeme 3 H3 [7], coraacHo xotopoit u3 G, ¢ H(r, r+3)
caenyer | V(Gy) | =7+9.

Hrak, X(G)=r+3. Tlycts V(G)={Tj,.., 1o} U8 a(G)=2 BuiTexaer
YTO C TOYHOCTHIO JO HOMepauuu Bepiuuu aw06oe X(G)-xpoMarTHyecKoe pasjio-
XEeHHe HMeeT CJeNYIOIIBH BHI:

{vy, 1}U{vs v}U --. U{v1s vudU{7s}U .- U {7410}

MMonoxwkum, V' ={vy,..., U,110}. SICHO, uTO
(4) < V,> =K'__4-

3ametum, uro aubo v, ¢ A(V’), aubo v, € A(V'), i=1, 3, 5,..., 13 (unaue
6yner (X(G)—l)-xpomamqecxoe pasnoxenue). HoaTOMy 6ea orpaunqeuns; o6~
HOCTH MOXHO NPeANOJOXKHTb, UT0 Uy, ¢ A(V"), 1=i<7. lNoarpadp< A(V') >
o6o3nayum uepe3 7. Toraa

() | (T)| =1,
(6) GOK,_,+T.

Ecnn ¢l (T)=4, yrBepxaeHre JeMMH BhITeKaeT HemocpeacTBendHo u3 (6). [Tos-
ToMy mpeanonoxuM, uto cl(7)=3. Tak kak « (G)=2, o a(T)=2. U3 R (3,
4)=9 caenyer, uto |V(T)|<=8. CorsacHo nocnenHeMy HepaBeHCTBY H (5)
NPeACTABISAKTCA JBE BO3MOXHOCTH.

Cnaywait 1. |V(T)|=7, 1. e. A(V')={vs_,|1=i<7} U a(T)=2 cue-
nyet X(T)=4. CornacHo semme 2, nonousurensHul rpad 7 rpada 7 coxmep-
XHT KOMIIOHEHTY CB3HOCTH, CONepxkauiyio XoTs Gbl 5 BepwmH. M3 semmb 5
noxnyyaem, uro cl (G)=v.

Cayuait 2, | V(T)|=8. [lokaxem, 4To 5TOT cayuall HeBo3MOXeH. Jlomy-
CTHM npoTHBHOe. De3 orpaHuuenusi OOGIIHOCTH MOXHO IPEANOJNONKHUTb, 4TO
KpOMe BepIIHH Uy—;, 1==/=7, wmuoxectBO V(T) cOnepXHT WU BepPUIHHY T,,.
IycTs G =0—{vy3, vy} v T1=T—{vyy ,v,}. CornacHo snemme 1, T0NOMHEHHE
T, rpada T, sBaserca cpssubiM rpadom. [Ipumenss nemmy 5 K rpagy U,,
noayyum cl (G,)=r+1, uro sBiAseTCs NPOTHBOPEYHEM.
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4. NTOKA3ATEJLCTBA TEOPEM 1| M 2

lloxasameabcrmso Teopembl 2. CHauana noxaxeM, Z (r, r+4)=r+12.
JlonycTHM TpOTHBHOE, T. €. Z(r, r+4)|= 11 Tlycte GeH(r, r+4) n
V(G) | =r+11. JlobaBreHHeM H30NHPOBAKHLIX BEPIHH MOXHO KOOGHTHCS TOrO,
yto6st | V(G)|=r+11. Cornacso aemme 4, a(G)=2. U3 a(G)=2 u R(3, 49)=9
suitekaer cl(G) = 4. Crenosareasno, rz4. flcho, uro G € H(r+1, r+4). Co-
raacHo aeMMe 6, cl (G)=r+1, yTO ABAsIeTCS MPOTHBOPEUHEM.

[ycts Tenepbs r=8. OueBunno, rpap K,_g+Cy+C;+C,+C; npunazue-
wur H(r, r+4). Tax kax srotr rpad umeer r+12 Bepwiun, T0 Z(r, 7+4)
=r+12, ecan r=8.

Joxasameascmeo teopemnl 1. Ilycte G aBasercs (p,,..., ps)»rpagom
pamces u cl (G)< R(py,. .., ps)—3. Cornacto nemme 3, X (G) = R(P1y-+ Ds)-
Cne/0BaTEIbHO

Ge HR(pyy - ps)—4; R(pPy- P))-

Mz teopembl 2 BuiTekaer, uro |V(G)| =2 R (piy... Ps)+8, ecmn R(py,...
o 3TUM HepaBeHCTBO (2) AOKa3aHo.

3amMeyanue. Ecau R(py..., ps) > 6, TOria BepHO HEPABEHCTBO
R(py - Ps)—3>max (py,..., Ps) ¥ coraacko (16) uucna N(py,..., ps; R(p,...,
p,)—3) CYLLECTBYIOT.

5. 0 TOYHOCTH HEPABEHCTBA (2)

MMonoxum F(p, q,r, $)=K,+C,+C,+C.+C,. B stom nysxre noxa-
xeM, 4ro rpad F; (5, 5, 5, 5) asaserca (3, 3, 3)-rpapom Pamces. Tak kax
sT0T rpad umeer 25 BepllMH ¥ KJAMKoBoe umcao 13, to aas (3, 3, 3)-rpados
Pamces HepaBencTBO (2) Tounoe. Ha camMom nene MH nOKaxkeM cJaepyioulee
Gonee oflee yTBepXKJeHHE,:

Teopema 3. Ilyets p=3, ¢=3, r=3, s=3 — neuetHnle yucaa. Toraa
rpap Fz(p, ¢, r, s) aBaserca kpurHueckum (3, 3, 3)-rpagom Pamces B cMml-
cne, 4yTO 000K cobGcTBeHHHH noarpag rpada F;(p, ¢, r, §) He sBAsgeTCS
(3, 3, 3)-rpagom Pamces.

Ananoruunoe ytBepxaenue 1as (3, 3)rpagos Pamces noxasaxo B [2].
TouHee TaM nOKa3aHO, YTO

) rpadp C;+C,,,, sBnsercs (3, 3)-rpadom Pamces.

Teopemy 3 MOXHO paccMaTpHBaTh Kak 0600LUEHHE K/ACCHYECKOTO Pe3yib=
tara Greenwood, Gleason [13] o rom, uto K,; sBaserca (3, 3, 3)-
rpaq%olm Pamdes. [lpyrue wuacTHbie C/ayyad TeopeMh 3 JOKa3aHe B [3,
4, 15].

Ecmn E(G)=E,|JE,\|JE; sBnsercs 3-packpackoil peGep rpaga G, Torxa,
Ans mo6od BepwnHbl v € V(G) nosoxum

A,(fa)-e{fa'e V(G), {v, )€ E)}, i=1,2, 3.

Hmke, ecam rpad G sBasercs (p,,..., ps)rpadom Pamces, 6yaem mnucath

G_-’(pll""p‘)' .
HMna noxasaresbcTBa TeopeMnl 3 HAM OYAYT HYXHBH  CJAeAYIOI[HE
JIEMMHI :
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JTemma 7 [10]. Tycrs E(Kg)=E,|JE,|J E; sBasiercs 3-packpackoi pe-
bep rpada K; TakoH, yTO HeET MOHOXpOMATHYECKHX TPEYIOJBHIKOB H E+
i=1, 2, 3. Torna cymecTByeT BépmmunHa v’ ¢ V(K;), Taxad, uro A7 )#Q
i=1, 2, 3.

JJemma 8 [l17, c. 250]. JlobGas 2-packpacka pebep K; 6e3 MOHO-
XPOMATHYECKMX  TPEYTOJBHHKOB H3oMOpdEa  2-pacKpacke, 3aJaHHOH  Ha
pHC. 2.

Puc. 2

Jlemma 9. [lycte pmasa 3-packpacka pebep rpada (G Taxas, 4TO.
Ans HekoTopod BepwHHbl v ¢ V(G) oamn w3 moxrpados <A (v)>> aBasercs”
(3, 3)-rpadom Pamcen. Torma B 3T0H 3-packpacke ecTb MOHOXPOMATHYECKHH
TPEYroJbHHK.

JloxasaTeAbCTBO — OYEBHIHOE.

Jlemma 10 [8]. [TyeTb p==5 u g=5 — HeueTHnhle uucAa, ¥ NPENNO-
JOXHM, YTO Java 2-packpacka pebep rpada C,+C, 6e3 MOHOXpOMAaTH-
YeCKHX TPEeyroJbHHKOB. Toraa Bce p+q pebpa nuxaoB C, u C, UMEOT OLH-
HaKOBBIH ILIBET.

Jlemmut 11, 12, 13 u 14 6yayT nokasaHbl B CJAEAYIOLIEM NYHKTE.

Jlemma 11. [lycte p28, ¢23, r=3 — Heuernsle ydcaa U L=(p, ¢, 1)
=K,+Cp+Cy+C,. Tpemmonoxum, uro V(L)=V, U Vo u V(Ky) UV, F G,
i=1, 2, Torna onun u3 noxarpagos <V;>, i=1, 2, aemserca (3, 3)-rpadom
Pamces.

Jlemma 12 [lyers p=23, ¢=23, r=3, s=3 — Heuerunle uucaa, [lpen-
nonoxum, uto V(F (p, ¢q, r, ) =V, UV, UV; n V,NVIK)+D, i=1,-2, 3.
Torna omma u3 momrpagoB < V,>, i=1, 2, 3, aBagerca (3, 3)-rpagom
Pawmces.

Jlemma 13. [Tycrb p=3, p=23 — neuernsle uucna. [Ipeanonoxum, 4To
VK +Cp+C)=V UV, | VNViK)! = 2,i=1, 2, u gyronoarpadps < V; > 1
<V,> ue sBnsworcs (3 3)-rpadamu Pamceﬂ Torna BEPHO OJIHO H3 CleNyIo-
IMHX IBYX YTBEPXIEHHH :

a) |ViNW(C) |>p/2, [V.NV(C)|>q/2;

6) | ViNV(C)i>q/2, |VNV(Cp)!>p/2

Jlemma 14. Ilyctes 7,23, i=1, 2, 3,' 4, HeueTHble yHcaa. [Ipeanonoxums
ar0 V(F(ry, ry 1, r)) = ViUV UV, v |V,NVIK)|=2, i= 1, 2. Ecay,

moarpagper < V,; >, =1, 2, 3, He sBasworca (3, 3)-rpadamu Pawmces,
TOTza

a) cymectByloT [ M j, | < i< j=<4, Takume, uto < V3> = C,,.+C,.j H
ry __2_5, rj 25 5
6) cymectByloT k2 u [, 1<k<4, 1=I=4, Takue uyTO
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i van(Crk)l>rk/2 H }V;n V(C.l)!>f‘1/2.

Ins ynoGctBa OTMeTHMM cHelHa/dbHO CJAeAYyiOllle€ OYeBHAHOE YTBep-
JKJICHHE :

(8) ecin V'CV(C,) n | V' | >n/2, Torna V' comepur ABe CMeXHbIe
Bepuinkel mukaa C,.

6. JOKA3ATEJbCTBA JIEMMBI 11, 12, 13 1 14

Hoxasamesrscmso nemmu 11. I[lycte V(K,)={v,, v,} n v € V,, vEV,. Co-
rnacHo (8), xast mo6oro X=C,, C,, C,, nu6o E(X) [} E(< V,>)+, mbo E (X)
NE(<V,>)+ &. Ecam oxrospemenno E(<V; >)NE(Cp+d, E(<Vi>)
NE(CY*D, E(<V,>)N, E(C)+D, toraa < V,> conepinr Kg=Cy+C; 1
cornacHo (7), < V;> —'(3, 3). U3 caenaHHHIX pacCyIeHHH BbITeKaeT, 4yTO 10-
CTATOYHO PACCMOTPETb CJAEAYIOMIYIO CHTYALHIO :

(9) E(<V,>)NEC)+2,
(10) E<V>)NEQC))+3,
(11) E(<V,>)NEC)FD.

Ecmn V,NV(C,)+, torna v, ¢V, BmMecte ¢ (9) u (10) naer cl(<V,>)
26. Kak yxe oTMeTH/H, M3 3TOro BHTeKaeT, uro <V, > — (3, 3). [losTomy

(12) V.2 V(C).

Ecmu V), D V(Cp), Toraa v, ¢V, u (10) natwor, uto <V, > conepxur C3+Cp 1
cormacio (7), < V; > — (3, 3). CnenmomatenbHo, xk (12) mMbl MOxeM J0-
6aBUTH

(13) VaNVCn .

Ananornuno M3 <V, ,>2C, cneayer <V,> — (3, 3). [loaroMy MH MOXeM
NPeANOJOXUTb €Ile, YyTo -

(14) VaNVCH+2.

U3 v, ¢ V5, (12), (13) u (14) crenyer, uro <<V,> cozepxur C;+ C,. Coraacto
(7 <V3> — (3, 3). Drum 1oxasaTeabCcTBO JeMMB |1 3aBepileHo.

Loxasameascmso aemmu 12. Iyets V(K,)={v,, v,, vs, v,}. Bes orpa-
HHYeHHs] OGIIHOCTH MOXKHO NpPEeNNOJIOXKHTb, UT0 7, € V,, v,¢ V, 1 v;, v, € V.
[Tonoxum, V ;=V,|JV,. Corracno (8), umeem

(15) m6o E(< Vi, >)NEX)FJ, méo E(<;V>)NEX)+D,

rae X=0GCp, G, C;, C..
Coraacho (7), 10CcTAaTOYHO pAcCMOTPETh CHTYAlHIO, KOTAA

(16) cd(<V,>)=<5.

Hs 1nocJ/JieJHEr0 HepaBEeHCTBa c'.ne'nye'r, YTO MBl MOXEM HpEllﬂOJlO}KHTb
a7 E(<V,>)NEG)*+d,

(18) S E(< Vi >)NEC)+2,

(19) E(<V 3 >)NEC)+D.

3 Toa. Cod. yuus., dbax. MaT. 7 Mex., T. 75, 1981, xm. | Mar. 33



PaccMoTpum nBa crywas.
Cayugaii 1.

(20) | E(<V,>)NE(C)+.

Us w5, v,€ V,; (200 u (16) BoTekaer, yto XOoTs Obl JBa H3 CeYCHHH
Vo V(Cp), VN VI(C,), V3N VAC,) nyctoie. CienoBaTenbHO, MBI MOXEM Mpej-
M010KHTh, UTO

(21) VD V(C), Vi,DV(C).

PaccMOTpUM 1Ba MOJCIyyast:
[Toacayuan la.

(22) | VaNVIC)+D.

U3z v, v9€ Viay (19), (21) u (22) BuiTekaer, uto < V|,> cozepxur K;+Cp
+Cy=L(p, q, 3) u VNV (Ky)F+&, i=1, 2. Cornacho naemme 11, omuH . H3
noarpagpoB < V,>, <V,> sapaserca (3, 3)-rpapom Pamces.

Moacayuait 16. V,,V(Cs)=. Hcuo, uto

(23) V3D WV(C).

Ecm V,;NV(C,)+ D, Toraa, cornacio (23), u 73, v, € V; < Vs3> conepxcm
Cy+Cs n, cornacho (7), < V3> — (3, 3). B npoTusHoM cayuae

(249) V3D V(C)).

U3 v,, v, € Vy,y, (21) u (24) nonyuaeM, uto < V3> cogepxur Ko+ Cp+ C;+C,
W aeMMma 12 BHITEKaeT H3 JeMMbl 11.
Cayuait 2. E(<Vy;>)NE(Co)=O. fcHo, uro

(25) E(<V,>)NE(C)+D.

HUa v, v,€ Vy u (16) caenyer, uto xoTs 6ul omuo u3 cevennit V[ V(C))
VN VG, VaNV(C), V,V(C,) nycroe. M NpeNnoN0XUM, YTO

(26) Vi, DV(Cp).

Teneps v,, v, € V,, Buecte ¢ (18), (19), (25) u (26) maer, uto <Vi,> co-
aepkur Kg+Cpo=L(p, 3, 3). Tak xak v, € V; 4 v5¢ V, T0, cornacio jemme
11, onuy w3 noarpagos < V>, <V,> saBrserca (3, 3)-rpagom Pawmces.
.Hemwa 12 noxasana.

Hoxasamenscmso nemmbl 13. ﬂonycmM, YTO yTBEpX/JEHHE a) HeBepHO
H mycTb, sanpumep, | VN V(Cp) | < p/2. Toraa |V V(Cp)i>p/2. Cornacuo (8),
E<V,y>) N ECH+P. U ol (< V,>)<5 n |[V,NV(K)| = 2 noayuaem
E(<V,>)NE(Cy)=. pumenss (8), monyyaem | Va N V(Cy) |<q/2. Crenonra-
TeasHo, |V, ) V(Cy) 1>q/2.

Loxaszamenscmeo nevmul 14. [Momoxum, Vi,=V,|JV,. Tak kak <V;>,
i=1, 2, 3, ve apasorca (3, 3)-rpagpamu Pamces, TO

(27 cl(<Vy>)<5,
(28) cd(<Vp>) =10

CHayana mokaxeM, uTO XOTH Obl ABa H3 cevyennd E(< V3>)ﬂE(C,i), =1, Z

3, 4, Hemycto. JlomycTHM npoTHBHoe. Torza xord Obl TPH H3 CeueHwit
E(< V12>)ﬂF(C,i), i=1, 2,3, 4, nenycThl. be3 orpaHuyeHuss OOIHOCTH MOXHO

NpeAnoOJoXHuTh, 4TO
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(29) E(<Viu>)NEQC, )+, i=1,2, 3.

U3 3TOTO Ccaenyer

(30) VasNV(C)ED, i=1,23

(ecTH 3TO HEBEPHO, TOTAA AJS HEKOTOporo i, 1=5i=3, noarpadp < Vi3> co-
JEPHKHT K8+C,[=L(3, 3, r) n V.| VIK)+, i=1, 2, 4TO NpOTUBOPEUUT

gemme 11).

Ecan V,DOV(C,), T0, cornacuo (30), <V,> comepxur C3+C,‘, 4TOo npo-
tuBopeunt (7). B nporuBHoM caywae V ,V(C,)+Q. U3 'V.NV(K)|=2,
i=1, 2, u (29) Burekaer cl (< V,,>)= 11, yro nporusopeunur (28).

HMrak, Mbl nokasanu, uto xoTa Obl ABa M3 cedenudl E (< V;3>)NE(C,),

i=1, 2, 3, 4, HenycThl., Cne10BaTeAbHO, MBI MOXKEM MNPELANOJ0XKHTb, 4TO

(31) < V> NEC)=T, =3, 4.
Cornacso (31) u (27),
(32) E(<Vu>)NEC)FD, i=1, 2

Mokaxem, yto V3N VI(C,)=0, i=1, 2. [lonycTAM NpPOTHBHOE M IyCTb, Ha-
npumep, VaNV(C,)=. Toraa u3 (27) u (31)noayvaem V3N V(Cr)=. Cae-
J0BaTeJbHO,

(33) Vi.DV(C,).
3aMeTHM, 4TO
(34) ' VuVIC)+d, =3, 4

(B npoTHBHOM cayyae < V3> Gyner coazepxars Jubo C; + C,, aubo
Cy+C, uro npotusopeunt (7)). U3z [ VNV(K)| =2, i=1, 2, (32), (33)
H (34) BBITEKAET, 4TO0 < V,> comepxur Kg+C,,=L(3, 3, ry) u VﬂV(KB)#z,
=1, 2, 4To npoTuBopeynt Jemme 11. dtum Mbl jpokasamd, yto V3;((C,)=0,

i=1, 2, caenoBarenbHo,

(35) < Vm > D,C,, + Cr2.
U3 | V,NV(KY)'=2, i=1, 2, u (35) noxyvaem
(36) VN V(C) =3, i=3 4

(B nporusHOM ciayyae < Vi,> Gyzxer comepxars Kz+C,+Cp,u V; ﬂ VIKs) 3,
i=1, 2, uto nporuBopeuur Jaemme 11).. M3 (35) u (36) caenyer <V3>—Cr,
+C,‘ Jlns OKOHYaTeNbHOrO JAOKa3aTesNbCTBa YTBepXKIEHHH a) OCTaeTcs MOK3-
3aTh, 4TO r3=5 u r;=b. ITH HepaBeHcTBa BuiTeKalOT H3 (7), Tak Kak < V>
He spasetcs (3, 3)-rpajgom Pamces.

YTBepxaenne 6) ABISETCS OUYEBHAHBIM CJEIACTBHEM M3 a) 4 JeMMH 13.

7. IOKA3ATEJIbCTBO TEOPEMBI 3

JlonycTHM NPOTHBHOE, T. €. YTO CYLIECTBYIOT HEYeTHBIE YHCAA p =3, g =3,
r23, s=3, Takue, uto rpad Fy(p, q, 1, §)=Ky+Cp+Cy+C,+C, ve sBAsieTcs
(3, 3, 3)-rpagom Pamces. Ilozowum, V (Kg)={v,, 4 vs v, w5} Ilyctb
E(FB, (», ¢, r, )=E,UE,UE; saBnserca 3-packpackoii pebep rpada Fy(p, ¢,
r, §)) 06e3 MOHOXPOMAaTHYECKHX TPEyro/bHuKOB. Hamomumm, uto A, (7)
={7}’e V(F(p, g, 1, ), v, ¥'] ¢ E;}, 1=i=3. Slcno, ut0
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(37) <A@pUA@)UAs(w)>=F(p, q, r, 5), 15iS5.

Monoxum, ‘e, (v)=A:i (@) N V(Ky),1<i<3, 1=</j=56. Ecom o;(@')>0,
i=1, 2, 3, ana HexoTopo# BepuikHm v’ ¢ V(K;), Toraa coraacio Jjemme 12 u
(37), onun u3 noarpagoB < A(v)>, i=1, 2, 3, aBasercs (3, 3)-rpadom Pam-
ces. Cornacio nemme 9, ecTb MOHOX[OMAaTHYeCKHH TPeYro/bHHK, 4YTO SIBJA-
ercad mnporuBopeuneM. [losToMy mbl. Oyaem mnpeanosaraTh, 4TO &, (7)) a; (7))
=a4(v)=0, i=1, 2, 3,4,5. Tenepp u3 nemM 7 H 8 BHITEKAeT, YTO JOCTATOUHO
paccMOTpeTh CAeAYIOUIYIO CHTYAIHIO :

(38) a(T)=a)(v)=2, ax(v)=0, 1=i=5.
Cornacvo semme 14, x (38) MOXHO eme n06GaBHTb c/elyloILee:
(39 < Aj(v)>=C+C,, rz5, sz5.

Ho torma E(C,+C)CE |JE, Tak kak HHaye OYHEeT TPEYrOJbHHK TPEThero
nsera. CornacHo nemme 8, 6e3 orpaHdHdYeHHs OOIIHOCTH MOXHO NPEILNOJOXHUTb,
4TO

(40) E(C)SE, E(C)SE).

Taxk Kak HeT MOHOXPOMAaTHYECKHX TPeyroJbHHKOB, TO M3 (8) H (40) BHITekaer
yto | A(w)UV(C) | <r/2 u | A(w)V(C,)|< /2, 1 =i=05. Cornacno JeMMe
146), 6o | A (v)\V(Cp) >p/2, mabo | A (w)NV(CY|>q/2, 1 =i=5. Cneno-
BATEe/bHO, CYIIECTBYIOT Bepiuuubl 7', v/, " ¢ V(K;) Takue, 4TO OJAHOBpeE-
menro | A (@) V(Cp) | >p/2, | Al )N V(C,) | >p/2, Al(v"™) O V(Cp) ' > p/2, mubo
onnospemenno |A,(v) ) V(Cp)i>q/2, Ay(w")NV(Cy) | > p/2,|A (@) V(CY! >q/2.

Me! npennosoxuMm, 4To
(41) “41(’0)0 V(Cp); >p/2: FU:?}'D 'Una v

Tak Kak HeT MOHOXDOMAaTHYECKHX TPeYroJbHHKOB, T0 u3 (38) BhITEKaeT, uTO
xoTs 6Bl O1HA U3 CTOPOH TpeyroJbHHKa [v', v, "] npunagnexur E,. [TycTb, Ha-
npumep, [/, v"] € E,. CornacHo (41), cymectByer pepiuuna v, €A4,(v') 4,(v"). U3
STOFO CleLyeT, uTo [v,, 7', ¥”] ABNAETCH MOHOXPOMATHYECKHM TPEYTOJbHHKOM
NepBOro IBeTa. JTO MPOTHBOPEYMT HALIEMY JOMYILEHHIO.

Ocranoce nokasarte, yto Fy(p, g, r, ) sBAAeTcA KpuUTHYecKuM (3, 3, 3)-
rpagom Pamces. D10, 01HAaKO, OYEBHAHO, TaKk Kak /i000H coOGcTBeHHHIH moa-
rpag storo rpaa HMeeT xpoMaTHueckoe uHcao MeHbuie 17, CoriacHo JeMme
3, aTH noarpadgu He apaswTca (3, 3, 3)-rpadamu Pamces.

Teopema 3 n0Ka3aHa NOJHOCTHIO.

CnexcrtBHe 1. N3, 3, 3, 14)=25.

Llokasameascmso. Cornacio Tteopeme 1, N(3, 3, 3; 14)=25. Paccmo-
Tpum rpad Fy(5, 5, 5, 5). CornacHo Teopeme 3, sToT rpad sBasercs (3, 3, 3)-
rpa¢om Pamces. Tak kak oH umeer KnukoBoe uwucao 13 u 25 Bepuiux, TO
N(@3, 3, 3; 14 =25

Hcnons3dys usBecTHyio TeopeMy Kenura o ToM, yto ecau rpag Hmeer
XpoMaTHyeckoe 4Hcao Gosbllie 2, TOrAa OH CONEPXKHT NPOCTOM ILHKI HeueT-
HOH IJIHHBI, MOJydYaeM

Caepcrue 2. Ilyets A, 1==i=4, — rpapu u X(4)23. Toraa
rpadp Kz-+A;+ A,+ A+ A, asnsercs (3, 3, 3)-rpadom ‘Pamces.

flcuo, uro N(3, 3, 3; ¢)=17, ecmn ¢>17. Kpome uncia N (3, 3, 3; 14),
H3BECTHHI elle cJelywomue KoHcTaHTH: N(3, 3, 3;17)=19(15], N (3, 3, 3; 16)
=21 [3] u NG, 3, 3; 15)=23 [4].
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A LOWER BOUND FOR SOME CONSTANTS RELATED
TO THE RAMSEY GRAPHS

N.D.Nenov
(SUMMARY)

In this paper only finite non-oriented graphs without loops and without
multiple edges are considered. For a graph G, the symbols ¥(G) and E(Q)
denote respectively the sets of vertices and edges of G. A subset v,,..., 7
of vertices of G is called a p-clique if any two of them are adjacent. The

biggest number p, for which G contains a p-clique is denoted by cl(G). Any
decomposition : '

(l) E(G)=E1UEE U"' UES! Eanj=ﬁ- ‘i:’:jr
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is called an s-colouring of the edges of graph G.In case that all edges of some
p-clique belong to a given E;, we say that this is a monochromatic p-clique
of the i-th colour for the s-colouring (1).

Definition. The graph G is called a (p,,..., p,)-Ramsey graph, for
some set of integers p,,.., ps if for every s-colouring of the edges of G
there exists an i, 1<<i=s, such that G contains a monochromatic p-clique
of the I-th colour.

The symbol R(p,,..., ps) denotes the minimal natural number s such
that the complete graph with #n vertices is a (py,..., p)-Ramsey graph and

the symbol N (p,,., p;; ¢ — the minimal natural number =z such
that there exists a (p,,...,p)-Ramsey graph G with |V (@) = n and
cG)<q.

In this paper we prove the following theorems:
Theorem 1. Let R(p,,..., p)>6. Then

NPiyees Ps); R(Prye ey P)—BZR(Py,-.., Po)+8.

Theorem 3. Let p=3, ¢ 23, r=23, s23 be odd integers. Then
K+ Cpo+ Cy+-C,+Cyis a (3, 3, 3)-Ramsey graph. Moreover, this graph
is critical in the sense that every proper subgraph is not a (3, 3, 3)-
Ramsey one.

- From Theorem 1 and 3 it follows that N(3, 3, 3; 14)=25.
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Livre 1 — Mathématiques - 198t

UHBAPUAHTHM JUHEWNHU CBBP3AHOCTU
-BBPXY EJUIITHYHOTO ABYOCHO NPOCTPAHCTBO

| Meyko MuTos |, Axpusu Bopucos |

1 Heuxko MHTOBI, AapuaH Boprcop VusapnanTHble JHHelHbIe
CBSI3HOCTH HA OGHAKCHA/LHOM APOCTPAHCTBE YIJIHATHYECKOro THIA.

dynpaMenTanbHan rpynna G; O6HaKCHAaNbHOrO NPOCTPAHCTBA 3ANMNTHYECKOTO
tuna Be 7-mepHa. [lokasniBaeTcA, YTo Ha Be He cylulecTByeT HH OaHOH G,-HHBaph-
aHTHOM nrueflHOf CBASHOCTH M NTO Cpeau mnoArpynn rpynnm G; TOAbko 4-MepHas
G;=G,N 0 (4) saaserca noArpynno#f, OTHOCHTENLHO KOTOpOH CYyLIECTBYIOT HHBapH-
aHTHbIe AMHeHHbie CBA3HOCTH. [lposoanTca onucaHue srux ceassociel. [lokasw-
B4eTCH, YTO ONHOPOLHOE NPOCTPAHCTBO, COOTBETCTBYlowlee rpynne Gy, peAyKTHBRO,
Boineaserca xnacc nonycuMMeTpHueckHX G;-HEBADHAHTHBIX NHHEHBHX CBASHOCTeH,
KK H TeX, YIOBAETBOPAKIUHX AKCHOMY IJIOCKOCTH.

' !}_?eékg Mitov'; Adrijan Borisov. .Invariant Linear Connections
on the Elliptic Biaxial Space.

The fundamental group G; of- the elliptic biaxial space Be is of dimension
7. It is shown that no G,-invariant linear connection exists on Be and, among
the subgroups of Gy, only the 4-dimensional G4_G-n0(4) admits invariant linear
connections. These connections are described It is shown that the homogeneous
space corresponding to G, is reductive. The class of all semi-symmetric Gy-Inva-
riant linear ~connections is separated, as well as the class of all ones sa-
tisfying the plane axiom. :

Eauntrauroto nByocHo mpocTpaHcTBO B¢ ce onpefens NOCPeACTBOM Ipy-
nata G; OT BCHYKM KOJIHHEAUWH HA TPUMEPHOTO peaNHO MNPOEKTHBHO Npo-
cTpaHcTBo RP3, xouTO 3amasBaT IBe pasiiMuHH KOMILVIEKCHO CIIperHaTH IIpPaBH
Ji ¥ jp. FiMenno B¢ e knallHOBOTO NPOCTPAHCTBO € OCHOBHO MNPOCTPAHCTBO
RP? u ocHoBHa rpyna G-. ‘

Heka y e iunefina cpbp3aHOCT BBPXY XOMOTEHHOTO npoc*rpanc*rso G/H.
Bcekn enement g¢ G ompenens ssBa TpaHcaamus BBpxy U/H ¢ augeper-
unan g, Ako g.(vxY)= Vgx (g+Y) 3a Bcako g¢ G M 3a BCeKH /iBe BEKTOPHH
nonera X, Y pvpxy G/H, 10 y ce Hapwia G-nuBapuaHTHa (WIH HHBApH-
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anTHa ortuocHo G). Llenr na H3caenBamero e xa ce HaMepsAT TNOATPY-
nure Ha O, c MakcuManeH OpoH H3MepeHHs, OTHOCHO KOHMTO CbIIECTBYBa
HHBapHaHTHa JIMHeHHa CBBP3aHOCT BBPXY Bf' NpeacTaBeHO KaTo Q)aKTopnpo-
cTpascTBo [2]. »

Heka A, As Az A, ca BbpPXOBeTe Ha KOODAMHATHHS T TPAEAbp Ha (HK-
cHpaHa peasiHa NPOEKTHBHA KOOpAHHatHa cHcreMma. [Ipeanonarame, ye mpapara
Jy MuHaBa 1npes Toukure A,;+iA; n A,+iA, a j, — npes A,—iA; u
A,—iA;, KXBIETO [ € HMarHHepHata elAuHHIA. ToraBa caen HOpMHpaHe TIpy-
nata G, MOxe Jla ce NMpeAcTaBH IOCPeJCTBOM cleLHaiHaTa JHHeHHa rpyna
SL(4, R) mo c/reaHHsA HAuMH:

a b f k i

(M G, ={ il € SLG, R(£L),
—f —k a b ‘
—m —n ¢ d |

KbAeTo /, e eAnHHuHA MaTpHua 4X4; Heo6XOJMMOCTTAa Ha HODMHpOBKAaTa lie
6ble H3fiCHEHA MO-KBbCHO. Upe3 MaTpHYHO YMHOXeHHe Ha eneMeHT Ha G, oT
Buza (1) ¢ marpuna-cTbA6 OT YeTBOPKAa XOMOreHHH KOOPAHHATH Ha TOYKA OT
Be e onpeneneno usobpaxenne G;x B¢ — B¢ or kaac C*, T. e. J9BO Jei-
CTBHe, Ha JHeBaTa rpyna G, BBpPXy Be. ToBa JeficTBHe e TPAaH3HTHBHO.
Jla osnauuM Toukara A; ¢ 0. Yc/IOBHATa 3a HENOABHXHOCT Ha O, a HMEHHO
c= ]&=m=0 B (1), onpemenar moArpyna (rpynara Ha H30TpPONHS Ha 0)
Ha G;:

|
]

(2) : H, = { (‘,Gq}.

© © © 8
I
T R oo
& B O O

X

TR R &

[Nonexe B (2) a¥(d*+n*)=1 u a>0, rpynara f, e cebp3ana. OcBen TOBa [3,
ra. I} muoroo6pasuero G./H, e xomeomopdro (mopu nudeomopdHo) Ha Be,
noxexxe U, € JOKaJHO KOMNAKTHAa rpyna, yAOBJAETBOpsBAlla BTOpaTa aKCHOMa
3a H3OpOHMOCT, a B¢ e J0KaJHO KOMIAKTHO (ZOpH KomnakTHo). CienoBarenHo

[3, ra. Il] rpynata G, e cBbpsana. [Judeomoppu3mbr gfH, — g0 OTbXAECTBABA
G7/H4 C Be. £ :

Hexa Aut (T,(B¢)) e rpynata Ha aBTOMOpP(QH3MHTE Ha JONUPATENHOTO
npoctpaHcTBO To(B*) kbM B¢ B Toukara 0. XoMomophusmbr H, — Aut (7To(B*)),
KoHTo Ha k€ H, cenocraBs nudepenuuana h,o: To(B?) — To(B¢), ce napuua
JMHeHHO M30TpONMHO npexcraBsive Ha f1,. Hexa {e;, e,, €3} e ectecTBenara
6aza na R% 3a Bcexku TpH JMHeHHO He3aBHUCHMH BeKkTOpa X;, X,, Xj € To(B°)
JMHHEHHHAT penep Udo=(X;, X; X3) Moxe Ja ce pasrjexJa KaTO H30MOp-
Gu3bM Uo:R3 — To(B°), a umeHHo u.e;=X; 3a i=1, 2, 3. [lo TaKbB HayHH
To(B?) ce orbxaecTBaBa ¢ R?, a IHHeHHOTO H3OTPONHO npejcTaBsiHe HAa H, —
¢ xoMomopusma A:H; — GL(3, R), 3a koiito , :

®) Mh)y=uz"'.h,,.u, 32 k¢ H, |
| Hexa B:={p =1( ;50, P, P2, p?) e Be|p® + 0} (ropruar uHlexc t o3Ha-

4YaBa TPaHCIIQHHPAHE Ha Ma'rpnua'ra). HSHOJISYB&ME KOOPAHHATHOTO ﬂaoﬁpaxce-
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gue x:B¢ — R® ¢ koopnaunateyk Qyskuum x!, x%, x°, onpeeseHH MO C/EXHHA

HAYHH :
(4) xi(p)=pi/p0: i:]'s 2: 3'

Cnenyanio 3a Toukata o umame x(0)=(0, O 0). Bcexku enement X ¢ H, or
Buza (2) TpaHc(opmHpa Toukara ‘(p° p', p%, p’) B Touxara ‘(ap®+bp'+kpd,
dp*+np®, —kp'-+-ap®+bp®, —np poi") Hocpenc'mom (4) noayuaBame

(B) AW, w2, B¥))=x"(du'+ n®) /(@ + but + kuB), (—ku'+au® + bud)/
(a+ bu' +kud), (—nu'+dud)/(a+ bu' +ku®)) 3a (&, u?, ud) ¢ RS

BekTopure (d/dxl)o, (0/0x%),, (0/0x%), ca nonnpare.nun B 0 CHOTBETHO KBbM
aunnnre {x7Ys, 0, 0)}, {x~X0, s, 0)}, {x—%0, O, 5)}, kbAeTO § OmHCBa pea’eH
uHTepBal. Bb3 OCHOBa Ha () Hamupame

H} h(x7Y(s, 0, 0))s—o=x"d/a, —Fk/a, —nfa),

£ B0, 5 0)sm0=x"1(0, 1, O)

dds' h (x_l(O, 0, S)) !s':():x_l(n/a! b/al d/a)‘

[Monarame u,=((3/0xY),, (0/0x%),, (0/0x3%),) W 3amecTBaMe B (3)
Il dfa 0 nja |

(6) A(h):“ —Rkia 1 bla \ .
. —nfa 0 dja

HemocpencTBeHata npoBepka MOKa3Ba, 4e HAMEPEHOTO - IHHEHHO H3OTPOMHO
npeicTaBsiHe € TOYHO, T. €. xoMomopduambT A: H; — GL(3,R) e mMoHOMOD(H-
3pM. TounocTTa Ha mpeicTaBaHeTo (6) ce nocTHra OGaarofapeHde Ha HOPMH-
poskata B (1). o cbliaTa HOPMHPOBKA MOXe Ja ce CTHTHe H MO JApYr
nawud. ['pynata (J; nedcTByBa TpPaH3UTHBHO BBPXYy B¢ H CJeN0BaTe/NHO HH-
AyLUMpa 10 OYeBHAEH HAYMH TPAH3UTHBHO JeHCTBHE BBPXY Pa3CAOCHHETO
Ha JuHeiHuTe penepn L(B?). ToBa neiicTBue e cBOGOAHO (T. €. aKO JaieH
eneMeHT g¢ G, 3amasBa HemoJBM)KHA eJHa Touka Ha L(Bf), T0 g e
enuHunara Ha ;) ToraBa M caMO TOraBa, KOTraTo MPEJCTABAHETO A €
TOYHO.

M t1aka rpynure G; H H, ca cBbp3any, U, JeifcTByBa TPaH3UTHBHO BbPXY
B¢ u nuHeHHOTO W30TPONHO mnpencTaBsiHe HA ff, e Touno. Hexka g u h ca
nHeBUTe anreOpH cboTBeTHO HAa (; U H,, a A, e nudepeHuHasBT Ha A
Torasa [5;1, ra. X] MHOXKecTBOTO Ha G,-MHBAPHAHTHHUTE JIMHEHHH CBBP3aHOCTH
BBPXY XOMOTEHHOTO TPOCTPAHCTBO G,/H, e B GHEKTHBHO CBHOTBETCTBHE C MHO-
XECTBOTO HA OHE3M JMHelHu m3o0paxcenns A:g — GL (3, R) na g B smesata
anrebpa na GL(3, R), 3a xouro

() AY)=2(Y), A(Y, XD=[A(¥), AX)]; Yeh Xeg.

Teopraenue 1. Bbpxy XOMOreHHOTO NPOCTPaHCTBO Be=G,/H, He cblle-
cTByBa (J,-MHBAPHAHTHA JMHEHHA CBBP3AHOCT.
floxkasameacmso. Hexa Y ¢ h. Torasa or (2) nmoayuaBame
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« B O i’@ |

0 —a 0 v
(8) Y= o J,

0 —x

0 —y O—a

KbIETO &, B, %, VER. Heka s E R. Toraea

exp (sY)
e s(— n sin(sv)+B cos(sv))ess 0 s (Bsin(sv)+xcos(sv)e |
0 o8 (sy)e—sa 0 sin (sv)e—se

0 —s(B sin(sv)+x cos (sv))ese es*  s(—x sin (sv)+B (cos(sv))es® j .

0 —sin(sv)e—s® 0 oS (s V)e—sa

Hanoasysame (6) ¥ namupame

|| —2¢ 0 v ,*
&) l*(Y)=;§ A(eXP(sY))!s=o=l|—x 0 B l
—v 0 —2a i
Hexa X € g, 1. e. cpraacho (1)
! o B o =«
{ —a ooy ’
(10) X=|| e
-9 —x a« f i
| —p —v § —a

kbgeto o, B, §, ¢ =%, p, veR Torasa A(X) e marpuua 3 X 3 ¢ KxoM-
MOHEHTH

(1) Af(X)=AjatBB+C5+F o+ Kix+Min+Niy, i, j=1, 2, 3,

KBJAETO ¢ i ca Homepupauu penoBere, a ¢ j — cTbaGoBere Ha A (X), a Koe-
¢Guuuenture Aj,..., Nj ca pearnu uucaa. 3amectBame B (1]) X ¢ Y ot (8)
H Bb3 OCHOBa Ha nonyqenom, ¢dopmysa (9) H I'bPBOTO paBeHCTBo Ha (7) Ha-
MHpame

A42= A=Al = A2 = A2= A2= A~ A3—A3+2 =0,
B!\=B)=B!—B~B}=Bi—1-B}=Bi-B}-
K!=Kl=Ki=K1+1=K2=Kl=K3=Ki=Ki=

N=Ni=Nim1=NM=N2=Ni=Ni+1=N3=N3=0.
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[lpecMaTamMe MaTpuuHHTE KOMYTaTOpPH BbB BTOLOTO paBeHcTBO Ha (7), Karo
u3noszysame (8), (9), (10) u (11). 3amectBame X B (11) ¢ HaMepeHHS] KOMY-
tarop [¥, X]. Cera 3a KOMNOHEHTHTe ¢ TOpeH W J0JeH HHIeKC | Ha MaTpH-
u¥Te B JBeTe CTPaHH Ha I'bPBOTO PaBeHCTBO Ha (7) moJiyuaBame

—2BC + 2 + Ci(—2a —vpp) +Mi(E—2ap) + Fi(x§ + Be)

— —WCT + Mip—v+ F39) -+ x(C35+ Map + Fip) +W(Ci+ Mip +v+ F30),

KOeTO TpsiGBa Aa Oble TbaAEeCTBEHO YIOBNETBOPEHO 32 BCHUKH peasHu a B,
% v, 8, G, ¢, % pu, v. KakTo ce BH)KIA OT KOe(HLHEHTHTC Mpej BZ TOBa €
HEBb3MOXKHO.

[Tpu cBbp3ana rpyna H xomoreHHoTo npoctpanctBo G/H ce Hapuya pe-
JYKTHBHO, aKO 3a JueBHTe aiare6pu g 1 h cboTBeTHO HAa G M/ cbllecTByBa
BEKTOPHO MOJMNPOCTPAHCTBO M HA g, Taka ue

(12) ‘ g=hdm, [h, m]Cm.

[ToanpocTpancTBOTO M ce HapHya peLYKTHBHO AombiHeHnue. [lpu duxcu-
pPaHO pPeAYKTHBHO JONbJAHEHHe M MHOXecTBOTO Ha (-MHBAPHAHTHHTE JHHEHHH
cBBbp3aHOCTH BBpXy G/H e B OGHeKTHBHO cboTBeTCcTBHe [§; 1, ra. X] ¢ MHOXe-
CTBOTO Ha JIHHeHHHTe H300paxeHus An:m — gl(dim G/H, R), 3a xounrto

(13) Am[(Y’ X]):[l*(y): Am(/Y)]; Yeh, X em.

Tyk A, e AudepeHnuanbT HAa JMHEHHOTO H30TPOMHO npeiacTaBsHe A: H - GL
(dim G/H, R). pu ToBa 3a Am ¥ A cbc cBofictata (7) (3a G u H BMecTO
G, u H)) e B cHna

-IMoa xaHonuyHa cBbp3aHocT OT Il pox (cbOTBeTHa Ha pPEAYKTHBHOTO J0-
NbaHeHHWe M) ce pa3bupa (-MHBapHaHTHATa JuHeHHa cBBp3aHocT BBPXY U/H,
CbOTBETHa Ha TPHBHATHOTO H300paxeHHe Am=0. KaHowHYyHaTa CBBP3aHOCT
oTr | poxm (chboTBeTHa Ha m) ce onpelens Karo OHasH G-HHBapHAHTHA
NHHeliHAa cBbp3aHOCT BBPXY G/H, kosito e ©e3 TOp3HA H UYHHTO Teo-
AE3HIHH CHBNAZAT C reONE3HIHHTE HA CBHOTBETHATA KAHOHHYHA CBBHP3AHOCT
ot Il pon.

Twif kato BBPXy BCIKO PpeLYKTHBHO XOMOT€HHO npoctpaHctBo U/H
cbljecTBYBaT (-HHBADHAHTHH JIMHEHHH CBBP3aHOCTH (OYEBHIHO TNOHE Ka-
HOHMYHHTe cBBbp3aHocTd oT I pox), TOo oT TBBpAEHHe 1 HemocpeaCTBEHO
noJayuaBame

CaenctBue 2. XOMOreHHOTO TNpPOCTPAHCTBO G,/H, He € peAyKTHBHO'

Cera npemuHaBame kbM noarpynure Ha (;, KaTo H3NOJ3yBaMe KJaacH(u-
KaluuATa UM B [4].

HMma camo ensa 6-mepHa nmoarpyna Ha G,-rpynara:

“o@ B B
Il & d —f'
(15) s={exp || | € SL(4, R)}/{£14}.
| —f —k a b\l
i! -m f ¢ dil
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Jlneara rpyna Gg AeficTayBa TPAH3HTHBHO BBpPXY B¢ Ts € JIOKaJHO KOMIAKTHA
M YIOBNETBOpSBA BTOpaTa aKCHOMa 3a H36pouMocT. ['pymaTa Ha H30TPOIMHSA
H,C Gy Ha TOYKaTa o €

a b 0 &

| ‘fo lla g o

(16) Hy={ | € GL (4,R)|a>0}
10 —k a b
o 0 0 1a

u oueBuaHO e cBbp3ana. CienoBaresno rpynata Gg e cBbp3ana.
TBbparenne 3. Bbpxy XOMOreHHOTO npocTpaHcTBo B¢=(U,/H, He Cb-
mecTByBa (z-MHBapHaHTHa JHHeHHa CBBHP3aHOCT.
Loxazamencmso. O3navaBame ¢ g U h nHeBuTe aare6pH CHOTBETHO Ha
Gy n Hy Heka Y ¢ h. Cnopen (16) ¥ uma Buma (8), KbJeTO e NOJOXKEHO
y=0., CnenomatesHo 3a nudepeHunana A, Ha JHHEHHOTO H3OTPONHO NpeNCTa-

BsHe Ha H; ce moaysaBa (9), kpaero v = 0. HenocpeactBenarta mnpoBepka
NoKa3Ba, ye ToBa npexcraBsHe e ToyHo. Hexka X ¢ g. Ot (15) Bmxnaame, ye
X mma Buna (10), kpIeTo cMe nOMOXHAM y= —¢. ToraBa A (X) e MarpHua
3x3 ¢ xomnonentH (11), kvrero N;i=0, {, j=1, 2, 3. Cera or nBpBOTO pa-
BeHcTBO Ha (7)

Al42=Al=Al=A2= A2 = A}_ 3= A3=A3+2=0,
B\=B\=Bl=B?=Bi= Bl<1=Bi=B}=B}=0,
Kl=Ki=Ki=K+1=K}=Ki= K} = K3= K3~

Cnen samecTBaHe BBB BTOPOTO paBeHCTBO Ha (7) 32 KOMIOHEHTHTE C TrOpPeH H
AONeH MHAeKC | HAa MATpHUuTe B /ABATAa H B NfCHATA CTPaHA Ha paBeHcmoro
noJiyyaBame

— 9BC + 2up— 2C 1ok —~2Miap+FiBp + 25)=%(Ci+Mip + Fig),

KOETO 06aue He € T'hX/IAECTBEHO YAOBIETBOPEHO 3a BCHUKH %, f, %, &, B, §, o,

%, P, KAKTO Ce BUXIA OT Koe(uuuenTure npex PG
Cnencrsue 4. XomorenHoto npocrpancTBo Ug/H; He e peAyKTHBHO.
TpausutuBad 5-Mepnu noarpynu Ha G, Hama. Mamexay 4-mephute noj-
rpynu Ha G, TPaH3MTHBHA e eJMHCTBed0 rpynara (,, npeicTaBasBamia ceve-
nne Ha G; ¢ oproronansara rpyna O(4). 'pynara G, e 10KaqHO KOMNAKTHa
M YAOB/IETBOPABA BTOpaTa akCHOMa 3a n3bpouMocT. 'pynara Ha u3oTponus
HCGU, na Toukata o e
i ] 0 0 O
0 cosm O sinm!|
(17) H={| neRY{ 1}
1o o 1 0
o

—sinn 0 cosn

OueBunno H e cebpaana. Cnenopatendo rpynata G, e cBbp3aHa.
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TBbprenune 5. Jluselinure CBBP3aHOCTH BBPXY XOMOI'EHHOTO MpO-
CTPaHCTBO B¢=G,/H, naBapnanTeH oTHOCHO G, o6pasyBaT 7-napaMeTpHYHO
ceMeHcTBO.

Lorxasamesacmso. Hexka Y ¢ h, xbaero h e ymeBara aarebpa ra H. Or
(17) nonyyaBame

-éO 0O 0 0y
!0 0 0 v !
(18) Y=l| s
iO 000:
i _ |
0 —v 0 O

kbrero v € R. Kato msnonsysame (9), 3a /MHEHHOTO H30TPONHO NPEACTABSHE
A:H — GL(3, R) namupame ‘

(19) l*(Y) &=

Hexa X ¢ g, kboero g e smeBara aare6pa Ha G, [lonexe G,= G;(O (4p
10 X e oT Buaa B (10), KaTO CbUIEBPEMEHHO MaTPHIIATa € AHTHCHMe-
TpHYHa : : :

0 B e x|
—B 0 x v

(20) X= ||
' -9 —x 0 B
i—x-—v—ﬁO'

M 32 JuHeilHOTO H3oOpaxenue A:g — g1[(3, R) xommoxenTHTe Ha Marphuara
A(x) (3%x3) mmar Buaa Bj3i+Fje+ Kix+Njv ¢ peansn xoeduuuentd By,
Fi, K, Nt i, j=1, 2, 3. Or nmepBoTo paBeHcTBO Ha (7) noayuaBame
N;=—N3=1, a Bcuukn ocranany Nji=0. Crenx 3samecTBane Ha Y ot (18), X

or (20) u A(Y) ot (19) BBB BTOpPOTO paBeHcTBO Ha (7) noayvyaBame CHcCTes
MaTa

—V(BIB+Fio + Kjn-+ B+ Flo+Kix)=(—Bix+K}B)v,
—V(B3B +Fip+Kix)=(—Bx+ KiB)v,
—¥(Big+Fio + Kix—Bi3— Fip—K3x)=(—Bsx+ K3f)y,
—WBB+Flo+ Kon)=(—Bix+ KBy,
0=(—Bx+KiB)v,
w(BiB+ Fip+Kix)=(—B3x+KiB)v,

WBIB-+ Flo+Kix—BIp— Fip— K3n)=(—Bix+ KBV,
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WBiB-+ Fi9+Kix) = (— B+ K3,
WBIB+Fi o+ Kin+ Bl + Flo+Kx) =(— B+ KP)v,

KOSITO TpAGBAa Aa ce YAOBNETBOPSBA THXKIECTBEHO 3a BCHYKH PEatHu v, B, @,
%, v. OT Tasu cucrema mosyyaBaMe

Bl=B!=B!= 33 B3=0,
Fl F2 FZ F3 + Fl — F3__ F3__Fl _—
Kl=K!+B3=Kl=K?+Bl= K= KI—B}=K3=K}— Bl=K3=0

W CJIeZ0BATENHO ‘ _
r ﬁ Flcp B;B——-ﬁgx f'é‘P"FV i

(21) \(X)—I[ BB—B  Flp BB+ B2
|| —Flg—v BB+Bx  Flo

c HesaBHCHMM napamerpu B), B2, B2 B3 Fl, Fl, F?¢R.

CrnenBamuaT pe3yaTaT JaBa Bb3MOXHOCT 3a MO-NPEUH3HO ONHcaHHE HA
G -HHBapHAHTHHUTE JUHEAHH CBBP3AHOCTH.

Tsbpaenue 6. XoMorenHoro mnpoctpaicTBo G,/H e pelyKTHBHO.
PenykTyBHHTE HON'BJAHEHHSA oﬁpasyBa'r 1-nmapameTpuyHo cemeiicteo {m, },
KbIAETO

| © p ||
” ~p % pw“
(22) ‘ B, o, x¢R}
” —@ 0 B i
—x —pp — 0 |

¢ napamersp p € R.
Jloxazameacmso. Ot (20) BHux1aMe, ye BeKTopHOTo NPOCTPAHCTBO @ NpH-
Texasa 6asa {X,, X, X, X,}, xbuero

010 0 001 0,
~10 o0 o0l 000 0
(23) X1= lX2—% é,
00 0 1] -1 o000
00 —1 01 . 000 0|

0 0 0 1 10 000
o 010 Ho 00 1/
X3=[ ,X4: '}.
‘0-100 '50 000;
|

~1 00 0 o =1 0 0l
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Ot (18) carensa, yve h={aX,|a ¢ R}. Hexa m e moanpocTpancTso Ha g,
yAOBJIETBOPSABAILO M'bPBOTO paBeHcTBO Ha (12). ToBa osnauaBa, ye m uMa 6asa
or Buaa {X,+nX, X,+pX, X;+0X,}, kato x, p, o ¢ R. TloanpocrpancTBoTO
M H3NbIHABa BTOPOTO paBeHcTBO Ha (12) ToraBa M camo ToraBa, Korato [X|,
X;Jem 3a i=1, 2, 3. Or (23) nonyyaBame

[X» X1]=‘—X3' [Xu Xz]=0' [X.n X3]:X,.

CnenoBaTe1HO BTOPOTO paBeHCTBO Ha (I12) e H3NbAHEHO TOraBa H
camo Torasa, korato wn=0c=0. [lo TakbB HayuH npu QHuKcHpaHo p eJe-
MEHTHTe Ha CbOTBETHOTO PEAYKTHBHO JOI'bJHEHHE HMAaT BHJAAa Ha MaTpH-
uure B (22).

Or rtebpaerne b, tebpaenne 6, (20), (21) u (14), kaTo nuuIeM A,
BMECTO Am, moJyyaBame

CnenctBHue 7. 3a BCAKO pPEeAYKTHBHO IONM'bJHEHHe M, JHHeHHHTe
CBBP3aHOCTH BBPXY XOMOTeHHOTO INpOCTPaHcTBO B¢ = G,/H, HHBapHaHTHH
OoTHOCHO G, 0Opa3yBaT 7-napaMeTpPHYHO CeMelcTBO, HamHupaumo ce B Ou-
eKTHBHO C'bOTBETCTBHE C MHOXeCTBOTO Ha H3oOGpaxkenmsta A,:m, — gl (3, R)
OoT BHAA
Flo Bip—Bix (Fi+p)e ||

(24) AX) = Bif—Bx  Fl¢ B} +B%x}'
|{—(FA+P)¢ B+Bix  Flo

1 0 B 9 x |

X_' —B 0 x pp

—¢@ —% 0 B

—x —pp —B O

c HesaBucumu napamerpu Bl, B, B, B}, Fi Fl, F2¢R.

3a na HaMepHM figuusi BuA Ha G,-MHBaDHaHTHWTE JHHEHHH CBBP3aHOCTH
Bbpxy G,/H, NOCTaThuno e 1a MOAYYHM CTOHHOCTHTe MM 0. Hsmonsysame
KOOP/IHHATHOTO H300pasenHe y:Bt — R?® ¢ koopauHaTHH QYHKUHH Y= —X/,
i=1, 2, 3. Axo X¢g, To l-napamerpnurata noarpyna {exp(sX)} zeiicTByBa

BbPXY B¢ u onpenens Tam BekTopHO mose X. Crneumanto 32 Y,=X,, Y,=X,
+pX,, Y3=X, umame

| coss sins 0 0
|
| —sins coss 0 0
exp (sY,)=|! ar
0o 0 cos s sins j
I 0 0 —sins coss |
coS § 0 sin s 0
: 0 cos (s, 0 sin(s
exp (sY,)= | (sp) (sp)

—sins 0 cosS S 0

;o 0 —sin(sp) O cos(sp)



coS § 0 0 sins

:

11
1

e;‘p(syﬁ) =] |

\
N 0 coss sins O
i . I
T 0 —sins coss O .

—sin s 0 0 coss .|
Ako p¢ Be n BMecTo NOKanHHTe KoopauHatd y'(p) VA p), V(P MHILEM -
otetso p!, p?, p3, TO ’ )
Y((exp (sY)Xp) = ((tg s+p)/(1— pytg s), (pi+pitg s)(1—p,tgs),
(—p2 tg s+pO)/(1—pi g 5), Y(exp (sY ) )= (2,7 tg (sp)/(1—p;tg 9),

(tg s +pD/(1—p2tg 5), (—pltg (sp)+p2)/(1—p2igs)), y(exp(s¥,)( p))_
=((p'+p2tg 8)/(1 - pitg s), (—p)tgs+pd/(1—p}tEs),

(tg s+p3) [ (1—p3 tg 9)).

[ToHexe 3a j-TaTa KOOpAMHATHA QYHKUMs Ha Y, HMaMme %

(Y= Y (€xp (YD (P omtr & J=1: 2.3,

TO
(25) Y. =(1+( ) 0/0y* +( 3 +31y2)0/0y? +(—y2 + y'y*) 0/03°,

- Ya=(py?+y'y20/0y" +(1 +( y*)*0/0y* +(—py'+y*y*)0/0y’,
Y3=(y2+ 3t y3)0[0y*+(—y* + y2y3)0[dy*+(1+( y*))0[0y> -
Cneunanto sa 9,=(9/0y‘), mmame 0,=(Y), i=1, 2, 3.

Teepaenue 8. VHBapHaHTHUTE NHHEHHH CBBP3aHOCTH Yy B CJeJCTBHE
7 UMaT B 0 CJAeIHHTE CTOHHOCTH:

Vo,0/0y'=B%0,, vo,0/0y*=B}0,+(1+B3) 05, ¥5,0/0y° =(B}—1) 0,
(26) Vo, /0y = Fi0,—F105, V2,0/0y*=F20;, V,,0/0y*=F.0,+F30,,
Vs,0/0y = (1—BDdy, Vo, 0/0y*=—(1+B2)0,+-BLdy, Vs, 0/dy*=B20,.
Jloxazameacmso. 3a i, j=1, 2, 3 umame [1, ra. X]
an (Vy, Yo =(to o (ALY ) © s Y @D +(Y; Y]y

KBIETO U, € JMHeeH penep B 0. 3a_Hamupane Ha [V, Y], e ymo6Ho na ce
usnon3ysa pasenctBoto [¥i, Y], =[Y,, ¥j|.. [TonyuaBame
(28) [Yb 72]0=‘(l"p)031[y1 Y3]o=—-'202, [?21 YI—J]:(I"'p)an
KaTo 3a BTOPOTO PAaBEHCTBO € M3NO/M3yBaHa BAIHIHOCTTA HA HMILTHKALMATA,
.ak0 X ¢ h, To X,=0“ Habupame u,=(0,, 05, 03) u o1 (24), (27) u (28)
Hamppame B B

V0;Y1=Bfa, Va, Y2=B§61 +(Bg+1—9)03’ Va, Ys=(B§_2)az,
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Vo, Yi=F10,—(Fi+1)0s, Va,Y3=F20,, vo, ¥5=(Fi+1)d,+Fld,,
Va8 j;1=(2—B§)‘92, Vo, )_,z:(P—l—Bg) 51+B;(33. Va,}’:3=3303. _

Cnen samectBane Ha Y; c paBuuTe MM ot (25) nomyuasame (26).

Muoroo6pasusata ¢ JHHeHHa CBBP3aHOCT, Y/JAOBJETBOPSBallla aKcHOMaTa
Ha PaBHHHATa, CE€ XapaKTEPH3HPAT 10 OmnpejesneHHe CBC CbUIECTBYBaHE Ha
aBTOMNapa/je/JHH NOAMHOroo6pasud mpe3 BCsika TOYKA H BHB BCAKO Hanpasie-
nue. Heo6xoxumo ycioBHe 3a TOBa e cBBP3aHOCTTa nAa Oble MOJyCHMeTPHYHA.
OnpeneneHHeTo HAa NOJYCHMETPHYHA JIHHeHA CBBP3aHOCT lile Oblle NPHBENCHO
B J0Ka3aTeJCTBOTO Ha

Tebprenue 8. B carencrBue 7 WHBapHAHTHUTE MNOJYCHMETDHUHM JIH-
HeHHH CBBbp3aHOCTH y 06pa3yBaT S-napamMeTPHYHO CEMEHCTBO, ONpenesieHo
gpe3 (26) npu

(29) Bi—1=Fl4+B3+1=0.

Lloxa3ameacmaso. TIonycHMeTPHYHOCTTa Ha | O3HauaBa, ue Top3usaTa H T
MMa BHIa

(30) . T(0, 0,)=(H0,)0,—t(3)0))/2, i, j=1 ,2, 3,
Kblero £(0;)=trace (X — T(X, d,). Or (26) namupame
7(0,, 0;)=Bl—F1)0,+(F}+B3+1)0,,
T(d,, 95)=2(B3—1)d,,

T(0;, 03)=(F}+B}+1)0,+(F!—B})d,,
CnenoBatento
13,)=0, 0;)=2(B}—F}), H0d3)=0.

3amectBaero uM B (30) Boau nmo (29).

Bblpexu ye B H3BecTeH CMHCBA KaHOHWYHUTE cBBp3aHocTd oT Il pox ca
»HaH-NPOCTH*, Te He ca moaycuMeTpHuHH, HaucTHea crnopex TBBpAeHue 9 He-
00XOZIHMO yCJIOBHE 32 IONYCHMETPHYHOCT € Bj=1, KOeTO NpOoTHBOpeyH Ha Je-
(puHHLOHOHHOTO paBeHcTBO A,=0 3a kanonuuHoct ot Il pox.

Ornensme cemelicTBOTO Ha (J-MHBapHAHTHHTE JUHEHHH CBBP3aHOCTH, YIO-
BJIETBOPSABALIlE aKCHOMaTa Ha PaBHHHATA :

Teopnenue 10. B caencreue 7 MHBApHAHTHUTE JIMHEHHW CBBP3AHOCTH
V, YAOB/IeTBOpsiBAlllM aKCHOMaTa Ha paBHHHATA, 0Opa3yBaT 2-mapaMeTPHYHO
ceMelicTBO, onpeneneHo upe3 (26) npu

@31y B!=B:—1=B3+1=Fl=F}—Bl—F!=0,

Hoxazamescmso. Hexa JuHefinata CBBP3aHOCT y B CaeICTBHE 7 € TIO-
JAycaMeTpuyHa. Torasa HeoO6XOAMMO H IOCTAT'hYHO YCJIOBHE | Ja YAOBJETBO-
psiBa aKCMOMAaTa Ha PaBHHHATA € KPHBHHATa M R 1a uMa BHAa

(32 R(0;, 0x)0m=(—55(0m 0)0,+S(0), 0,)0x+2r(0,, 0))0k
+5S(am, 03)51——5(5;,; 5,,.)01——-2!‘(6,,,, 0*)0]‘—"2-5(01', ak)dm +23(0k, 0;)0,,;
+4r(ajs ah)am)/& j’ ko m=1) 2’ 3:

4 Ton. Cod. yaus., Pax. MaT. B Mex., T. 75, 1981, xa. 1, Mar. 49



KBIETO S(Om, Oj)=trace (X — R(X, 0,)0,) 4 r(Om, Jj)=trace (X — R(Om, 9,)X)-
[Morexe XOMOTEHHOTO npocTpancTBo G,/H ¢ peAyKTHBHO, npecmarame R mo
dopmyanara [I, i X]

R(0), 0r)=u, o ([Ap(Y)), ALY R)]—AA[Y}, Yi] m))
=2l Y] h) e ust,

KbAETO U,=(0;, 0, d;). Kato umame npex Buza (29), nonyuaBame

| 0 BYF3—F1)+(BY 0 |

R(@y, )= | BUF|—F)+B3 0 F!—F2— B B3 i,
i 0 0 0 t
 BiB}—B;—2F] 0 BB} +3B3+4 |

R (9, 95)=|| 0 (Bl —B2B}—F?) 0 "
| —3B}—B}Bi—4 0 BB} —Bi—2F! |
i 0 0 0 |

R(0y 05)= | Fi—F}—BiB;] 0 BY(F—FY)—B} ||,
l 0 BY(F!—F)— (B! i

OTKBIAETO

S(9y, 0,)=BYF2—F!)+2B}+BiBi-+4, S(d,, 0,)=0,

S(9,, 03)=-B;—F}—F§,
S(@;, 9,)=0, S(3g, 9,)=2(BYF2—F!)+(B3Y), S(9,, 05)=0,

S0y, 0,)=BL+F!+ F2, S0y 0,)=0, S(0s, 05)=BYF2—F!)+2B3+BiB2+4,
r(dy, 0)=0, r(d, 03)=—4F{—2F§: r(0,, 05)=0.

3amectBame B (32) u nosiyyaBame (31), kato mak cMe H3noasysanu (29). He-
8dBHCHMM OCTaBaT caMO JIBa OT napamerpure B}, Fl, F2

[Tonexe kanoHuyHure cBBp3anocT oT Il pox He ca NoOAycHMETDHYHH, Te
He YIOBJETBOPABAT aKCHOMaTa HAa paBHHHATa. KaHOHMYHHTE CBDBHP3AHOCTH OT
I pon ca Ge3 Top3uA M CAeJOBATENHO €A IOJYCHMETPHUHH.

Tebpaenue L1, Msmexay KaHOHHYHHTE CBBP3aHOCTH OT I pox BBPxy
XOMOTEHHOTO MpOCTPaHcTBO G,/H caMO CHOTBeTHATa Ha PelYKTHBHOTO AON'bJ-
HEHHE m._; YJOBJeTBOpPABAa AKCHOMAaTa HA paBHUHATA.

loxasameacmso. KanonHuHata CBBP3aBOCT OT [ pox vV, CBHOTBETHA
Ha PeJyKTHBHOTO JON'bAHEHHE m, ce onpelens [l, ri X] or paBeHcTBara
27) u ‘

(33) 2ALYi)Nuo10)=—u ([Y; Y}o) &.J=1, 2, 3.

Or (24), (28) u (33) nomyuasame Bi=B?=B2—1=2B3—p+1=F!=F2=2F!
+¢+ 1. Tesu pasencrBa u (31) aaBat p=—1. o
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INVARIANT LINEAR CONNECTIONS ON THE ELLIPTIC
BIAXIAL SPACE

[D. Mitov , A. Borisov
(SUMMARY)

The elliptic biaxial space B¢ is defined by the group G; of all collinea-
tions of the projective space RP? preserving two distinct complex conju-
gate lines. Namely, B¢ is the Kleinian space with underlying space RP? and
fundamental group G,.

{ IT;IE 7-dimensional Lie group G; is isomorphic to (GL(2, C)r(NSL4, R))/
e ) &

a b f k
c d
—f —k a bl
i
~m —n ¢ d {f

where /, is the unit of GL (4, R). The group G, is connected and it acts
transitively on Be. Its isotropy group A, of the point o=(1, 0, O, 0) of B
is connected. On the homogeneous space B¢=G,/H, there is no G,-invariant
linear connection. Hence the space G,/H, is not reductive.

There exists only one 6-dimensional subgroup G of G;:

a b f k
c d m —f
Go={exp € SL(4,R)}{ ).
—f —k a b
-m f ¢ d
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The connected Lie group Gg acts transitively on Be. Its isotropy group H,
of o is connected. On the homogeneous space Be=Gg/Hjthere is no Gginva-
riant linear connection. Hence the space G;/H, is not reductive.

There is no 5-dimensional subgroup of G, with transitive action on B
Among the 4-dimensional subgroup of VG, only G,=G;N0O(4) acts transi-
tively on B¢ The group G, and its isotropy group / of o are connected. The
homogeneous space G,/H is reductive. It admits a l-parameter family of
reductive complements. There exists a 7-parameter family G -invari-
ant linear connections on B¢ = G,/H. The G,-invariant semi-symme-
tric linear connections form a 5-parameter family. No canonical connection
of the second kind is semi-symmetric. The G,-invariant linear connections
satisfying the plane axiom form a 2-parameter family. Only one canonical
connection of the first kind satisfies the plane axiom.
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THE AXIOM OF 6-HOLOMORPHIC 2-PLANES
IN THE ALMOST HERMITIAN GEOMETRY

Grozjo Stanilov, Ognjan Kasabov

I’'pozeCraunnos, OrasauKaca 06 osAkcHomMa 0-x0J0MOPHBIX 2-IUI0CKO-
cTeli B NOYTH JOPMHTOBOH TreoMeTpHH.

JlokasaHO, 4TO €CIH NOYTH 3PMHTOBOE MHOrooG6pasHe YAOB/IETBOPHET aKCHOMY
0 6-ronoOMOpHKIX 2-NNOCKOCTAX, OHO ABJAAETCA NPOCTPIHCTBOM MNOCTOSHBON CEKIKON-
HON KPHBHSHBI.

Grozjo Stanilov,Ognjan Kasabov. The Axiom of 6-holomorphic 2-pla-
nes in the Almost Hermitian Geometry.

The axiom of 0-holomorphiec 2-planes is intrcduced. It is proved, that if an
almost Hermitian mantfold satisfies this axiom for a fixed 6 €(0, =n/2) then it is
a real space form.

Let N be an n-dimensional submanifold of a 2m-dimensional almost
Hermitian manifold M with Riemannian metric g, almost complex structure

J and curvature tensor R. Let v and vy denote the covariant differentia-
tions on M and N, respectively. The second fundamental form o is a nor-
mal-bundle-valued symmetric 2-form, defined by o(X, Y)=€XY — yxY, where
X, Y ¢ X(NV). The submanifold N is said to be totally umbilical, if e(X, Y)
=g(X, Y)H, H being the mean curvature vector of N, i. e. H=(1/n) trace o.
In particular, if 6=0 N is called a totally geodesic submanifold of M. For
X € X(NV), € € X(V)4, we write GXE=-—A¢X +DxE, where ;—AsX (resp. Dx%)
denotes the tangential (resp. the normal) component of yx£. A normal vec-
tor field  is said to be parallel, if DxE=0 for each X ¢ X(N).
_  An almost Hermitian manifold M is said to be a Kihler manifold if
v/=0. A Riemannian manifold (resp. a Kihler manifold) is called a real
space-form (resp. a complex space-form) if it is of constant sectional curva-
ture (resp. of constant holomorphic sectional curvature).

An n-plane « in a tangent space T,(M), pe M, i. e. an n-dimensional
linear subspace & of T,(M) is said to be holomorphic (resp. antiholomorphic)
if @=Ja (resp, « | Jx). An almost Hermitian manifold M is said to satisfies
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the axiom of holomorphic 27-planes (resp. 2n-spheres) if tor each point p ¢ M
and for any holomorphic 2n-plane a in T,(M) there exists a totally geodesic
submanifold N of M (resp. a totally umbilical submanifold N of M with non-
zero parallel mean curvature vector) such that p ¢ N and T,(N)=«. By chan-
ging the holomorphic 27-planes with antiholomorphic r-planes, we obtain the
axiom of antiholomorphic n-planes (resp. n-spheres).

The second author has proved in [2]:

Theorem A. Let M be a 2m-dimensional almost Hermitian manifold,
m=2. If M satisfies the axiom of holomorphic 2n-planes or 2n-spheres for
some fixed integer n, 1==n<m, it is an R-manifold (. e. R(X, Y, Z, U)
=R(JX, JY, JZ, JU) for all X, Y, Z, U ¢ X (M)) of pointwise constant ho-
lomorphic sectional curvature.

Theorem B. Let M be a 2m-dimensional almost Hermitian manifold,
m>2. If M satisfies the axiom of antiholomorphic #-planes or n-spheres
for some fixed integer n, 1< n = m, it is a real space-form or a complex
space-form.

For the case of a Kahler manifold see e, g. [1, 3, 4]

For a 2-plane a in T,(M) the angle «1(0:, Ja) ¢ [0, 1:/2] between o and Ja
is defined by

cos < (a, J“)"“'"|g(xn -’)’)i-

where {x, y} is an orthonormal basis of «. Then « is holomorphic (resp.
antiholomorphic) if and only if < (e, Ja)=0 (resp. < («, Ja)==/2). In general,
if <(a, Jo)=0, a is called 6-holomorphic 2-plane. Now we propose the next
axiom :

Axiom of 6-holomorphic 2-plane (resp. 2-spheres). For each point p¢ M
and for any 6-holomorphic 2-plane « in 7,(M) there exists a lotally geode-
sic submanifold N of M (resp. a totally umbilical submanifold N of
M with nonzero parallel mean curvature vector) such that p¢ N and
T,(N)=a.

Theorem, Let M be a 2m-dimensional almost Hermltlan manifold,
m22. 1t M satisties the axiom of 6-holomorphic 2-planes or “"the axiom
of 6-holomorphic 2-spheres for a fixed BG(O n/2), then M is a real space-
form.

Proof. Let p¢ M and x, y be arbitrary unit. vectors in T,(M), such
that x | y, Jy. Then the 2—plane o with a basis {x, Jxcos8+ysin6} is
0-holomorphic Let N be a totally umbilical submanifold of M with pa-
rallel mean curvature vector, such that p¢ N and T(N)=a. From the Co-
dazzi’s equation

{RX, V)Z}L =(yx 9) (Y, Z)—(Yvo)(X, Z)

for X, Y, Z¢ X(N), where {R(X, Y)Z}1 denotes the normal component of
R(X, Y)Z and

Vxo)(Y, Z)=Dxo(Y, Z)—olvx ¥, Z)—al¥, VXZ)
it is easy to find |
4} R(Jx cos 8+ ysin 8, x, x, Jy)=0,
(2) R(Jx cos8-+ysin 8, x, x, Jxsin 68—y cos 8)=0.
We change x by —x in (1) and combining the result with (1) we

derive
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3) R(Jx, x, x, Jy)=0.
On the other hand, from (2) and (3) we obtain

(4) H(x) == K(x’ ,V).
where ’
H(x)=R(x, Jx, Jx, x), K(x, ¥)=R(x, y, y, x).

It follows from (4) that '
& H(x)=H(y).

Let m>2 and u, v be arbitrary unit vectors in T,(M). We choose a unit
vector x in T,(M), such that x | u, Ju, v, Jv. According to (5)

H(u)=H(x)=H(v)

i. e. M is of pointwise constant holomorphic sectional curvature. Let ¢=H(x).
Using (4) we conclude, that M is of pointwise constant antiholomorphic sec-
tional curvature c. ‘

Now, let B be an arbitrary 2-plane in T,(M) and let << (B, /B)=¢. Then
it is easy to prove, that B has an arthonormal basis {x, Jxcos¢+y sin ¢},
where x, y are unit vectors in T,(M), x Iy, Jy. Then the sectional curva-
ture of B is

KPB)=R(x, Jxcoso+ysine, Jxcose+ysing, x)

and using (3), (4) and (6) we find K(B)=c. Now the assertion follows from

the Schurs’s theorem.
If m=2, let T=R—cn,, where ¢=H(x) and

(X, ¥, 2, W=g(x, w)g(y, 2) —L&x, 2)g(y, u).

Then from (3), (4) and (5) we obtain easily T=0 and consequently M is a
real space-form.

Corollary. Let M be a 2m-dimensional Kihler manifold, m=>2. If M
satisfies the axiom of 8-holomorphic 2-planes or the axiom of 6-holomorphic
2-spheres for a fixed 0 ¢ (0, n/2) then M is flat.
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AKCHMOMA HA 6-XOJIOMOP®HHUTE 2-MEPHH PABHHMHU
B [NTOYTH EPMHTOBATA 'EOMETPHS

F. Crauunos, O. Kacabosn
(PE3IOME)

Hexka M e 2m-MepHO INOYTH epMMTOBO MHOroo6GpasHe ¢ KOMILIEKEHA
cTpykTypa J. 3a npom3BosHA TOUKAa p ¢ M H 2-MepHA paBHHHA % IIpe3 Hes B
JIONHPaTeMHOTO NpocTpancTBo I,(M) ce pasraexna <c(a, Ja) € [0, =/2]. Axo
<4 (z, Jx)=0, @ ce nHapuya 0-xosomopdHa 2-MepHa paBHHHa HA M B p. Ilokasa-
HO e,4e ako M ynoBiaeTBOpABA aKCHOMATa Ha 0-x0JOMOP(HHUTE 2-MePHH PABHHHH
HIH aKkcHoMaTa Ha 0-xosoMopduuTe 2-MepHH cdepH 3a eIHO (PHKCHPAHO
0¢(0, =/2), T0 M e peanna npocrpancTBeHa ¢opma. AxcHomara 3a 6-xoJ0-
MOphHHTE 2-MEPHH paBHHHM (pecn. 6-xonomopdHHTe 2-MepHH c(pepH) rsacH:
3a BcaKa Touka p € M u Beska 6-xonomopdHa 2-mepHa paBHuHA o B 7 ,(M)
C’BIeCTBYBA TOTANHO TIE€ONE3HYHO mnoamHoroobGpasme N Ha M (pecm.
TOTaJHO OMOWIHYHO moiaMHOroo6paswe N Ha M c HeHyJeB napaneleH
BEeKTOpP Ha cpelHara KpHBHHA), Taka 4Ye pE¢N ¥ Tp(N)=« Enno puma-
HOBO (pecl. KeanepoBO) MHOroo6Gpasue ce Hapuya peaqHa (pecn. KOMIIIeKCHA)
npocTpascTBeHa (OpPMa, aKO € ¢ MOCTOSAHHA CeKLHOHHA (pecn. IOCTOfIHHA
CEeKLHOHHA) KPHBUHA.
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HEOBXOAVMO YCJIOBUE 3A JIOKAJIHA
PASPEIIMMOCT HA OIIEPATOPHM C JABYKPATHHU
XAPAKTEPUCTUKH

Hetrsp ITonusanos, Yasnap I'eopruen

Tlersp MMonuBauos Yasgap eoprues. Heobxoanmoe ycio-
BHE JIVIN JIOKAILHOH pa3peniiMOCTH OJHOI 0 ONeparopa ¢ ABYKpAaTHLIMM XapaKTepHCTHKaMHu,

JlokaseIBalOTCR HEPAa3PCIKHMOCTE H HETHMNONVIHITHYHOCTS OJHOIO KAacca IceBlo-
BHpPepeNiHaILHEIX ONEPaToOPoB ¢ ABYKPATHHIMH XapakTepHcTHKAMH. ['1aBHBIA cum-
BOJI ABAAETCA KBAApaToM BeLIECTBEHHOrO CHMBOAA [/aBHOrO THNA, a cyOriaBHbiil
CHMBOJ He ofpaiugercs B Hyab. Mmumas uyactb cyOraaBHOro CHMBOAS MEHAET 3HAK
NpH XBHMEHHH BIOJAL HYJAeBOH OHXapakTepHCTHKM TAaBHOTO CHMBOAA. B wacrHOCTH,
LOKA3aHA TEOpeMa 0 MHKDPOJOKAABHON HepaspellHMOCTH H NOCTPOEHO peileHHe C
33/aHHb/M BONHOBBIM (GPOHTOM H raAaakoR np#Boi vac1iio. MBI 1nOAB3Y CMCs
uieefi Mo#tepa # onHum pesyabraToM Xepmandepa. B npomecce noxasatess-
CTBa Mbl HapylIaeM AMNPHOPHYI0 OUEHKY -— Heobxoammoe YC/IOBHE AJIA JIOKaAbHOH
Pa3peiuMOCTH.

Petar Popivanov,Tchavdar Georgiev. A Necessary Condition for
the Local Solvability of a Class of Operators Having Double Characteristics.

A result concerning nonsolvability and nonhypoellipticity for a class of
pseudodifferential operators with double characteristics is proved in this paper, The
principal symboel is supposed to he a square of a realvalued principal type opera-
tor and the subprincipal symbol is nenvanishing. The imaginary part of the sub-
principal symbol changes its sign along a null-bicharacteristic of the principal
symbol. In particular, a theorem about microlocal nonsolvability is proved and a
solution with smooth data and given wave front set is constructed. An idea of
Moyer and a recent paper of Hormander are used in the proof. To do this an
a-priory estimate, sufficlent for the local solvability, is violated.

§ 1. NIOCTAHOBKA HA 3AJIAUYATA

B Tasu crarus Qopmynupame u JoKasBame HEOOXOJHMO YCJIOBHE 33 JIO-
Ka/Ha paspeluMMOCT Ha €JlHH KJac IceBAOJH¢)epeHIHaNHA OnepaTopu (1. 1. 0.)
HaZ XCR" 3a na onpelenuM HYXHHS KJac OlNEPaTOPH, BhbBeXIaMe O3Haye-
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upsra, Bb3npueTH B [I]. Cbc X o3HauaBaMe KOHWUHO MOJMHOXECTBO Ha
T*(X) ¢ KOpa3MEPHOCT eNHHMLA, a Che X, — ceuenneTo 3[)S*(X).

Nedunuuus 1. 1. KasBame, ue xnacHueckusT m A, 0. PE L2111 (3),
ako p € OT BTODH pell, UMa peajeH TrJaBeH CHMBOJ W 32 BCEKH KOMIAKT
c’blIeCTBYBa KOHCTaHTa C,, 3a KOATO € H3I'BJIHEHO

@) 1p2(x, §) =Crd?(x, ),

K'bAETO- _ |
d(x, =inf (i x—y +[E/E—n) (x §) € THX)O,

a p, € raaBHEAT cuMBoa Ha P (x, D) (nedunuumsara Ha kaac LM>-m™k (Z) e
ot [1, c. 5).

Be3 orpannueHusi Ha OGIIHOCTTA e NpenroJarame, e p,(x, §)=0. Ycao-
BHeTO ({) M TOB3, Y€ KOPa3MepHOCTTa Ha X € eIWHHLA, HH [MO3BOJSIBA Na H3-
BleYeM OT Py IVIAABK KBaapareH KopeH p(x, E)=vVp,(x,§) B KoHHYHA OKOJ-
HOCT Ha BCcAKA TOUKA py=(x, E°. OcBeH TOBa MoOXeM Ja NpejfiojiaraMe, ye
(px, §) e peanHo3Ha4yeH CHMBOJ OT rJaBeH Tun. M Taka pasrnexiasare I X.O.
ca oT Buza

P(x’ D)=p2(x’ D)_f'—p](x! D)+Po(x; D)+...; PE Lz'l'l(z)-
B namikTe paschXIAEHHs OCHOBHA pOJIi HMrpae TOBEJEHHMETO Ha CyOr/IaBHHSA

n
cuMBOa ¢,(x, E)=l; Py o 8 (x, §)4-pix, §) Ha oneparopa P BBPXY KpH"
20721 ox jan

THYHOTO MHOXecTBO X, 3a Taka Je(UMHHpaHusl KJac M. J. O. JOKa3BaMe OCHOB-
HaTa TeopeMa

Teopema 1. 2. Heka P¢ [>!'! (Z) B e H3NBJIHEHO YCJIOBHETO

(A) ¢,(x, §)F0 BBpxY Z.
Torasa ycaoBuero

(B) Img,(x, §) nHe cu cMeHs 3HaKa, axo ce JBHXHM B IIOJIOXKHTeJHA
nocoka No HyseBuTe OuxapakTepHCTHKH Ha p(x, §),
e HeoGXOIMMO 3a JoKajaHaTa paspeiuumocT Ha P(x, D).

Teopema 1. 2 e exBuUBaJeHTHA Ha

Teopema 1.2. Heka e usnbaneno (A), Ho (B) He e, T, e. 3a P chine-
CTBYB4 HY.AeBa OUXapakTepHCTHKA y(po, I), =t=0, BBPXy KoaATO Img¢, cmens
3Haka cH, korato £ pacte. ToraBa P e JIOKanHO HepaspellHM B CMHC'b/Ja Ha
NeuHuIMKMTE, NaleHH B caeiBamua maparpad.

§ 2. JESHHULIHA 3A JIOKAJIHA PASPEHIMMOCT HA I1. 4. O.
BBPXY KOMITAKT

B To3u naparpad maBamMe HSIKOJKO €KBHBAJNIEHTHH NeQHHHLHH Ha Jo-
KaJHa paspeliuMoCcT B HeOOXOAMMOTO YycJa0BHE, (OPMy/AHPaHO BbB BHI Ha
anpuopHa ouenka. Te ca uanoxxkeHu moapob6ro ot Hoérmander [2]

Hexka P e m. 4. o. ¢ mpaBuleH HOcuTen Bbpxy C®- MHOrooOpasueto X
1 Heka K e xoMnakT B X.

Jeduunnuus 2.1. Kaspame, yue P e n0kanHO paspewiuM BBPXY K, ako
3a Bcska (GyHKIUs f, IpHHAIJexania Ha noanpocTpaHcTBO Ha C(X) c kpaiHa
KOpasMepHOCT, MoxeM aa HamepuM i ¢ DV'(X) TakoBa, ue

(2.1) Pu=f B okoaHocT Ha K.
3abenexka ToBa MOANPOCTDAHCTBO €BEHTYA/JIHO 3aBHCH OT KOMMAKTa
K, oxommocTTa Y MOXe Jia 3aBHCH OT f.
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Ao usbepem ‘dysnamenrassa pepuua KC...CY,CY oT okoaHocTH Ha
K, paspeursMoctra Ha P Bbpxy K osHavaBa crnopel Jeduunuas 2.1, ye Mo-
XeM N2 u3bepem QyHKUMM f), fy,..., fr € C*(X), TakuBa, ue 3a Beska f € C=(X)
¢ B cula .

(2.2) Pu:f-}—zr' a;fi B Yy, uc D'(X).
i=

Tyxk

Ho={u¢ D'(X); EA €LYy Aue Ly (X)),

HOM)=HIS e/ (M) 5 | u]2=Cry [ (1 +E 2 )2 dE.
CpbpsBaMe Taka BbBeleHHTe (DYHKUHOHAMHH NPOCTpPaHCTBA C JeuHHIHATA
2.1. 3a noxanna paspemiumocT. B cuia e

[Ipennoxenue 2.2. Ako P e pazpeminM BBPXy K, TOraBa Moxe Aa
HamepuM 1svI0 4uca0 N W TakaBa okosHocT Y Ha K, ue 3a BcaKa (PyHKUMA
f € HS5(X) cpmectsyBa pasnpenenenne #(x), 3a xoero Pu—f ¢ C=(Y) (unn
BCe eJlHO, onepaTopbT P e paspewwinM no moayn C® B V),

B crna e u o6paTHOTO TBBpAEHHe HAa NpelJoxeHHe 2.2.

[Mpennomenne 2.3. Ako 3a Beska ¢ynkums f¢ HES cbllecTsysa
u € D'(X), rakoBa, ue Pu—f¢ H{. |, (Y) 3a nsikos oxonsocT ¥ Ha K (Y moxe
nAa 3aBucH oT f), To P e JokaJHO pa3pelwinm BBPXYy K.

B nyxa Ha npeanoxenus 2.2 W 2.3 MoxeM Aa ngedHHHpame paspe-
WIHMOCT BBPXY KOMIIAKTHO MHOXECTBO OT KOTAHTeHIMAJMHOTO pascioe-
HHE Ha X,

Jdedbununuusa 24. Heka K e xomnakTHo noaMHoxecTBo Ha S*(X). To-
raBa P e .okanHO paspewmnM BbpXxYy K, ako cbumiecTByBa N ¢ Z+11, TakaBa, ye
3a BcAka (pyHkums f € 5 (X) moxe na ce Hamepu pasnpenesenue #(x) cbe

CBOHCTBOTO
(2.3) K[ singspec (Pu—f)=@.

Ot npepnoxenns 2.2 4 2.3 caejBa, ye pa3peliHMOCTTa BbPXY KOMIIAKTHO
MHOXecTBO MC X B cMHchb/ Ha Aeunuius 2.1 € eXBHBAJCHTHA HA DaspellHd-
MOcT BBPXY S*(X) B cMuchb1 Ha neduHuuus 24.

OcraBa na nokaxeM kKak oT Jeduunums 2.4 crefBa anpHOpHA OLIEHKA,
KOATO CbUIECTBEHO W3M0J3yBaMe B HALUWTE H3CJ/Ie/BaHUA.

[Tpennoxenne 2.5. Heka K e xoMnakT or KocepHIHOTO DPa3CIOEHHE
Ha X H TakbB, ye P(x, D) e paspemnm pBbpxy K B cMHCBI Ha Re(uBHIUSA
2.4. Usbupame okoxnoct Y( X, Takama, ye KCS*(Y).

Axo N e ugucnoto ot neduruumsi 2.4, TO MOXeM Jia HaMepHM v € ZT #
. I. o. A, TakbB, ye singspec A[VK=(J, 32 KOHTO € B CHJA OUEHKAaTa

(24) | &l m=c(IP*ulo)+i u|nmti| Adlo),
u€Ce(Y), c=const>0.

Tasu anpHoOpHA OLEHKA H3NOJ3yBaMe [PH JOKA3aTeJCTBOTO Ha Teopema 1.2'.

§ 3. MHOXECTBA, UHBAPUMAHTHH OTHOCHO BEKTOPHO [OJIE

Ilpr nokasBaHe Ha OCHOBHATa TeOpeMa Ceé NMPHIBpKaMe KbM CXeMaTa Ha
Hormander [2], napymaBaiiku onerxara (2.4). ToBa o3HauaBa Jla HAMEPHM 4CHMII-
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TOTHYHO pelleHHe Ha omepatopa P*, KoHTO e OT chneuuaneH TH. 3a Ta3u LeJ
e Heo6XOMHMMO Ja M3NOJ3yBame pesyatature Ha Dboru u Bpesuc, csbpsanu ¢
MHBADHAHTHOCTTA Ha MHOXXECTBA NOJX JeHCTBHETO Ha BEeKTOpHO noJse. Tesw
pe3y/]TaTH HIpasT OCHOBHA POJid Npu Merojga Ha Moiiep, KOHTO H3NOJ3yBaMe
3a MOCTPOsSIBaHE HAa TBHPCEHOTO ACHMNTOTHYHO peluedne. OrpaHnyaBame ce
camo ¢ (OpPMyJHPAHETO MM, TBH KaTo NoApoOHOTO HM [0Ka3aTe/ACTBO Ce€ Ha-
mupa B [2, c. 78—80].

Heka X e C2-mHoroo6pasue U F(CX e 3aTBOpPEHO MNOAMHOMXECTBO Ha X,
a v(x) e aumuMUOBO BekTOopHO mose B X. TpabBa na omnpenenum ycaoBHATA
KOMTO U Tps6Ba Za yAOBJIeTBODSBAa, 3a Ja MOraT HHTErpajHHTe KPHBH Ha NO-
JeTO, 3all0YBalld B F, Ja ocTaHAT TaM 3a BcAKo BpeMe, ciexsau(o f. Axo F~
BMa TafiKka TpaHula, YCJIOBHETO € ¥ W BBbHIINATa HopMana n(x) kbM F na
CK/IOYBA BI'bJ, MO-roJsiM oT . 3a Ja ce M3NOJ3yBa TO3M Kpurepwii, e Heob-
XOJMHMO Ja ce HanpaBsT 0000INeHHs HA NOHATHETO BBHIIHA HOpPManaa KbM 3a-
TBOPEHO MHOXECTBO C MPOM3BOJHA T'PaHMIA.

Hedunuuus 3.1. MuoxectBoro N(F)={(x, §), Taka ye MoxeM 1a
namepum ¢yHukuus f¢ CY, f(x)=0, df=§ u f<0 B oxonHocT Ha x ¢ F }.

Axko g ¢ C', g(x)=dg(x)=0 u nonoxum f=f+g, 1o umame f<0 B Flx.
B cuna e

Teopema 3.2 (born). Hexa v(x) e JMNUIMIOBO HENPeK'bCHATO BEKTOPHO
none B X. ToraBa cnefHuTe ABE YC/AOBHf Ca €KBHBAJIEHTHH:

(a) Bcsika MHTErpasHia KpuBa Ha YDABHEHHETO x'(t)='v(x(t)), 0=t <T, 3a
kosito x(0) ¢ F, k'baero F € 3aTBOPEHO MHOMKECTBO, ce chAbpxka B [

(6) <v(x), n>=0 3a Bcaxa ABoika (x, n) ¢ N(F).

Teopemara Ha Donn HE y6exnaBa, ye BbBeJEHOTO 0000LIeHHE Ha NOHSA-
THETO BbHIIHA HOpPMajda KbM 3aTBOPEHO MHOXECTBO MMa CHBIIHMTE CBOHCTBA MO
OTHOILIEHHe Ha TOJMeTO ¥(X), KaKTO B cJyyash Ha 3aTBOPEHO MHOXECTBO C
raaaka rpanuna. ToraBa, kaTo 3ameHuM N(F) ¢ n(x), TBBpPLEHHETO Ha TeO-
pema 3.2 e oueBHIHO. 3a HalIMTe IEJH € BAXKHO CJEJACTBHETO, KOETO MOXeE
lla ce HampaBHM OT Teopemara Ha DoHu.

Cnencrere 3.3 (bpesuc). Heka g¢¢ CY(X), xbrero X e C?-MHoro-
o6pasue, H Heka ¥(X) € JHIIIHMLOBO BeKTOPHO moJse B X, TakoBa, ue 3a BCAKa
HHTerpasia kpuBa f{ — x(f) Ha ©(x) Aa e B cusa

(3.1) g(x(0)) <0 = g(x(£)=0, £>0.
Heka w e apyro C!-BekTOpHO mHoOJe, TakoBa, ue

(3.2) <w, grad, ¢ > <0, xorato ¢=0,
3.3) w=1v, Korato q¢=dq=0.

Torasa (3.1) ocraBa BanuaHo, ako Xx(f) ce 3aMeHH C HAKOH MNPONOPLHOHANHA
MHTerpaJHa KpHBa Ha .

Loxaszameacmsgo. Heka F e 3aTBopeHara oOBHBKA HA OOEAMHEHHETO HA
BCHYKHM OPOMTH Ha noJseTto v 3a £>0, 3amoyBamy OT TOUYKH, 3a KOUTO ¢(x)<0.
Ot (3.1) caenBa, ye ¢=<0 Bbpxy F u FD {3arBopeHara O0OBHBKA Ha MHOXe-
CTBOTO, KbreTO g <0}. Opbuture Ha v(x), 3anoysaumy B F, TpAabBa na ocTaBaTr
B F. Axo (x, ) € N(F), To x € OF = ¢g(x)=0. Ako grad ¢(x)+0, Torasa F
€ OrpaHuHYeHa OT NOBLPXHHHATA ¢==0 B OKOJHOCT HAa X M § € INOJOXHTEe/IHO
4YHCJ/I0, KPATHO Ha dg(x) => <w, §> <0 cbraacHo ¢ (3.2). Ako dg(x)=0, To or
(3.3) caensa, ve <w(x), E>=0. [Tonyunxme, ye w(x) YyIOBJAETOBpsBA YCJIO-
Bue (6) Ha Teopema 3.2 M caegoBaTeJHO YAOBJAETBOpsBa H Yycaosue (a). C
TOBA CAENCTBHETO € JOKA3aHO.
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§ 4. PAKTOPH3ALUSA HA ONEPATOPA P

3a BbBeneHuss B § 1 knac or oneparopu [lonuaHoB (3] noka3Ba, ye
Te MOraT JAa O6bJAaT (HaKTOPH3UPAHH HA NPOH3BEAEHHT OT IL A. 0. OT IJIABEH
THI, KOHTO C€ H3cJaeABaT MooTHAeTHO. B T03M maparpad H3mos3yBame HIesATa
3a (pakTopH3auUMATA, KATO CJeJBaMe CXe€Mara, M3JoXeHa B [1], U g npuiarame
HIH MHKDOJIOKaJHO, WM B MaJKa KOHHYHA OKOJIHOCT HA KOMNaKTeH 6uxapakTe-
pHcTHYeH uHTepBas. Heka P ¢ L2211 (J) ynoBneTBOpsBa MNPEANOJNOXKEHHATA Ha
teopemMa 1.2°, T. e. chulecTByBa OuxapakTepucTuka y(p, £), BBPXY KOSATO
Img,(x, £) cmeHs 3Haka cu npu HapacTtBaHeto Ha f. Heka a u b ca ra-
KHMBa, ye

sgnIm g, (v (o, @))FSgnlm g, (v(po, 5))-

Hait-nanpen onpenensiMe OKOJHOCTTa, B KOATO (pakTopuaupame P.3a Ta3u uen
NpaBHM pa3nukaTa (b—a) Bb3MOXKHO HaH-Manka. be3 orpannuenne Ha OGIHOCTTA
MOXeM Ja cyHTaMe, ye OHXapaKTEepPUCTHYHHAT HHTepBal ¥ (g, £) € OTBOpPEH, T. €.
u3o6paxkeHneTo £ — v (g, £), £ € [a, b], € uHEKTHBHO.

Kakto B [2], nomarame L(p)=inf{t—s, a < s<i<b; Imgq;(y(p, 5)) 1
Imq,(y(p, £) uMaT pasnuuHu 3HauM H p € OJM3KO N0 p,, a Y(p, £) € HyJesara
6uxapakTepucTHka npe3 p € I}

OsnauaBame ¢ L, noanata rpanuua Ha L (p) 33 p — g, 32 J0OCTaTbyHO
Malko €>0 MoOXeM Ja HaMepHM TakaBa OTBODeHa OKOJHOCT V. Ha p° ¢ pas-
MepHocT 2n—2, V,CX u diam V,<e, ue L(p)>L,—¢/2 B V.. llle or6enexnm,
ue p, H p He JexaT Ha eJHa OMXapakTepHCTMKA. 3a HAkoe p, €V, u s,
t. (a<s,<t,<b) umame t,—s.<Ly+e/2 u lmq,(v(p., S.)) u Imq(v(p, £)) umar
pasnuynyu 3Hauu. OTTYK 3akjaiousame, ye Img,(y(p, f)) ¥ BCcHYKHTE M NPOU3-
BOJHH MO HanpaBiaeHus ot V, TpabBa ja ce aHyaupaTr B Toukara 7(p, f), ako
s, +e<t<t,—e. H3bupame peauuara e, — 0, TakaBa, ye lims, = a,, lim £,= by,
Ly=b,—a, u Im qg‘gg) (Y (poy2))=0, a,<t<by 3a BcAKa [BOHKA MYJTHHHAEKCH
« 4 § C H3K/JIUYCHHe HA HANpPaBJIEHMETO, TpaHcBep3aiHo Ha X. O3HauaBame
Fo=1{¥po, t); ay<t<b,}, kato I'y Moxe na GbAe TOYKA OT T HWJIH KOMIAKTEH
OGuxapakTepucTHYeH HHTepBaJ. B okoanocT na Iy usebpiuiBame (axropusanus.
Toit kaTo MOXeM Ja WH3BJEeYeM €JHO3HaYeH KBalxpaTeH KopeH oT ¢,(x, &) B
JNOCTaT’huHO Manka okoaHocT I Ha I'y To B cuna e

Teopema 4.1, Heka P¢ [*1 (Z) u P ynosnerBopsia ycaoBueto (A)

or § 1 B xOHHYHa OKonHOCT Ha npoekuuara [, va [, Bepxy S*(X). Torasa
cbitecTByBar oxosHoct VO, u  QyHkuum pie) u pi(e (e V, pi=p
pi=yJ—q,(x, £)), KOHTO ca rnaJKH KOpeHW Ha ¢; BbB V. OcBen TOBa cblle-
cTByBaT KoHuu#a oOkoxHocT [' Ha [ w m & o. SV (x, D) cbc cuMBoIM OT
cTenmen Ha xomoresHoct 1—jf2 (j=1, 2,...; v=1, 2), TakuBa, ye

2

(4.1) Pix, D-T] [p(x, D)+ 3 89 (x, D)| €L=(n),
v=1 j=1 )
(4.2) $V(x, B)=—e)—qi(x, E), (x, ©) €T, &=(—1).

Ha mokasatencTBoTO Ha Teopemara HsMma 1a ce cnupame. M Taka HMmame
KoHHyHa oxosHocT I Ha [y U cHMBOJMH SS?) (x, £), nmebunupann B [, mu
S9x, ) =142 §§. OsnauaBame S,(x, E) =/ —4.(x, &). Tbit KaTo 3Haem noBeje-
HueTo Ha ¢,(x, §) B T, H3caenBame cBoiicTBaTa Ha S, (x, §) B cblus KoHYC.
Hmame
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V=40 §=(-Reqr—ilm g)'*—(— Reql)”[m(n)xgl

+0({1m g, |y

B MaJKa KOHM4Ha okonHocT Ha [, Cmsrame, ue Regq,<0. CrepoBarenHo

Im}) —g,=Im S,(x, £) npoMens 3HaKa cu TOraBa M camo TOraBa, KOTaTo UPO-
meHsi 3Haka cH Im g, (x, ).

BEPXY Y(por #) 3RAKET Ha Img, (7(p,, £)), pecn. suaksr #a Im Sy (1(pe )
ce CMeHs caMo Mo oOfpejles el HAYHH OT + Ha — WAH OT — Ha +, 3a1ouy-
BaHKH CBC CTOHHOCTH, OJM3KH 10 4, ¥ CBBPUIBAHKH CHC CTOHHOCTH, OJN3KH
10 b, 3a omeparopa P umame

(4.3) P(x, D)=(P,Py)ymod L—= (I")=(p(x, D)—S(x, D)
+R{(x, D))(p(x, D)+ S;(x, D)+ R2(x, D))mod L—=(/"),

KbaeTo P; u P, ca or raaBer Tun. [lonos [1] wuanara noLpoOHO HAuMHA, MO
KOATO MOXe [a ce ONMpPOCTH BHABT Ha HIKOHW OT onepatopure P, wid P, B
KOHHYHA OKOJHOCT Ha Touka oT 7Y(AX)\O. Bes ocobeHH M3MeHeHMs Ta3h cxema
(yHKUHOHHpPA H B OKOJHOCT Ha [, He3aBuCHMMO Jaj¥ TS € TOYKA HIU KOM-
naKkTeH OHXapaKTepHCTHYeH HHTepBaJl.

[To-HaTtaTbk ompejesnsMe BHAA HA OlepaTopa

P,:p(xa D)+ S, (x, D)+R§(x, D).

Hafi-Hanpen B P, npaBUM KAaHOHWYHA XOMOT€HHa CMSHA Ha NPOMEHJHUBHTE,
npuBexjama p(x, £) B n,. Tb# kato P, e or raaBed Tun 0J:p(x, £)F0 B
OKOJHOCT Ha [, MOXeM Ja cuhTame, ye TaM O, p(x, E)+0.

Boopeks ye KaHOHHUYHATA CMsiHA HA IPOMEH/JMBHTE HMa MHKPOJOKATEH
XapakTep, B cayyas TS MOXe Ja ce peasusdpa B okoasocT Ha [, korarto I'y
e OTBOpeH OHxapakTepHCTHYEH WHTepBan. T'bpceHaTa cMsiHAa Ha MPOMEHJIHBHTE
ce OCBhINECTBSiBA C YMHOXaBaHeTo Ha P, ¢ KaHoHW4YeH M. 0. ®. (uHTerpajes
onepatop #Ha Pypue) c xomoressa (asoBa (GYHKUHS Y H NO3UTHBEH CHMBO.L
dyHKIHATA Y HAMHpaMe KaTo pelleHHe Ha 3afauara #Ha Koumw

p(x, 4’:: (x) 72))= -

(4.4) ‘
P(x, P=<x, n> BBPXy V..

3a mMaisko e>0 3amavaTa MMa €IMHCTBEHO pelleHHe B OKOJHOCT Ha OHxapak-
TepHCTHKATA Y(p o, £), @p=t=b, u yMHOKABaHeTo na oneparopa P,(x, D) c
$(x, D) OTASICHO IO NpHBE}KAAa BBB BHIA D1+S (x, D) + R2 (x, D). Tlpu
CMsiHA HA NPOMEH/JMBUTE OHXapaKTepUCTHKATa Y(p, f) MpeMHHABA B mpaBara
(¢, xo, 0, &), x=(xy, x'), E=(E,, £'). Be3 orpanuyenyue Ha OOI[HOCTTA L€ CUH-
Tame, ye xo' =0, §'=(0, 0,..., O, I).

CeofictBoTo Img, Za cH cMeHs 3HaKa 1O ONpeleieH HAYHH BBPXy Ouxa-
paKTepHcTHKaTa Y(p, f) ce 3anassa 3a Im S, (¢, 0, 0, &), korato @, — & < ¢
<b,+8& (3 e ManKo MOJIOXHTEJIHO yucJa0). KaTo H3monsyBaMe mMoAroTBHTENHATA
TeopeMa Ha MaarpaHx, MOXEM Ja CYHTaMe, Ye B OKOJHOCT HA [y CHMBOABT

S:1(x, §) xe 3aBucu ot &,. M HaucTHHA MOXKEM Ja HaMepPHM TaKbB EJHIITHYEH
n A o. B, ue

(D, +S, (x, D)+RY) B—(D,+S(x, D')+R,(x, D))¢ L—=.
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KaTo yMHOXHMM c moxaxoasui m. A. 0. A ¢ NO3WTHBEH CHMBOJ, I0Jy4YaBaMme
(D,+S(x, D')+R)A=A(D,+S(x, D') mod L—=.

Caensamara c¢TbhKa € MOCTPOABAHETO HA HEXOMOIeHHAa KaHOHMuHa TpaHcdop-
Malis B OKOJHOCT Ha [y, Kosito mnpuBexAa P, B OKOHuaTeNHHs yna00eH 3a
npecMsitane BHJA. Vickame HexoMoreHHaTa KaHOHHYHa Tpancdopmaumsa x:(x, £)
€F —>(y, DER™O0 na e rakaBa, ue &, + Re S(x, &) = n. OcBen TOBa

HCKaMe '
n(x :E):E+ O( ; E’ |”2)'

y(x, O=x+40(¢ 2.

B cuna e
Teopema 42. 3a BBBeIEHOTO MHOXECTBO [, cbllecTByBa KOHHYHA
oKko/HOcT ' M KAHOHMYHA HEXOMOT€HHA CMfHA HA CHMIVIEKTHYHUTE IIpO-
MeHJMBH
%x: I — R¥"\0,
38 KOATO

Y(x, E)=x+g(x, ) n(x, H=E+4(x, E);

¢GyHkuuuTe g ¥ A ca or kaaca C® M ca XOMOTEHHH OT CTENEHH CbOTBETHO
—1/2 11/2 u n,=E,+Re S(x, &) 3a Besaxo (x, &) ¢ .

Loxasameacmso. Tlonarame =n,=§,+ReS(x, &) Tam, xbaero ToBa pa-
BeHCTBO ¢ JedunupaH€o (T. e. B oxoaHocT Ha [y). [loctposBame cuMnaex-
THYHH KoopauHaTH (¥(x, §), n(x, §)), uan Bce enno dyHkuud yi(x, &), 7;(x, §)
¢ C* u Takusa, 4e {y, y,}—O {_y,, nj}=6,.j. {n» m7}=0. C {.,.} e o3HaueHa
ckobKaTa Ha [Toacon. 3acera h,=Re S(x, £), nepunupana B I, Taka ue 7, =&,
+h(x, §). Ocrananure QyHKUUn 7; onpeaeasMe MO pPeKYpeHTeH I'bT. AKO
NPedNo/OXKHM, Y€ CME IOCTDOHAH 1y, ... Yg_1, 33 g MoJydaBame {y,
g1 (%, §)=0, 1=s=¢q, w11 Bce eaHO

0=Cth:(x, §), Eathy(x, E’)}z—d_g' hy+{h, kq}—%th.

Cmarame h; 3a xoMoreHHH ot crened 1/2. Cnen npupaBHsABaHe HA CBHOTBET-
HUTE CTEMeHH Ha XOMOreHHOCT IoJyyaBaMe

u I

(4'5) E)"‘"' h (xl E)’ S:L'-'n q—lr (x) E)Gr

OueBunHo cuctemara (4.5) e mpeompeneseHa M MMa pelleHxHe TOraBa H
caMO TOraBa, KOTraTo

0? 0? -
ox ax h ( Xy E) a a hl(xl E)! IESI lé‘?“l

ToBa paseHcTBO e mpako caeacTBHe OT {n;, 7} (x, §)=0, 1=<s, I<g—1. Cne-
JNOBaTeJHO cHcTeMmaTa (4.5) mpuTekaBa pelleHye

q—1 :
h(x, &)= gl' By ..y 0, 2 Xypypen Xa; E) dt.
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[lo To3n naymu onpeneasme 7y (x, §') B ZOCTaTBYHO MANKA KOHHYHA OKOAHOCT
Ha [y, cTHra max, ( xs|-+&\ § —E& )<e. [loctpossame cbmo yix, §), Taka

ve {y,, v}=0, {5, vi}-=8. Crenopate.1Ho uMaMe BpPB3IKHTE

53-‘ ::{Es+h$(xr E’)' XI+gI (xi g')} =63.l '4-'6?“‘81—6&; k&‘_i"{ha: gl}:

{-V-*‘v ,Vl}={x,+ &:(x, E‘): x1+gi{x, E’)}:(;Z;gl - (;Zl gs+{gs' g’}

¥ QyHkuuuTe g, ca xomorewnu ot crened —1/2. Cnex npupaBHsiBane Ha une-
HOBETE OT €[HaKBa CTEMNEH Ha XOMOTEHHOCT HamHpame

di &(x, §) —= ag, hix, &), s=1,2,., n,
(4.6)

0 , 0 ,
o, & (x, E)=BEI' g (x &) s=nn—1,.., [+

CHcTeMaTa CBIIO € npeponpeneneHa H € pal3peliHMa TOraea H caM0O Torasa,
KOrato ca H3NbLJAHEHH paBeHCTBATa

d 0
azfs:ai, fqo lésl qéﬂ.

é ., 0 .
X S = o, S 1555m Iri=gsn,

oh,

a ,, 9 _0 . 0&s
a-E-;f, _—aE—, f,,,l-l-lés, qénrfs—ael’ fs

B dEl.

lNpoBepkaTa Ha TAa3HW CHUCTeMa pPaBEHCTBA C/elBa HEMNOCPEACTBEHO OT HH-
AYKTHBHOTO TNpEANONOXKeHHe, Taka ue pewmenneto Ha (4.6) ce naBa c ¢op-
MyJaaTa

8i (xv E')=Z f f:f (Ov' " tn Xsi10 2o Xn | E,) dt
s=1 d

n
b

$s
+ A'—’I [fs’ (0! Ez,--., E;—ls t. O.---, 0) dt.

s= I+

He e Tpyano ma ce 3abenexu, ve gi(x, Af)=A"'2g(x, §'). C ToBa Tpanc-
dopmaunsTa x € TOuHO onpenenena. O3nauasame ¢ x—( y(x, §), 1 (x, g)) — (x, £)

9.6pa'rHoro H3obpaxenne Ha x. CoburectByBat raaaku GyHxkuuH g;(y, 7)) n

k;(y, 7') OT cTemeHM Ha XOMOFeHHOCT CBOTBeTHO — jf/2 H 1 — j/2, 3a
KOHTO
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N
(3 )=y —2 &y, 1) € SN+vR ([ RY,
(4.7) J=1

N
G ) =0 — 2 ROy o) € ST OR T R,

Hauctuha, ako 3amecTum (4.7) B paBeHcTBaTa 3a y H 7, Nnoayvasame
N-!-‘lh' N:i;l - Nf—vl -
y=.v+1él &1( n’)+g(.1’+j%l £ vz'+él @,).

N+l N+l N+1
ﬂ=n+1%l Ry (I 1!1’)+h(y+jél & n’+j§ h,).

Ako pasBuem g u /% no ¢gopmynara Ha TeRlnbp okono Toukara (y, n) A0 N-Tua
Yl€H H NPHPABHHM Y/MEHOBETE OT €IHA W C’bllla CTENeH Ha XOMOrEHHOCT, To-
Nyuyapame

&Y, MN=L(y, 7' El-“'i El—li zn---. 71'1—1);
;Zj(y! 7]')=L2(,V- n’; Ell"‘] "}-‘; z“--., Ej—'l)l

KbieTo L, u L, ca u3BecTHH QPYHKUHH. JlecHO ce B3, Ye g H k;caXomo-
TeHHH OT CHOTBETHMTE cTemeHH 332 JSN H gy € S,—.g"'“llz, Ryt ES,'.‘(,‘”“”’-
B omepatopa D,+4S(x, D) npaBAM KaHOHHYHA CMsiHa Ha NPOMEHJIHBHTE x
KOITO OCBUECTBABAME C YMHOXEHHE Ha KAHOHWYEH W. 0. P. C HEXOMOreHHa,
¢da3oBa ¢pynxuna (x, ), kvaero (x, §) ¢ I, nopaxpawa ». CbraacHo Teope-
mMata Ha EropoB cbulecTByBa n. A. 0. Q TaxbB, ye

(Dy+S8(x, D) =D Q¢ L—= (D).

3a cuMBOaa Ha Q HMaMe MOAXOASINA acMMNTOTHYHA GOpMyna, KATO HEroBHTE
uieHoBe ca oT Buaa Dide(§,+S(x, E’))ix=x( B )

' E"E(y: )

Kato 3amectum u3pasure (4.7) BbB ¢opmysaTa 3a cumMBosa Ha Q M pa3sHeM
BCeKHM uJeH B pel Ha Tellamp oxono Toukara (y, 7), 3a cHMBOMa Ha Q no-
nyyasame

Ay, D=n+11m S(y, n’)+tj.}: a, (¥, ¥)+rvee (3 0,

KbIeTO @iy, 1) A4 XOMOTEHHHM CHMBOH OT cTemeH —jf2 B ry+1(y, 7).
=0(|n,—W+1732), (y, 7) e B HAKOA' OKONKOCT Ha [,

H Ttaka noxasaxme, ye onepatopure oT knaaca [»!!(Z) morat aa ce npea-
CTaBAT C TOYHOCT A0 YMHOMeEHHe Ha CJUNTHYHH KAHOHHYHH M. 0. P. KaTo
NPOH3BEEHHE OT OMNEPaTOPH OT IJAaBEH THN € JOCTAaTBbYHO OMNPOCTEHH
CHMBOJIH.

§ 5. NOCTPOABAHE HA ACUMIITOTHYHO PEILIEHUE HA YPABHEHHETO P*v=0

Heka 3a onepatopa P(x, D)=p(x, D)2 +¢,(x, D)+py+... ca H3nBIHEHHU
npeAnonoXKexHsaTa Ha Teopema 1,2'. Pasrnexname onepatopa P*. Ot cBoii-
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cTBaTa Ha BbBBEJEHHA B Haya’aoTo kaac 0. A. o. Lz (Z) caeapa, uye
P*¢ L2 (Z). He e Tpyano aa ce 3abeaexu, 4e¢ P* cbllo H3NBAHABA YCJIO-
BuATa Ha Teopema 1.2. ToraBa 3a kaHoHuwyHa okoaHocT I' ma [y (§ 4)
UMame

P*x, D)—P,'P, = P*(x, D)—(p(x, D)—S(x, D)+R})
x{p(x, DY4-S(x, D)+ R2) ¢ L=,

Bunaru Moxem na u3bGepem S'(x, ') Ttaka, ye ImS (y(po, £)) Za cH cMenn
3HaKa OT + Ha — 3a [, MEHAIIO ce OT CTOHNOCTH, 6AH3KH A0 @, 0O CTOMH-
HOCTH, 6/m3kH 10 b, CbluecTByBaT n. 4. 0. (§ 4) B u A, xkaHoHmyeH H. 0. .
W u KanoHuyer H. o. . O, Takupa, ye

Piy =P*BAT® = P, d—"W™1A (D, +11m S'(y, D)

N.
+i XM aly, DY+Ry,+1) mod L™=,
j=0

AKO 03HayuM ¢ Y npoekuwara Ha I’ no npoMeH/HBHTE X, TO 33 BCAKO
vEN e B cuna P v~ [Pv|w 338 v€C(D).

Cxemara, KOATO H3NOA3yBaMe, e cjefHaTa: Jonyckame, ye P e nokajaHO pa3-
PellinM, clel0BaTe/HO TOA e paspeluHM B OKOMHOCT Ha npoekiuata Ha [, mo
NpPOMEHJHBHTE x H 32 omepatopa P e u3nbianeHa (2.4). AKO HaMepuM acHMI.-
ToTHYHO pewenre v € C(Y) va Pv=0, To HHe MOxeM na onposepraeM (2.4),
a OTTaM M JoOkaJHata paspewnmocT Ha P(x, D). C toBa Teopema 1.2' me
6bae noka3aHa. 3a HamMupaHe Ha acHMNTOTHYHO peuresHe Ha P'y=0 unanon-
ayBame MeroZa Ha Moilep, 3a npunaraseTo Ha ko#ito HMame HeoGxoanMara
NoAroToBKa. 3a onepatropa P’ THpPcHM (YHKUMA ¥, (f, X) OT BHAA

6.1) n(t, X)=exp(I<d(t, %) Jf’ ot ),
=0

KBAETO C £ cM€é 3aMeHMIH x;, a ¢ x — x'; dyuxuunre ¢; ¢ C° (Y) ca ¢ Manku
HOCHTe/IH; T — o0 e ToAAM napaMeTbp. [locTpossame Qyukuuata P Taka, ye
Im® (¢, x)=0, kato paBeHCTBO ce AOCTHra caM0 B HAKOH TOYKH, a BBH OT
UKCHPaH KOMNaKT WMaMe cTporo HepaBenéTBo. Mckame 3a Besiko duKCHpaHo
Ny€Z+* na e B cuina Pu,=0(z'™¥). 3a ToBa ¢ NOCTAaTBYHO

Ne
(5.2) [D+ilm S’ (¢, x, D)+i 3 a, (¢, x, D)+Rn .\ (¢, x, D)
J=1

X0, X)=0(TM).

flcHo e, ye axko (ukcupame N, moxem Aa H3b6epem N, TONKOBa roaAMO
ye na npeHeGpersem oneparopa R,.(f, x, D) B (5.2). 3anourame na cTpouM
acHMNTOTHYHO pelueHHe oT BuAa (5.1). Pynkumsara P (£, x) TrpcHM BBLB BHAA
b=x,+1-12¢,({, x). Ot (5.2) ycranopsiBame, ye ¢ynxuuara ¢ yaoBaeTBopaBa
YpaBHEHHETO Ha efKoHana

5.3) 'a(:' Ot x) —iS (t, x, gé’)=o

66



(3a Tasn Uen nNpupaBHABaMEé Ha HyJa KoeduuueHTa npeld t'2 B acCHMNTOTHY-

HOTO pa3BuTHe Ha (5.2)). ToBa ypaBHeHHe e eKBHBAJIEHTHO Ha YpaBHe-
HUeTO

. od o} _
5.3) ke if(t %G ) , f=—S.
CrenoBaTesnHO NpH ABHXKEHWE 10 GUXAaPaKTEPUCTHKHTE HA [JIaBHUA CHMBOJ Ha
P ¢yukuuaTa f cH cMeHs 3HaKa OT -- Ha -+ 3a BcAka Toyka (x, §') 6auako

ao (0, £°. PasrnexaaMe no-cOXHNA cAayya#, korato oT fm=0=> d}; =08

okoaHocT Ha [y (2,c. 83)). Tovpcum & (£, x) taxkasa, ye Im P (4, x) na e cTporo
H3M'bKHaMa QYHKUMA NO x 32 BCAKO f, PHKCHPAHO B CBHOTBETHHTE OKOJIHOCTH.
C apyrn nymH, MOXeM 1a HaMepuM rJalka KpuBa x=y(f), BBPXY KOATO
Im®(f, x) nocTura cTPOr MHHHMYM, T. €,

9 Im P(f, x)=0 3a x=: y(f).

ox
ToBa Hu noackaspa na TbpcHM npubamieno peienue Ha (5.3") oT BHIa
(5.4) P, x)=AD) + <x—y(t), n(H)>
+ X @) (x—y O all.
2S5 a =M

Axo matpHuata Im®,” e nosntuBHO neduHuTHA, ToraBa Im P uma cTpor

MHHAMYM 33 X = y(t), KaTo ¢yuxuuﬂ Ha NpoMeHJuBHTE X; 7(f) ¢ peanHo3HayHa,
Bbpxy x=y(f) nmame

(©) A (D)= <y O, wt)>+ift, Yt} 2D).

OtTyk Moxem na onpeseanm A (f), ako Hamepum y (£) n 7 (¢). B vacr-
HOCT

©) 1m A()=1t, 30, 14D,

A0 f cmeHs 3HaKa CH OT — Ha +, Torasa Im A(f) nMa MHHHMYM BBB Bb-
TPelllHa TOYKa.

Hawara uea e na yaosserBopuM (5.3') npubausurenio ¢ rpeiika oT
nopaabka O (!x—y(¢f) M+!). oynkunata f(¢f, x, §') wne e npedunnpauna
3a KOMIJeKCHM CTOfiHOcTH Ha §, WO cBraacko ¢opmynata Ha Teilnnp
HmMame

d?c P, )= ()= Pq;(£) (x—y () ol
J a

Ot npyra cTpana,
M+1
ﬁISM
MoHexe dynkuuata fP (¢, x, 7(f)) e mobpe nedmmrpaua M Beye H3pasuxme

ox UPes y(f) u n(f), moxxem na onpeaenum f(£, x, £') 32 KOMINEKCHH CTOH-
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HocTH Ha &' ¢ rpewka ot nopaabka QO(:x — y(¢) M*!). Hayucnapame

gg_’:A’(t)— <y, n>+<x—y, 7>+ VI (x—y)/ gil—=N N (x—y)r
- k-1 15l =M

XD, «0ys/0t] a |.Taka nonyyenure d®/ot u f(¢, x,0d/dx) 3amecTBame B (5.3)

H NpupaBHsABaMe cTeneHWTe mnpeld (x—y(£))*. 3a uneHa OT NbPBH pPen Ha-

MHpaMe

d d _ .
(1) FZJ - Dju () j_;k =1 [ﬁi) GLysm+ Y fO &, v, n) Pkl .
k K

Tbit KaTo y ¥ 7 ca peanHH, NOJAy4yaBaMC CJAEAHATa CHCTEMA OT 21 ypPaBHEHWHA
C 2n HeU3BeCTHH:

d : 4 -
a?" - Reduu(®) —j;—" = Im P © 19, y, v,
(1)
d
X Im (&) = —forlt, 3, W= 37 Re @) SO L, y, )
% k

j=1, 2..., n.

Korato Im @, e nosuTsBHO INedHHHTHA (BHHATH CMe B ChCTOSHME 1A A
HampaBMM TaKaBa 32 MaJKu [), MOXKeM Ia peluuM YypaBHeHuATa 3a dy/dl H
dn/dt. B Toukure, 3a KOMTO f=df=0, ¢ n3nbineno dy/dt=dn/dt=0. 3a
2= a £M or (5.3') HaMnupaMe ypaBHEHHATA

oo : .
(a) 'at"': -3’ d’a.kdyk/dt:Fa (tv I {¢3})! iﬁ'é §0.5+1,

s
k

KbAeTo F, e AuHeliHa KOMOMHAUWA OT NMPOH3BOAHM Ha f oT pen =|&’, ymHo-
XeHa ¢ noauHoMH Ha b B = a +1 (32 @, SM cymara B anBara CTpaHa
Ha (@) nponyckame). YpaeHenusta (1), (1'), (z) ob6pasysar KBa3HAHHEHHA CHC-
CTEMAa C TOJNKOBA HEM3BECTHH, KOJIKOTO e H TeXHHWAT OpOH, Taxa ue JOKasmHO
c’bllecTByBa pelleHde Ha 3agavara Ha Koww. [Tonexe f.(¢ 0, £9)=0 sa
a,<t<b, pasrnexgasata cHcteMa HMa pewenne YW)=0, n()=0, ¢,=0.
CnenoBateaHo MoxeM Ja HamepuM ¢ >0 TakoBa, uye ypaBHeHHaTa (1) u (@) ¢
HayaJHH YCJAOBHA

(55) °J.k=taj.kn ¢,=0, 2<.¢_§M! t=(a0+b0)lzs
(5.6) y=x, n=§, t=(8o+bo)/2

Ia NPUTEXABaT eAHHCTBEHO pelleHUe B HHTepBana (a,—e, by+¢) npu yc.1oBHe
ve -x'+ §'/€ —%, <e. Ocpen ToBa Marpuuara (Im®P;.—8,x/2);, , € noau-
TuBHo JAedunuTHA H u3o6pamenueto (x, § 1) —(y, 7, £), & =t =b’, xaro
@ =a,—5, b'=b,+8, e nubeomopduarm. Hexka X, e o6paant ma {Ixi+E'/|E
—E® <e} non aefictBHeTO HMa Taka meduHMpaHOTO H3oGpaxkeHue, a v e obpa-
3BT Ha J/0! upe3 cBIOTO H306paKeHHe. TaKa HampuMep ¥ € TaHTeHLUHATHO
BEKTOPHO M0JI€ K'bM MHTErpajHHTe KpHUBH y(£), 7(f), 3aumoTo 0/0f e TaHreHLUHaAHO
Ha ocTa [ Otbennspame, ye v=d/0f npu df=0. Twit xato Beue mnpeanono-
*KHxMme, ye oT f=0 cregsa dffdf<Q B X, 3a € AOCTATBYHO MATKO, MOXEM Ha
NPUMIOKHM CaeAcTBHe 3.3 nNpu ¢=Jf, BeKTODHO mone v U w=d/dt. Topa e
OCHOBHHAT MOMEHT B MeToZa Ha Moilep. 3ak/ioueHneTo e, 4e f HMa cMsiHA Ha
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3HaKa OT — Ha -+ BBPXY HHTerpanHuTe KkpuBd Ha v B X, HaucTHHa, ako
AONyCHEM NEOTHBHOTO, caeaBa, uwe fif, x, §') He Ou wMana cMAHa Ha 3Haka
OT — Ha + B X, 3a pacTamM CcTOHHOCTH Ha ¢ ¥ (ukcupann (x, §), koero
MPOTHBOPEYH Ha AOMYyCKaHeTo.

Taka poxaszaxme

[Tpeanoxenue 5.1. Hexa H3HckBaHHATA HA Teopema 1.2' ca H3NBIHEHH

LIpY = 0 B okoanoct Ha [y, korato f=0. Torasa ¢bluecTByBAT

(!) xpuBa ¢ — (¢, y(¢), y(£)) € R*, a’St<¥', TonkoBa 6Gamzo po Iy, KOA-
KOTO € HeOoOXOIHMO.

(i) C=-dpyukuun @D,(2), 2L ¢ =M, ¢ matpuua (Im d;x—8&;4/2), xosTO €
NnoNOXHUTe/HO AeHHNTHA NPH @' SESH'.

({if) pynkuua A(f), 3a woaro ImA(£) 20, a'=<t<b’, Im A(a")>0, Im A(d)
>0 ulmA(c')=0 3a Hakoe ¢' ¢ (a’, b'), A(t) e dpopmanHo peluenne Ha (5.3) ¢
rpewka

O(x—-y(t) ¥:+1),
3a ga 3aBBpIIMM 10Ka3aTeJCTBOTO Ha TeopeMa 1.2, Tpa6Ba na pelunM

TPaHCMOPTHHTE ypaBHewus 3a ¢, (¢, x). [lpeanonarame, ue P (¢, x) ¢ C=(R"),
¢7€Cy (R?), Im® 20 B oTBOpero noaAMHOXecTBO Ha R”".

3a ¢pyskuma v, ot BHaa (5.1) e BaaraHA
Jlema 5.2. 3a Bcako nosoxutenHo yucho N¢EZ+t u 3a Beako t>1 e
B CHJa

(5.7) Vel =ctV, c=const>0.
Axo Im ®(f;, x0)=0, @o(fs, xo)F0 32 HAKOR Touka (£, x,) ¢ X, Toraea
(5.8) W=y = cv—m2—N,

OcBeH TOBa 32 BcAxka OKOAHOCT {J Ha MHOXECTBOTO
{do (¢, x); (¢, x)¢R?, ImP=0} u 3a BcAKO v HMaMme

(5.9) v sc(1+ € +iv)—, > 1, Ex €U

Or Im$=0 caeasa dIm®=0, TBii xato ImP = 0. JJokasaTeAcTBOTO Ha
AeMaTa HAMa Aa H3narame, ThH KaTo e Aameno B [2, c. 86—87).

Axo I' e KonycsT, moposer or MHoxecTBoTO {(x, £), dP(f, x); (x, 0
4 P supp ¢, Im®=0}, ot (5.9) caenpa, ye t*v,— 0 B D¢’ 3a Bcako & npm

1t — oo. CnenoBarenio A(tv,) -0 B C=(R"), ako A e n. A. 0. u singspec
ANT=. N naucTHHA 3HacM, ue

<ty ¢> = U 11 |Qjkn,

™o g Serkltk— 0,
T—=a0
CnenoBateauo, ako ¢ e (ukcupana ¢yrkumua ot CP, To
o, — 0 B D, Av,= [ e Ay, By, ()= 0GH)

3a Beako M, 3auoto 4 (x, §)= O(x—M) Tam, kbAero f;, () e namanapa 61bp3o.
Taka t*A(v;) — 0 B C*(R") 3a Beako k.
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H Ttaka npeanosnoxuxme, ye onepatopbT P e naokanrHo paspewium. [pu-
narame HepaBeHCTBO (2.4) KbM 7, KaTo A ¢ n. A. 0. u singspec AN =d.
Hmame o, _n=c1"*~N. Or Te3an cpobpaxeHus caenpa, ye . Av.'o=0(M)
32 BCAKO M M CcBWO U; _N-,2 cv—"—N—"2 (Chenosarenso, 3a ja onposep-
raeM oueHkara (2.4), Tpa6pa na u3bepem GyHKuuE ¢, 9o+0 BBpxy [, Ta-
KHBa, Ye [P lly) ~, P () = O(t—M), xorato N,>n/2+N. Kato npunoxum
B (5.2) dopmynaTa 3a aeHcTBHe Ha M. 4. 0. BBPXYy ocumaHpawa GyHkuusa c
komnnekcHa (asa [2, c. 87—88] u npHpaBuum cTenenure nped t'—#% Ha HyJa,
j=1,2,. .., lle NoJyunM yPaBKEHHeTO Ha eHKOHana TpH j=1, KOETO Beye pe-
IIWXMe, a 3a j=2 nosyyaBaMeé TPaHCMOPTHH YypaBHeHua. YnensT npen t'/2 e

(5.10) ((z;) — if (x. grad t‘b)) o™ ®.

3a dero &'®=0(exp (—ct'x—y(£)?), c=const > 0, a uaeHspT B cKobGHTe Ha

(5.10) e O(x—y(t) M) cpraacko ¢ nocrpoeHHeto. CneNOBATENHO NEAHAT

ynen npen t'2 e O(t—MiDR) OsnavaBame ¢ F(f, x, D) n. a. 0. cbC CHMBOJ

g, x, ¥) +i)a¢, x, £), kbaero N¢Z* e AOCTAaTBLYHO TOJAMO HMC.0, 2
J=1

(¢, x, §') e B Manka KoHMyHa OKosHOcT Ha [, Toraea 3a koeduuuenta npen

™ nosyyaBaMe YPaBHEHHETO

e [D, ¢, + by ng)( £ x, gf) Droo+c(2, x)9,) =0,
k

kpaero F® = 0§ if(¢, x, ), a c(f, x) 3aBuCH OT MAafILHTE CHMBOJH
Ha F, 3a ¢, umame

Po (¢, x)= 2:, Po.a (t)(x—y(t))“/ al+0 (lx_y:hh-l)'

laizM

Kaxto npu ypaBHenueTo Ha efixonana, nepuuupame F0 3a komnaexciu croii-

HOocTH Ha §' mnocpeactBoM ¢opmyaara Ha Tehnbp. [loayuaBame cHcTeMa JiH-
HeiHH AudepeHUUasHH YPaBHeHHS 32 (o, KOHTO peliaBaMe NPU HayalHH AaHHH
P00+ 0 BBpxy [, Ilo amanoruuen Hauu# nocTbNBaMe ¢ KoedMUHEHTHTE Ipen
=12, 11, ., Hamupaiika ¢; 3a j DocTaTbyHo roaamo Pv,=O('—M), Taka ye
| P04, )= Ot '—M). CnenmoBatenno HapyluiaBaMe HepaBeHCTBOTO (2.4), ako
H3bepeM N,>n/2-+-N+v+1. [losewe Moxem na onpeseauM N, B 3aBHCHMOCT
CaMo OT KOHCTaHTHTe B (2.4), cnhenBa, e M u N, ca HanbAHO JeHHHpAHH
ypes N.
C ToBa n0Ka/sHATa Hepa3pelUHMOCT Ha onepaTopa P € AoKa3aHa.
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ANNUAIRE DE L'UNIVERSITE DE SOFIA JKLIMENT OHRIDSKI"

2
FACULTE DE MATHEMATIQUES ET MECANIQUE
Tome 75 Livre | — Mathématiques 1981

AUTO-PARALLEL SUBMANIFOLDS OF A LINEARLY
CONNECTED MANIFOLD

' Detko Mitov |

|Zewxo MuT o8| Asronapamnemnbie noamuoroobpains Mmoroobpamm ¢
/mefinod CAYIHOCTHIO,

HcnonbaoBans! pacnpeleneBss CMeUHanbHEOrO TBU2 HA PACCAOCHHM NHHERHRWX
penepos MEOrooGpasun ¢ AuEeAHOA CBA3NHOCTLIO. KI3yyaercR cyluecTBOBABWE BWHTe-
rpanbHLE MBorooSpasufl sTuX pacnpenenenufl. Ilpoekusn HETerpassBuX MBOrooGpa-
MA ABAAKOTCA ABTONApaANeNbMLIMW NOAMEOroo6passAMu 6asoBoro MHOrooSpasus.
Hao6opor, kakaoe cBA3HEOE aBTONapanaeNsEOe MOAMEOroc6pasue MOAYWACTCR TAKHM
cnocoboM. B cayuse pexyppeBTHOCTH KpyueERASf M KpPHBHBHW RafileHHNe noCTa-
TOYBLIE YCAOBHA AN CYLIECTBOBAHHA ABTONapannenbHEWX noamEoroobpasmfl ympo-
1L3IOTeN.

|Detko Mito v Auto-parallel Submanifolds of a Linearly Connected Ma-
nifold. o

Distributions of speclal type are used on the bundie of linear frames of a
linearly connected manifold, The existence of their integral manifolds is Investi-
gated. The projections of the Integral manifolds are auto-parallel submanifolds of
the base manifold. Conversely, every connected auto-parallel submanifolds is ob-

talned in this way. When the torsion and the curvatwe are recurrent, the suffi-
clent conditions obtained for existence of auto-parallel submanifolds are sim-

plified.

The basic subobjects of the manifolds with torsion-free linear connec-
tion are the totally geodesic submanifolds (in fact, this is true for more
general linear connections). If we do not assume for the torsion to be zero,
then the basic subobjects are the auto-parallel submanifolds.In this sense the
present paper may be considered as an extension of [9].

PRELIMINARIES

All details concerning the contents of this section may be found in
[4, 5, 10). -.

Everywhere in the paper M will denote a connected r-dimensional C*
manifold with a linear connection y. We shall assume that n23.
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The matrix group GL(n, R) acts on R”; each a in GL(n, R) is a linear
isomorphism § — af of R". Each A in the Lie algebra gl(n, R) is a linear en-
domorphism of R” defined with the help of the 1-parameter subgroup
{a,}={exp(£4)} of A by

(1) Af =Uim (a§—E)/t.
1-0

g‘he adjoint representation of GL(n, R) in gl(s, R) will be denoted
y “ad®.

Let n: L(M) — M be the bundle of linear frames of M. The differen-
tial of = will also be denoted by n. The group GL(n, R) acts on L(M);
each a in GL(n, R) is a C~ mapping u — ua of L(M) onto L(M). The diffe-
rential of this mapping is R, and the induced mapping on the forms is Ra.
Let e,,..., e, be the natural basis of R Each # in L(M) is an n-tuple
(X - Xa) of linearly independent vectors in the tangent space 7,,M and
ean be identified with the linear isomorphism R* — T, M for which
ue =X, (i=1,..,n). )

The cenonical 1-form & is defined on L (M) by u¥(X)=nX for every
vector X in the tangent space T,(L(M)). For a in GL(n, R) we have

(2) R 0=a719.

If A¢gl(n, R), then the fundamental vector field A* is determined on
L(M) by the 1-parameter group of transtormations (, a;) — ua, with a,=exp
(tA). We have '

(3) [Ai, A2 ]=[A, Ag]* for A, and A, in gl(n, R).

"El’ze fundamental vector fields form an n3-dimensional vector R-space
(R%).

Let w be the connection I-form on L(M) and X ¢ T,(L(M)). The verti-
cal component of X is X =(w(X)): and the horizontal component of X is
hX=X—vX. For £ in R" the standard horizontal vector field B(§) is de-

fined by wa(B(§))=0 and ¥4(BE¢))=E on L (M) and has the following pro-
perties:

(4) R,B(€)=B(a—'%) for a in GL(n, R)

and nBE),=ut. In addition,

(%) [A* B()]=B(Af) for A in gl(n, R)

and if 7 is also in R7,

6) [BG), B)la="(wa([BE), BmD): + BOLBE), B)))a

The standard horizontal vector fields form an #-dimensional vector R-space
B (R").

Let £, o, T¢R” and u¢ L(M). For the curvature tensor field R we
have:

(7) R(uE, ux) (ul)= —u(ws([BE), Bm))K)
and for the torsion tensor field 7
(8) T(ak, un)=—u@(BE), Bm)).
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Now, let R be recurrent, i. e. R+0 and yR=R®p with a 1-form p on
M. For each fixed u there exists a C® function f with no zero on the ho-
lonomy bundle P(u) such that

9) YUBE), B(n)}]=SfA* on P(u),
where

(10) A=owu(BE), B(n).

Similarly, if T is recurrent i. e. T#0 and Vv 7=7T®rt, then
(11) HB(E), B(n)|=gB({) on Plu),
where

(12) §=3.(BE), Bm).

1. r~AUTO-PARALLEL DISTRIBUTIONS

Let 1<r<n and (§,,..., §,)be the subspace of R” spanned by the line-
arly independent vectors &,,..., §. We denote by B, the vector field B(§)
and by B(,,..., &) the subspace of B(R") spanned by B,,.., B, The vectors
(Bl)ll:"'l (B;)u Span a SUbSpace B(Elr‘"! Er)ll Of TH(L(M)) Let A(Ell"‘l Er) be
the maximal Lie subalgebra of gl(n, R) which sends (§,,..., £) into (§,,..., &)
by (1). It A,..., 4,, is a linear basis of A(,,.., §), then Ai..., A» span
a subspace A*¢,..., ) of A*R") and (A1)a..., (4¥)s span a subspace
A*(Ell"‘! Er)ﬂ of Tn(L(M))-

Definition 1. The distribution A(,,..., §,):

4 — BEy - §)a®@A*Eyy, E)a for all u in L(M)

is called r-auto-parallel

The above coincides with the definition of the r-geodesic distribution in
[9). Hence every r-auto-parallel distribution Is C=, -

The following characterizes the integrability of these distributions. (There
are inaccuracies in [3)).

Proposition 1.1. The r-auto-parallel distribution A(§,,..., §,) Is invo-
jutive if and only if

wu(lBh Bj]) E A(Elr Ll ] Er) aﬂd &ﬂ{[Bn B}]) E (Elr' °y Er)

for all # in L(M) and ¢, j from ] to r.

Proof. Since A(,,..., §) Is a Lie subalgebra, it follows that [As, A
¢ AE,,..., §)for £ from 1 to 7. Hence [A%, A7) €A, .., &) by (3). Using
(5), we conclude that [AX, B, ¢ A,,..., §) for £ from 1 to 7' and { from |
to r, because Ax¢ AE,, .., £). Therefore, by (6), A, .., §) is involutive if
and only if

(Bi, B)=N fxAv +2 g'B, for i, jirom 1 to r
k=t {=1
with C* functions f, g, hence if and only if
r r
wd([B,, B;)) = :L. fu)Ax and 34({B,, B;)= f_zl g'wE

for all 4 in L(M) and {, j trom 1 to r.
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The auto-paralle] submanifolds of a symmetric space were described by
Cartan (1] in terms of the Lie triple systems. A more general concept will
be used here.

Definition 2. A space B(,,..., §) is called a generalized Lie triple
system at « if

wu([B, B)) € AG,... £) and $.(B;, By)) € €y-- &)

for 4, j from 1 to r. If these conditions are satisfied for all u in a subset Q
of L(M), then B(,,., §,) is called a generalized Lie triple system on Q. If
Q=L(M), then B(,..., §,) is called a generalized Lie triple system.

Another formof this definition Is given in [6] and the generalizing of the
classical concept of Lie triple system is more transparent there.

Now Proposition 1.1 can be stated as follows.

Corollary 1.2. The r-auto-parallel distribution A (§,,..., §) is invo-
lutive if and only if B(,,..., £) is a generalized Lie triple system.

In general, the r-auto-parallel distributions are not involutive. The exist-
ence of their integral manifolds may be treated in terms of the generaliz-
ed Lie triple systems. Everywhere the dimension of the integral manifolds
of AE,,..., §,) will be supposed maximal, i.e. r+r'

Proposition 1.3. If N is an integral manifold of AG,,..., §), then
BE,,..., §) is a generalized Lie triple system on N. B

Proof. If €, 7 € §y-.., §), then B(§) and B(y) are tangent to N. Hence
[B®), B(n)] € AG,»-., E) on N. Consequently, w.([B(), B()] ¢ AE,».., §) and
$, ([B(E)n B (71)] € (Eb" ) Er) for all #in V.

We need an existence theorem. For all vector fields of the form

2> «B, where o ¢R, we denote by u(B,,.. B,) the set of all points of
i=1

their integral curves through u. Let u(B,,..., B,, A},..., A¥) be the same for

r r
12,' a'B;+ 2 A}, where o, B ¢ R. We denote by G(,,..., £) the connected
=] Jm=

Lie subgroup of GL(n, R) whose Lie ailgebra is A(,,..., §) and by (&, ..
u€,) the subspace of T,,M spanned by uE,..., uE. The following two re-
sults are proved in [9]) (Theorem 3.2 and Lemma there).

Theorem 1.4. Let A be an /-dimensional C= distribution on a C=
manifold AP, dim P=m>! and p(A) the set of all points of the integral
curves of all vector fields belonging to A through a point p of P. Let the
intersection Q of p(A) with a neighbourhood U of p be a submanifold of P.
Suppose that on Q

i
X X)= 3 f X0 tor i, j=1,.. |
=]

with C= functions f, where X,,..., X; is a local basis of A in U. Then there

exists a neighbourhood U*CU of p and local coordinates x,,..., x™ in U*
such that x!(p)=...=x"(p)=0 and U*NQ is an {(-dimensional integral mani-
fold of A determined by the equations x/+!=0,.., x™ ~0.

Lemma 15. Let v ¢ L(M), a ¢ GGE,,..., §) and {, j=1,., r. If w(B,
BJ]) € A(Elv"'l Er) then (D,,([B,-, BJD ¢ A(Elv--: Er)

We can now prove the following existence theorem.
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Theorem 1.6. Let z ¢ L(M) and B(,, .., £)be a generalized Lie triple
system on the intersection of u(B,,..., B,) with a neighbourhood U of wu.
Then there exists such a neighbourhood of 4 that its intersection with
u(B,,..., B, Ai,.., Ar) is an integral manifold of A(;,.., &)

Proof. Let A¢gl(n, R) and E ¢ R" There exist a2 neighbourhood V of u
and positive number e such that the local 1-parameter group of local trans-
formations

f‘E: V— L(M)

generated by A*+B (f) is defined for ¥ <e.Given compactsets K,Cgl(rn, R)
and K,CR”, we can choose V and e for all (4, £) ¢ K, X K, simultaneously,
because A*+ B(E) depends differentiably on (A, §). Hence there exist neigh-
bourhoods U, of # and V, of (0, 0) ¢ gl (7, R)XR”and a positive number &
such that ¢4+ is defined on U, for all (4, &) in V, and ¢ <148 The

mapping
P: (A4, §) — o)

of V, into L(M) is C=. We identify the vector space gl(n, R) with T, (gl
(n, R)), where 0 ¢ gi(n,R), as well as R*with T, R", where 0 ¢ R™ The differential
b, where 0 € gl (2, R)YDR”, is a linear isomorphism of gl(n, R\POR” =T 0 (gl
(n, R)XR") onto Tep0 (L(M)). Consequently, there exist open submanifolds
U, of L(M) containing « and V, of gl(n, R)>XR” containing (0,0) such that
& i Vyisadiffeomorphism onto Uy Let V;=d—U,NU)N(AEy, -+ E) X EspeiD))-
The submanifold Q =®(V,) of L(M) is the intersection of a neighbourhood of «
and u(B,,..., B, Ai,.., Av).Every point of Q is on the integral curve {7}
of some vector field A*+ B(E), wherev,=u, A ¢ AE,,.., §) and& € €. &)
Let {u;} be the horizontal lift of {={v,)} through u=w, There exists a
curve {a;}CGL(n, R) such that v,=wma, and a,=e, the unit of GL(r, R).
We have [4, p.69]:

w(v) =ad (a,—')u)(tlf)+a;':i,.
But w(tz;)=0 and w(v;)=w(A*+B(E))= A. Therefore in T.GL(n, R))
a7 'g;=A, and a,=e,

hence [4, c. 39] a;=exp (tA). Consequently, {a;} is in GG,,..., §), because
AeAE,, .., §). We assume U, such small, that for v, in Q the correspond-
ent #; be in U. Then u, is on the integral curve through z of some vector
field B(n) with 5 ¢ §,,..., §). By assumption B(,,..., §) is a generalized Lie
triple system at u,. The following lemma implies that B(,,..., §) is a gene-
ralized Lie triple system at 7, hence on Q. '

Lemma 1.7. Let v¢ L(M) and a ¢ G§,,..., §) If BEy,. ., &) is a gene-
ralized Lie triple system at o, then it is a generalized Lie triple sys-
tem at va.

Proof. By our assumption, &(B,, B;]) € §y..., &) for i, j from 1 to r.
Hence, by (2) and (4),

hal[Bi, B = (R M(B(a&), B(ag)))=a ' (3.(B(ak), B(ak))).

Consequently, &.(B, Bj}) € ..., &), because a € G(§,,.., §). By assump-
tion, w(B, B € AEy... §). Then, by Lemma 1.5, w..([B; B))) ¢ AEy».., &)
Lemma 1.7 is proved.
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To finish the proof of Theorem 1.6, use the basis B,,..., B,, Al,.., A%
of AGE,,..., §). For v in Q we have:

r

M (B, B = ;}. L@ Ak )+ (B, for i, j from 1 to r with C=

o
im

functions f.’;, g,f,, because o, ((B;, B;D¢A (§.., &) and &, (B, B,

€ &)

() [Ai, By = B (A;§) =2 ak(By), for i from 1 to 7' and j from 1 to
ket

r with zfj( R, in view of (6) and A, ¢ A¢,,..- &);

r
(i) (A7, Aj)=[A4, A)J*= T;: “(A%), for i, j from 1 to r' with B} ¢R, be-

cause A(§,,..., &) is a Lie subalgebra of gl(n, R). Now our assertion follows
from Theorem 1.4, since Q is the intersection of & neighbourhood of z and
u (A E). |

Let x¢ M and U, be a normal neighbourhood of x. For y in U, we
denote by 1, the linear isomorphism 7.(M) — 7,(M) realized by the parallel
displacement along the unique geodesic in U, joining x with y.

Proposition 1.8. The notation being as in Theorem 1.6, let x=mn(u),
X,=uf, and N be a totally geodesic at x submanifold such that 7, (N)
=(X)..., X;). Let U, be a normal neighbourhood of x for which U,N
= U, exp (X;,..., X,). Then B(,, .., &) is a generalized Lie triple system on
" Yuo)(\ulB,, .., B,) if and only if, for each y¢ U,NN and {, j from 1 to
r, the vector 7(z, X, %X,) is in (tyX,,..., 1,,X,) and the mapping R(z, X,
3 X)) o 1,: TM) — T (M) sends T (M) into (1,X,..., T,X,).

Proof. Let AL..., )" be real numbers and v be in the intersection of

nY(U,) with the integral curve ¢ of M A'B; through u. The space BG,,., £,)
fml

is & generalized Lie triple system at v if and only if T(¢§;, €)) € (2§, .., 7€,)
and R(vE;, v§)(7§) € (¢§,,..., ¥§,) for 4, j from 1 to r and € in (§,,..., §), by
virtue of (7) and (8). Let y=n(v) and X=uf. Then y ¢ n(c), hence 2§, =1,X,
and v§=t,X. Consequently, B(§,,..., §,) is a generalized Lie triple system at
v if and only if T(z,X;, tX)) € (v, X},..,, 1, X)) and R(v, X, t,X)) o1, sends
T,(N) into (t,X,,..., ©,X,). The propositlon is proved, because  U,N\N="U,
Nr(u(B,, - B,)).

2. AUTO-PARALLEL SUBMANIFOLDS

Let N be a submanifold of M such that, for each x in N, for each X
in T«N) and for each piecewise C® curve ¢ in N starting from x, the pa-
rallel displacement of X along ¢ yields a vector tangent to M. Then the
submanifold N is called auto-parallel. If cis an integral curve of B(§) through
u, then =(c) is a geodesic of M through n(u) with the tangent vector
uE at = (u).Conversely, every geodesic can be obtained in this way. In this sec-
tion we show that a similar treating of the auto-parallel submanifolds is possible,
replacing the standard horizontal vector flelds by the r-auto-parallel distri-
butions.

Theorem 2.1. Let N be an integral manifold of A (§,..., E) and
N=nr(N). Then N is an auto-paralle]l submanifold of M and T7T,u(N):=(g,,..,

ut,) for 4 in N.
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Proof. Since N is an integral manifold of A(€,,... &), it follows that
B(,,..., &) is a generalized Lie triple system on N, by Proposition 1.3. In
virtue of Theorem 1.6, for each u in N there exists a neighbourhood U,
of & such that U,NN=U.Nu(B-+ B, Al ..., A7), We take so small U,
that n(U,) is a normal neighbourhood of = (z) with normal coordinates
x!,..., x" corresponding to a basis 7,,..., 1, of R%, where n,=§,..., % =§,
The vectors (B,)a,..., (B,)a form a basis of the horizontal subspace of T,(N).
Hence n(U.\N) is determined by the equations x7+!=0,.., x"=0. Conse-
quently, V is a submanifold of M and 7w (N)=(r(B\)ay.., ®(Br)a)=(LL,,
uG,). Let ¢; be the intersection of Uz with the integral curve of B(§) through
u. Since wn(c,)CN for all § in (€., §), it follows that the submani-
fold N is totally geodesic at = (u) for each u in N. Thus N is a totally
geodesic submanifold ot M. Then (2, p. 115] the vector field g, d/dx!+ o,

0/0x! (where 3,=0/dx!) is tangent to n(U,N) for 4, j from 1 to r. On the
other hand, $.[B;, By)) ¢ (§y,..., §) for all v in _N Hence the vector fields
Vo; 0/0x)—v7,,0/0x' are also tangent to m(Uz[}N). Consequently, v, @/0x’ are

tangent to =(U.(N). By (5, p. 55] we conclude that N is an auto-parallel sub-
manifold of M.

From Theorem 1.4 and Theorem 2.1 we obtain immediately

Corollary 2.2. Let u ¢ L(M) and, for some neighbourhood U of u,
the space B(§,,..., §) be a generalized Lie triple system on UNu(B,,.., B,).
Then there exists an auto-parallel submanifold N of M through n(z) such
that Tl(l‘)=(uEll" ) uEr)' . .

This corollary together with Proposition 1.8 give

Corolljaray 2.3. Let the submanifold NV of M be totally geodesic at x
and T (N)=(X,,..., X,). Let U, be a normal neighbourhood of x for which
U,NN=U,exp(X,,.., X,). For all yin U, and {, j, & from 1 to r, we
assume that T(z, X, 7, X;)and R(z, X,, vy X)) (1, X)) are in (1, X,., 7Ty X,). Then
N contains an r-dimensional auto-parallel submanifold of M through x.

The converse of Theorem 2.1. is the following

Theorem 24. Let N be a connected r-dimensional auto-parallel
submanifold of M and u ¢x"}(N). Then threre exist an r-auto-parallel
distribution and its integral manifold N through & such that N ==n(N).

Proof. Let x=n(z) and X,,..., X, be a basis for 7 (N). Let U, be such
a normal neighbourhood of x that U, N=U, (] exp (X,,..., X,). For y in
U, all vectors T(z,X;1, X)) and R(zyX,, 7 X)) (1,X,) are in (3,X,,..., t,X,), be-
cause N is an auto-parallel submanifold [5, 58). Setting & =u-'X, we con-
clude, by Proposition 1.6, that B(,, .. §) is a generalized Lie triple sys-
tem on =Y (UJNu(B,,..., B,). By virtue of Theorem 1.4 and Corollary 2.1,
there exist an integral manifold N;of AG,,...§,) throughu and neighbourhoods
U, of u and U.’ of x such that r({zN.) =U,\N. We join each z ¢ N with x by
a broken N-geodesic y,. Since N is auto-parallel, all vy, are M-geodesics. By
the parallel displacement of X; along y., we obtain a basls wf,,.., w§, for
TAN), where @ is in the horizontal lift of y, through u. Thus the union N
of all submanifolds U, N, of L(M) is a connected set consisting of integral
manifolds of A (§,,..., §). Each of these integral manifolds is determined
in the respective local coordinates 2'..., z%, Z], Z3...,, Z" by the equations
2't1=0,..., z;=0, Z*=0, where those Z§ are omitted, which have non-zero
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coefficients «/, in the following cxpressions of the matrix exponentials of
AI"vo’ Ar':

0 n
\T il k
| (A = al, A,
n‘.'_' m \“J LA

Consequently, N is a submanifold of L(M). It is an integral manifold of
AE,,..., /) through & and =(N)=M,

Further the auto-parallel submanifolds will be considered together with
the induced linear connection [5, p. 66]. So the torsion and the curvature
of an auto-parallel submanifold N of M will be T/N and R/N, respec-
tively. B

Pr_oposition 2.5. Let N be an integral manifold of A(§,..., §) and
N=n(N). Then

(@) R/N=0 if and only if wy((B;, B))) Ee=0 for all v in N and i, j, &
from 1 to r;

(b) T/N=0 if and only if 3B, B))=0 for allvin N and i j from
1 tor

Proof Let 'veN The horizontal subspace of T, (N) is spanned by (B,)s,
.« (B)s. By (7), the condition for w, in (a) is equivalent to R(z§, %))
(v&,)=0, i. e. to (R/IN)x»=0. By (8), the condition for ¥, in (b) is equi-
valent to T(%§, v§)=0, i. e.to (T/N)zw)=0.

Remark. The assumption r>1 does not allow us to consider the geo-
desics as auto-parallel submanifolds, In fact, every geodesic of M can be
obtained projecting a sultable integral manifold of some distribution A (§):

u — {AB(§)s |A € R}DA*(E), for all 4 in L(M).

Obviously, every A () is involutive and the projection of its maximal
integral manifold through #, is the geodesic of M through = (&) tan-
gent to 8.

3. APPLICATIONS AND EXAMPLES

If the curvature or torsion is recurrent, then almost all previous results
may be formulated in a simpler way, due to the following.

Proposition 3.1. Let # in L(M) be fixed.

(a) It R=|=0, VR=R®p and wd((B;, B,)) € A(E,,.., &) tor i, j'from 1 tor,
then m,,([B,, De_A4E,.., &) forall v in the holomony bundle P(u).

(b) If T+0, vT-T@r and ¥(B;, By)) € €. &) for 4, j from 1 to r
then 3u((B, BI) € Gy &) for all v in Pw). ‘

Proof. For v in P(u) we have from (9) and (10)

wo([B,, B j]) = wv(_f (wu[B;, B j]))*) =f(v)wa(|B,, Bj))

so that (a) is true. Similarly, for (b) wé use (11) and(12).

Remark The condition R%0 in (a) may be omitted. Really, if
VvR=R®p and R is vanished at some point, then R=Q on M [10]. Analo-
gously for T+0 in (b).
| We shall reformulate only Corollary 2.2, Proposition 2.5 and Coro-
lary 2.3.

Corollary '3.2. Let vR=R®p and yT=T7T®. We assume that B(§,

» &) Is a generalized Lie triple system at some u In L(M). Then there
exists an auto-parallel submanifold N of M through = (z) such'that T,y (N)

=(uEll‘ L ] Er)’
80



Corollary 3.3. Let yR=R®p,yT=T®t and N be an integral ma-
nifold of A(,,..., ). Then ~

(@ R.=n(N)=0 if and only if w.(B, B,))E,=0 for some « in Nand/jk
from 1 to r; _ _

(b) T|n(N)=0 if and only $#4([B:, Bj)=0 for some u in N and i, j from
1tor

Corollary 34.Let yR=R®p, v7T =T®1 and (X,,..., X,) be a subspace
of T.(M). If the vectors R(X,, X)X, and T(X,, X)) are in (X,,..., X,)for i, J, k
from 1 to r, then there exists an r-dimensional auto-paralle]l submanifold
through x tangent to (X,,..., X,).

Example 35 Let M be the biaxial Kleinian space: the underlying
space is RP? and the absolute consists of two real skew lines. The mani-
fold M may be considered as Lie subgroup of SL(4, R). Its unit e is iden-
tified with the point (1, 0,1, 0) in RP3.In a neighborhood of ¢ we use the coordi-
nate mapping x: (2° p', p% p°) — (p'/p® P?/p°, p’/p®). Denoting (9/0x%). by 0,
let Q.- be the correspondent left-invarianL vector field. Given a covector ¢,we denote
by % the left-invariant 1-form for which ¢, =¢. Let / by the identity affinor field. We

consider the left-Invariant linear connection on M defined by w@=q:(6,) ;.

Then T=~<p®1—l®cp, vIi=—7T®¢ and R=0. With respect to the local co-
ordinates y' =arctan x!, ¥ =(log ((x2)? + (x**) —log(1 + x1)?)/2, ¥° =arctan (x*/ x?)
the auto-parallel submanifolds of M have the same equations as the planes
in an affine 3-space. '

Some relations between the Lie triple systems and the generalized Lie
triple systems are discussed in [9], assuming T =0. The following is of si-
milar type.

Proposition 3.6. Let yR=R®p and « be fixed in L(M). Let [[B, B},
Bila € By, ., E)a®A*E,,..., §)u and A{B;, B;]=0o0n Pu) for {, j, k from 1 to
r. Then there exists a torsion-free auto-parallel submanifol N through r(u)
such that T,y (N)=(uE,, .., uk,). Moreover,

(a) if {[B, B,), BiJa€ B(&;)-.. &)u then N is locally symmetric;

(b) if [[By, B, BaJu € A*Ey .., &)a then N is locally flat.

Proof. The form of (B, B;] on P(u) determines the vector [[B, B;], Balu.
In the presence of A[B; B,||P(u)=0, the equation (12) implies

(13) ([B:, B)), BuJa=[fAli, BiJa=B(A;;Er)a—(Bi fY)(AD)u,

where A;;=w4([B, B;)). Hence B (A, &) € B, .., E)a i € wu([B, B)DEA
(- E). Then Corollary 3.2 implies the existence of an auto-paralle] sub-
manifold N through m(z).such that T, (NV)=(uE,, .., 4E,). Since A[B, B;|=0
on P(u), it follows from (6) and (8) that T\N==0. (a) is proved in [9] (Pro-
position 6.6 there). (b) follows from Corollary 3.3 (a), because (13) and the
hYPOthESiS [[Bi Bj]l Bk]ﬂEA*(Elr-'v Er)ﬂ lmp]y mﬂ([Biv ‘BJ])EJE=0'

Several partial results concerning the existence of auto-parallel sub-
manifolds are cited in [6], [8], [9). Perhaps, a more systematic investigation
is possible, by using the torsion space introduced in [7].

Definition 3. Let & in L(M) be fixed. Let t, be the subspace of R”
spanned by all vectors of the form &, ([B(&), B (n)]), wherc v ¢ P(z) and
E, n ¢ R The space t, is called the torsion space at «.

The following is proved in [7].

Proposition 3.7. Let &, v¢ L(M) and a ¢ GL(n, R). Then

(@) ta,=at,;

(b) dimt,=dimt,;
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(c) ty,=t, provided that @ is in the holonomy group with reference
point z ;

(d) in the case of reccurrent torsion, t, is spanned by all vectors of the
form $.(BE), B(n)]), where §, y ¢ R";

(e) 1 t,Ct,, whete f is the holonomy algebra;

(f) in the case l<dimt;<n, for every w in P(u), there exists an auto-
parallel submanifold N through n(w) such that T,..)(N)=wt..

There are pairs (M, y) having the properties mentioned in (f):

Example 3.8. Let M be the half-space {(x'..., x*) € R*x">0} with the
parallelization X;=x"d/ox' for i from 1 to m and X;=0d/dx’ for J from
m--1 to n. Let A be a symmetric tensor field of type (1, 2). Consider the
linear connection defined by vyx X;=A(Xas, Xi) for %, { from 1 to n. By

straightforward computation we obtain: T(X,, X,)=—(1/x"X; and all other
T(Xw» XD=0, yT=T®r, «(X,)=—1/x* and all other ¢(X,)=0. Then (d) from
Proposition 3.7 together with (8) give dimt,=m for u in L(M).
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ABTOIAPAJIEJIHH MOIMHOIOOBPA3HSA HA MHOIOOBPA3UE
C JJUMHEMHA CBBP3AHOCT

. Muntos|
(PE3KOME)

Hexa M e cBbp3aano n-mepio C~-MHOroo6pa3ue c JuHe#HA CBBP3AHOCT
v u n:L(M)— M e 1naBHoTO pa3cioenne Ha aunediuute penepu. C (..., §,)
O3HayaBaMe NOANPOCTPaHCTBOTC HAa R”, nopoAeHo oOT JHHeHAHO He3aBHCHMHTE
BeKTOPH £,,... §, or R" (1<r<n). CranmapTHHTe XOPH3OHTAJIHH BEKTODHH
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noxera B(,), .., B(,) nopaxaat noampoctpaHcTBO B (§y,..., §) HAa BEeKTOPHOTO
R-npocTPaHCTBO Ha BCHYKM CTAHAAPTHH XOPH3OHTAJHH BEKTOPHH nosera. 3a
u ¢ L (M) Bektopure (B)a=B(§)s, £i=-1,.. r Nopaxnaar noOANPOCTPAHCTBO
B, .- )« Ha ponuparensoto npoctpaucTBo T, (L(M)). Hexa A,,..., A4, e
AuHedina Gasa Ha MakcHMaaHaTta JaueBa noaaare6pa A (§,.., ) Ha gl (nAR),
n3obpassBawa (£,,..., ) B (§,., E. PynnaMentanHuTe BeKTOpPHH noxeta Ai,...
Al nopawaar noanpoctpadctBQ A*E,,..., §) Ha BekroproTo R-nmpocTpancTso
Ha BCHYKH (PYHIAMEHTAJHH BEeKTOPHH noseTa, a BeKTopHTE (A7 Juy .., (A¥)u—
noanpoctpaHctBo A*(,,..., §). Ha Tu.(L(M)).

[To nebunuums Bcsxo pa3anpesenenne A(E,,..., §):u— BE,. .., £)@D4*
(§yeoer E)ay 2 € (M), ce mapuua r-aBTONapanienso. Heka § e KanOHHYHATA
1-¢popma BBpxy L(M), a w — cpbp3Bawara 1-¢popma BBPXYy L(M), oTrosa-
prllla HAa cBbp3aHocTTa y. EAHo npoctpancteo B(E,,..., ) ce HapHya 0606-
ieHa TpoitHa JsmueBa cucteMa B z € L(M), ako wJ[B, B €A Ey,.., &) 1
$u(B;, By]) € (Esy... &) 3@ Bcuukm {, j=1,..., r. AKO T€3H YC/OBHA Ca HaJHLE
3a BcAKo U € QCL(M), roBopum 3a o6oGLieHa Tpo¥HA JMEBA CHCTEMA BDBPXY
Q, pecn. 3a o06o6mena TpoiHa JHeBa cucTema, B cayuan Q= L(M).

Enno r-apronapanento pasnpenenenue A(E,,..., &) e Hanb/JHO HHTerpyemo
TOrapa M camo Ttoraea, korato B(§,,... §,) e ofobuieHa TpoiHa AneBa CHc-
Tema. B obuida cayuvail r-aBTonapasiesiHHTe pasnpeleNeHHs He €a HaNb/AHO HH-

terpyemMn. Ako N e uurerpasio Muoroo6pasme Ha A(E,,... §), To B(E,,..., §)

e o6oblteHa TpoiiHa JmeBa cucteMa Bbpxy N. O6patHo, ako B (... §,) e
o6o6lIeHa TpoiHa JMeBa CHCTEMAa BBPXY CEUEHHeTO Ha OKOJHOCT Ha (HKcH-
paHa Touka # oT L(M) ¢ HHTerpajJHHTe JMHUK Tpe3 4 HA CTAaHOAPTHHUTE XO-
pU30HTAJNHH BeKTOpHH noaeta oT B(§,..., &), TO npe3 & MHHaBa (r--r’)-MepHo
MHTerpanzHo MHoroo6pasve Ha A(§,,..., &)

Ipoekunnta (nMocpeacTBOM =) HA BCAKO (7+7")-MEPHO HHTErpajiHO MHO-
roo6pasue npe3 # Ha A(,,..., §) e r-MepHo aBTOnapanesqHO NoAMHOroo6pasue
Ha M, uHeTO MAONHPATeJHO MPOCTPAHCTBO B w (4) € NOPOAEHO OT BEKTOPHTe
uk,,. .., uf, . O6paTHo, 32 BCAKO CBBbP3aHO r-MEPHO aBTONAPaZNeaHO NOAMHOrO-
obpasue N Ha M u Beaxko # € i Y(N) cobluecTByBa r-aBTONApajefHO pas-
npeAeseHHe M HEroBO HHTErpajHo MHoroo6pasWe mnpe3 K, HYHATO [POEK-
uuna e N

Hexa cera kpuBuHaTa u Top3usTa Ha (M, v)ca pekypenthn. Axo B(§,,..,
) e o6o6miena TpoiiHa JiMeBa CHCTEMa B HAKaKBa TouKa u Ha L(M), To npe3
n(i) MUHABA r-MepHO aBTOMapaneNHo NoAMHoroobpaane Ha M, yHeTo HOMHPa-
TEAHO TNpOCTPaHcTBO B w(y) € nopomeHo ot uk,..., 4. Axo [[B(E), BE)),
B(E): € BE,,.. ., §)u®A*E,,.., §)a ¥ [B, Bj] HaMa XOPH30HTA/NHA KOMMOHEHTa
BBPXY XO/JIOHOMMOTO pa3caoeHde npes u (¢, j, k=1,.., r), 10 npe3 n(4) Mn-
HaBa r-MepHO aBTOMapa/iesqHO NMoAMHoroo6Gpasue Ge3 Topaus. [Ipm ToBa, ako B
nupexktHata cyma auncBa A* (€,,..., §)o, TO N € JIOKaNHO CHMETPHYHO, 2 AKO
auncBa B(E,,..., §)u, TOo N e N0OKaJIHO MJOCKO,

Kato npumepn ca pasraefadn xunepOoJHYHOTO MABYOCHO MNPOCTPAHCTBO
M eIHH KJac OTBOPeHH NOAMHOroo6pasvs Ha R" ¢ HBecTaugaptHa napane-
AH3aLHA.
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HHBAPUAHTHH JIMHENNHN CBBP3AHOCTU

BBPXY IMAPABOJINYMHOTO ABYOCHO NPOCTPAHCTBO

| Aewco Mirron | Azpems Bopacos

|Aeuxo Muyggl,AnpunH b o p H ¢ 0 b. mapuaaTabie auneliable cas-
3amocTH X8 OmakcmammoM npocTpancTse mapafoamwecxkoro TEna.

Oyenaneutaasuss rpynna Gy OuakcanbHOro npocTpaEcTsa nepaboauyecxoro
Tuna Br 8-mepHa. MHsapuanteLix oTHOCKTENbHO Gg AHHERHMX CBAIBOCTER Ee Cylue-
crayer Ha Br. To we camoe BepHO W 1S EIWHCTBEBEOf TPaEIATABEOA T-mepHON
noarpynnu rpynnu Gg. Enwncrsennas tpaBssTweHas 6-mepHas noarpynna Gy o6aa-
ARET S-napaMeTPUSECKuM CeMeficTBOM C-HHEAPNSHTEWX /ANECHBHIX CBRSHOCTEA Ha
Br. Noaycsumerpnueckue Gg-MHBSPMARTRANIE AuBeHHLE CBASHOCTM Ha Br ofpasymor
2-napaMerpuyecxoe ceMefilcCTEO B YAOBACTBOPAIOT AKCHMOME Naockocyd. CootBercrayio-
wee rpynne Gg ORHOPOLEOE NPOCTPAHCTBO ABANCTCA PEAYKTHBHEIM,

i"ﬁs'élib" M"i'tc-:vl.AdrijanBorisov. Invariant Linear Connections on the Pa-
rabolic Blaxisl Space.

The fundamental group Gg of the parabolic blaxjal space Br is of dimen-
slon 8. No Gg-invarlant linear connection exists on B2 and the ssme is true for
the unique transitive 7-dimensional subgroup of Gz The unique tramsitive 6-di-
mensional subgroup G; admits a S-parameter family of Gg-invariant linesr connec-
tions on B2, The semi-symmetric Gg-invariant linear connections on Bp form a
2-parameter family and these connections satisfy the plane axiom. The homoge-
nous space corresponding to Gy i1s reductive.

Hexa B TpuMepHOTO peanHo npoekTHBHO npocTpancTBo RP? ca dukcupanu
npasa j H MPOEKTHBHOCT 7) HA Pella TOYKH job C HOCHTEA j BBLPXY CHonma pab-
HHHH ¢ oc J. Ako N € ji,, paaraexaaMe CHona npaBu ¢ uUeHTH P N M HocuTea
paBunnata 7(N). CbBKYNHOCTTa OT NpaBHTE Ha BCHYKH TE3H CHOMOBE MPABH,
korato N onucBs j,, e napa6oiHy4Ha JHHEAHA KOHrpyenums ot npasu J. Koan-
Heauunre Ha RP®, xouro Tpancopmmupar Bcika npasa ot J B npapa oT J,
o6pasysar rpyna Gg. Kaa#HOBOTO npoCTPaHCTBO BP ¢ OCHOBHO MPOCTPaKCTBO
RP? u ocHoBHa rpyna G, cé Hapuya napaGO/N4HO JBYOCHO IMPOCTPAHCTBO

[3; 4)

Cqm‘ame, ye MHOXECTBOTO OT TOYKHTe Ha B” ¢BBHNAjla ¢ MHOXe-
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cTBOTO OT TouykHTe HAa RP3, 0T KO0eTo ca H3K/IIOYEeHH TOYKHTe Ha Mpa-
BaTa j.

Bcuuku netaiinu Ha H3NOXeHOTO B cseABalliMa a63al Morat fa ce Hame-
pat B (1, r1. X; 6, r. II; 7).

Heka G e Tpaw3WTHBHAa CBBpP3aHa .HEBa Ipyna OT npeo6Gpa3oBaHHs Ha
chbp3aHoTo C®-mHoroo6pasne M. Heka o0 e npousBosHO (PHKCHpPAHA TOYKA HA
M uw HCG e rpynata Ha u3oTponua Ha o, T. e. H={k ¢ Gho=0}. Torasa
rpynata H c 3aTBOpeHa M XOMOTeHHOTO MpocTpaHcTBo G/H mMoxe na ce OTBXK-
aectBH ¢ M nocpencrsom nudeomopdusma gfHf — go 32 g ¢ G. Heka To(M) e
JONMUPaTEeNHOTO NpocTpancTBOo KM M B 0. XomomopduambT A, Ha A B rpy-
narta ot asToMopdusvure Ha T,(M), koiito na Ak € /4 cvnocrass audepeHuH-
ana kot To(M) — To(M), ce HapHya NMHEHHO H3OTPOMHO mnpencTaBAHe, ToBa
npeiacTaBAHe € TOYHO (T. €. A, € MOHOMOp(pHIBM) TOraBa M caMoO TOraBa, KO-
raTo HHAYLUHPAHOTO MO OYeBHAEH HAYMH AeHcTBMe Ha U BbPXY pAa3CcJ0eHHETO
Ha JhHeHnHuTe penepu L(M) na M e cBoGoano (T. e. ako g ¢ G 3ama3pa noue
eaHa Toyka Ha L(M), To g e eaunuunara Ha G). Heka dim M=n u X,,..., X,
€a AMHENHO He3aBUCHMH BeKTOPH OT 71 ,(M). JIunelinnar penep uq=(X,, .., Xn)
MOXKe Ja ce padryiexJna KaTo H3oMopduaMa u,:R” — T,(M), onpexenen nmno
CTeHHA HAuHH: Uoe, =X, i=1,.,, N, KbIAETO é,... €, € ecTecTBeHaTa 6a3a
Ha R% Taka T, (M) ce orbxaectsaBa ¢ R7,a A, —c xomomopduama ). va H
B obwata nunedna rpyna GL (n, R), 3a xo#ito

0) YOETREY WY 17 1

Hexa y e nuneiina cebp3anoct BBpxy M. Axo g¢ G, Heka g, e npeoGpa3o-
BaHHETO HA TAHreHUMAJHOTO pa3cjoeHHe Ha M, nopolaeHo OT AudepeHiHa-
aute g,,: T, (M) — T, (M) 3a p ¢ M Cpbp3aHocTra y ce Hapuua (-unBaph-
auTHa (WIM MHBapPHAHTHA OTHOCHO G), aK0 LW (Vx(Y)=Ve x(g,Y) 32 Beako ge G
H 33 BCeKH OBe BeKTOPHH mnodera X u Y pbpxy M. [a o3naunm ¢ g u h
nueBuTe anre6pu cboTBeTHO Ha ‘G W M. [lpu cBbp3ana rpyna /f XOMOreHHOTO
npocTpaHcTBO M= G/H ce HapHua PeAyKTHBHO, aKO C’bIECTBYBa MOANPOCTPaH-
CTBO IN .HA BEKTOPHOTO MNPOCTPAaHCTBO g, Taka ue

(2) g":h@m: [h! m]Cmv

KBAETO KBaApPaTHUTe CKOGH O3HAYaBaT JHEBOTO YyMHOXeHHe B g. [lpocTpan-
CTBOTO MM Ceé HapHYa PEAYKTHUBHO JonbiHeHue, [lpu r.puxcupaﬂo M MHOXe-
CTBOTO Ha (-HHBapHaHTHHTE JHHEHHH CBBP3aHOCTH BBpXy M e B OGHeKTHBHO
CBOTBETCTBHe C MHOXMECTBOTO Ha JMHEHHMTe H30ODaXKeHHT Am Ha M B JHe-
Bata aare6pa gl (n, R) na GL(n, R) 3a xouro

3) An([Y, XD=[A(Y), Am(X)), Y€h, XEm;

Tyx A,:h — gl(n, R) e nudepenyuanst Ha A. OTropapsaiaTa Ha TPUBHAJTHOTO
nzobpaxenne Am=0 CBBHP3aHOCT VY, Ce€ HApHYa KaHOHHYHA cBBbp3aHocT ot I
poa (cpoTBeTHa Ha m). CboTBeTHaTa G-HHBApHAHTHA JHHeAHa CBBP3aHOCT
6e3 TOp3ufl, YHUTO IeOfe3HYHH CHBMAKAT ¢ TeOdE3WYHHTE HA Y, C€ HapH4a
KaHOHHYHA cBbp3aHocT oT | poxn.

OcHOBHATa leJ Ha M3CJAeABAHETO € Ja Ce HaMepH Hall-lUMpOKaTa NoArpyna
Ha G OTHOCHO KOSTO CBHUIECTBYBA HHBAaPMaHTHA JHMHEAHA CBBP3aHOCT
BBpXYy B*. '

Hexa Bbpxosere A,, 4,, Ay, A; Ha KOOpAMHATHMA TETPaeABP Ha eAHA
(MKCHpaHa NPOEKTHBHA Koopnnua'rua CHCTEMA C€a DAa3MOJOXEHH M0 clelHRus
HauuH: Ay € jo; A € Jo: A, nexn B 1{4,); A, nexu B 7(A,); ocBeH ToBa
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Heka paBHHHaTa y(A,+A,) cbBnaga c paBHHHaTa Npe3 MpaBaTa j H TOYKATa
A,+ A, ToraBa, KaTo ce OrpaHMyHM CbC CBbP3aHaTa  KOMMOHEHTa Ha
eqMHHLaTa (03HaueHa c ropeH uuuekc 0) ¥ Hopmupame, rpynatra U Mo-
Ke Ja ce TMpeACTaBH upe3 eJeMeHRTHTe Ha CMEUHAaJAHaTa JHHedHa TIpyna

SL@ R)

a-b 0 0 |

@ G={!¢ 49 O csiq R,
f kR da ¥b
tm n $¢ M

KbAeTO /, ¢ emMHHuHaTa MaTpuua 4 x4. HopMHpaHeTo OCHrypABa TOYHOCTTA
Ha JHHEHHOTO M30TPONMHO npencTaBsHe. [la o3HayuM TOYKaTa A, ¢ 0. YcJo-
BHATA 33 HENOABHXHOCT Ha O, UMeHHO c¢=f=m=0 B (4), onpeaeasat rpy-
nara /g Ha M30TpPONHA Ha O.

B [2] mokasaxme, ye BBLPXY BP He CBILECTBYBA JHHEHHA2 CBBP3AHOCT, HH-
BAPHAHTHA OTHOCHO noarpynara G,CG,, onpenenena c ycnosuero =1 B (4).
CrenopatenHo B cuia e

Tebpaneune 1. Bepxy XoMmMOreHHoTo npocTpanctso BP=Gg/H; He cb-
IecTBYBa Gg-MHBapHaHTHA JHHeHHA CBBP3aHOCT.

Tbh kaTo BBPXy peAyKTHBHO XOMOreHHO mpocTpanctBo G/H cwire-
cTBYBaT (-MHBapHaHTHH JuHelinH CcBBp3aHOCTH (OMEBHMIHO MOHE KaHO-
HHuHMHTe cBBbp3avoctH ot Il pox), To oT TBBpAEHHe | Bemnara mnoay-
yapaMe

Cnencteue 2 XoMoreHHoTo mpocTpaHcTBO Gg/H, He € peayKTHBHO,

Hexa g, e sneBara anre6pa Ha G, [ToHexe HH MHTepecyBaT CBbp3aHHUTe
TPaM3HUTHBHH JIMeBH MOArpynH Ha (g, ROCTATBHYHO € A3 pasmo/iarame ¢ KJacH-
¢ukanus Ha NHeBHTe nojanreGpy Ha ge.

Enna nuuefina 6aza Ha g, e {X,,.., X3}, kbAeTO

jo 000 0 0 0 0)
{0 0 0 0 .0 0 0 0
Xl.:; !o X1=| »
11 000 1’0 1 0 0
|o—100“ !oooo,§
000 O "1 00 0
0 000 0 —1 0 o
Xs— ’ X‘=' },
0 00 O 0 01 0
1000 0 00 —1!
0—1 0 O] 0 —1 0
—1000! 1 00 O
XB— r, XB— ’
0 0 0 —1|| 0 00 —1}
0 0—1 o] 0 01 0
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110 0 0 01 ”00 0 0
. | |
10 0 0 0 "o 1 o0 o
X'T:" i, Xs=| .
|!1000'| o 0 —1 0 °
1o 10 ol !|00 00

C HenocpeACTBeHH NpecMATaHHA (TYK M MO-HATATBK AHEBOTO NpPOH3BEAEHHE €
OOMKHOBEHHAT MaTpPHYeH KOMYTaTOp) Ce M0Ka3sa, ue

7

() [Xh Xj]=k"\vl“:;-xks [Xu XB]=a;'Xh Li=1,.,17,

C pealHH KOeQHUHEHTH af, @, & CBIO M Ye JveBaTa noxaare6pa g;Cgs
JHHeliHO nopojgeHa ot X,,..., X; € Jjuepara aare6pa Ha G; Ho kaxro,
Beye orbenu3axme, Bbpxy BP we cbulecTByBa (-HHBapHAHTHA JHHEHHA CBBP-
3aHOCT.

Hexa cera g e nmeBa nomaiare6pa Ha g, KOATO He € JIMHEHHO NMOPOAEHA
OT HAKOW H3MeXny BekTopute X,,..., X, Torapa g uma JnHeftHa 6asa ot
Buna {Y,..., Y, X+Xg} Habupailku noaxonsalu JuHeHHH KOMOMHALKM
3a 6a30BHTe BEKTOpPH, MOXem pna cuutame, ye Y,... Y, X ca JAHHEHHH KOM-
6unauuu camo Ha X,,... X; Kato Y (p=1,.. r) He e noaxombGuHauusa Ha X.
lMonexe g e snmueba momaarebpa, 170 3a p, ¢=1,..., r UMame

r

(6) [Yp, Yq]=£ﬁﬁqyk+ﬂpq(x+xa)v
M (Yo, X+Xe] =2 B Yatfp (X + ),

kbAeTo Pk, Bpg B% Bo € R CpaBusBame (6) W nbpBOTO paBeHcTBO Ha (5) H
nosnyyaBame P, =m0. Crenobarenno {Y,,..., Y,} e nuHedina 6asa Ha nHeBa mox-
anre6pa Ha g, CpaBHsBaHeTO Ha (7) H BTOPOTO PaBCHCTBO Ha (5) maBa B,=0.
OxoHuaTeaHo nosyyaBame : MMEBUTE NOAAATE6PH HA g, KOMTO He €a JIMHEHHO
NOPOJEHH OT HAKOM M3MeXJAy BeKTOpHTe X,,..., X, ca TOYHO JHeBHTe NoJA-
anrebpu Ha g ¢ sHHelina Gasa ot Bupa {Y,,..., Y, X+ X}, kbaero:
Bektoputre YV,,..., Y, X ca janHeiHH komOuHaumu Ha X,,..., X;;
BexTOpbT X He cwABpxa Y, (p=1,., r) Kato cBOA nOAKOMOH-
HaLuA ;
BekTopure Y,,... ¥, nopaxaar nuHeHHO JHeBa mojanre6pa Ha g;;
3a p=1,..,, 7 e M3N'BJIHEHO

(8) (Y5 X+Xs]=.2 ¢:Yru G:ER-
kel

Hanoasysame knacupuxaumata B [5] Ha saneBuTe nopanre6pH Ha g, lMma
ABe 6-MepHH noxaarebpw, eanaTa OT KOHTO e c JauHe#ina 6Gasa (X, X,
Xg, X4, X5 —_ XG’ Xq}. [Tosarame y'=X‘- 3a i=1, 2, 3, 4, Y5= X5 _XB H
Y¢=X.. 3a X ocrapa enuHcTBeHaTa BB3MOXHOCT X=aX;+4BX; ¢ «, BER;
3aMecTBaMe 10 B (8) 3a p=1- .., 6 B moayvapame X=p(X;—Xg) c peR.
[Tonexe Xp,=Y;, Tpabpa pna ce B3eMe p=0. CienoBaTeqHO e onpejeneHa
7-mepHa nMeBa nojanrebpa Ha gy c JuHefiHa 6asa (X, X, X3 X X
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Xe X7, Xg}. Enementnre Ha choTBeTHaTa JMeBa noarpyna Ha Gg ca IPYNOBH KOM-
NO3HIHH HAa MATPHYHHTE EKCMIOHEHLIHATH HA THHeHHH KOMOHHAUMH HAa 6230BHTE BEK-
Topd. OT BHI2 HAa MaTPHLHTE HA Te3¥ BEKTOPH ce BHM(AA, Ye BCEKH TAKbB
eKCMOHEHIIHA/ 3ama3Ba paBHHHATA C YypaBHeHHe p°=0 H cJael0BaTeqHO MNOA-
rpynata e HuTpaH3uTHBHA. [lpyrata 6-MepHa nopmanre6pa g Ha g, e JueBara
anrebpa na 6-mepHa rpyna G, OTHOCHO KOSITO He CbUleCTBYBAa HHBapHAHTHA
JHHe#Ha cBbp3aHocT [2]. CaenoBaTesHO HAMAa HMHBapHaHTHa JHHedHa cBbp3a-
HOCT H OTHOCHO (€BEHTYaJHO CBIUECTBYBALIHTe) 7-MEPHH NOATPynH Ha Gy,
onpeneneHd or g.

[Tpemunapame xkbM 6-MepHuTe noarpyms Ha Gg. Cnopen [5] wma camo
eHa TPaH3HTHBHA 6-MepHa moArpyna Ha G, uMesHHo G. Kakto Beue orGens-
3axMe, HAMa G-HHBApHAaHTHH JHHeHMH cBbp3anocTd. Torapa H3NoJ3yBame
5-MepHUTE JIHeBH nMojanre6pu wa g, Te ca 6 Ha Gpoit. Ennara oT TAx e ¢
nuHedna 6asa {X;, X,, X, Xg X;}. [Monarame V=X, zai=1, 2,3, 6, 7n
X=aX,+BXy xkbaeto a, B ¢ R. 3amecTBanero B (8) maBa B peayaratr a=1/2,
p=0. ITonyuaBame smeBa nopanre6pa g, ¢ Gasza {X,, X,, X; Xe X3 X +2Xg).
CboTBeTHata JHMeBa noarpyna G; e

|ieprcosa —exp bsina 0 0
I

(9) Gg={ ;

expbsina expbcosa 0 0 .
exp(—b8)f exp(—b)k exp(—b)cosa —exp(—b)sina !
; lexp (=bym exp(—b)n exp(—b)sina exp(—b) cosa :

¢ GL@, R)}/{+1,).

OT ocraHaiuTe S-MepHH /AMeBH noAaiareGpH Ha g, elHa He onpelens 6-MepHa
7HeBa noaanre6bpa Ha g, a APYrutTe onpeaenat 6-mepun nozaare6pH, YHHTO
CBHOTBETHH JIMEBH MOATPYNH Ca MHTPAH3HTHBHH.

YcnoBusTa 32 HEMOABHXHOCT Ha 0, UMeHHO a=f=m=0 B (9), onpexe-
AT rpynata HyCG; Ha M30TponusA

lexpb 0 0 0
(10)  Hy={ LY ? % ll¢aLaRy).
’ 0 exp(—b)k exp(—b) 0 '
0 exp(—b)n 0 exp(—b)

Tebpaenne 3. XOMOreHHOTO MpOCTPaHCTBO Gg/H, ¢ peayKTHBHO.
PelyKTHBHHTE AONBbJAHEHHA o0Opa3yBaT l-napaMeTpHYHO ceMmeficTBo (m,},
KBAETO

| pa —a 0 0
& pe 0 0

11 m,= .ls)
(n p{ ? 2pptx —px —a ._atpxék}

| * —9+2mx @ —paj

W napaMeThpBT p onuca R.
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lorasamescmeo. OueBnaso rpynata /4, e cBbp3aHe. Hexka g n h ca
NueBHTe anreGpy cbOTBeTHO Ha G, M Fy. BexkTopHoTO npocTpaHcTBO g HMa
6asa {Y,,..., Y5}, xpaero Y/'=X,+2X,, Y, =X,, 2V =X—X,, 2Y /= X;+ X,
Yil=Yy =X, Yy =X, llpu T0Ba {Y,’, Y,'Y') e 6a3a Ha BekTOpHOTO npocTpan-
ctBo h, kaxkto ce Bmxkaa ot (10). Hexka m e peaykTupHo AonwiaHenue. [1np-
BOTO paBeHCTBO Ha (2) o3HayaBa, ye m HMa 6aza oT BHAa {V'=Y,+pY
+a ¥y +wYyi=4, 5, 6} c peanuu p, o), 1. Broporo paBencTBo Ha (2) e eKBH-
BaJEHTHO Ha ycJaoBuaTa KomyTatopure (Y, Y.”] (=1, 2, 3; j=4, 5, 6) na
6baaT JuHeRHH KOMOWHaUWH Ha BekTopure Y,”, Y.”, Yy". Cnen npecmsa-
TaHe Ha KOMYTAaTOPHTE W CPaBHABaHe Ha Koe(MUHEHTHTE MoJyyaBame p,=pg
=0,—2pg=05—1 =0g=1,+ 1=1,—2p;m1,=0. CaenosaTeao m uma Oa3a
{Z,, Z, Zg}, kato

Hp —I ooi! JO 0 00
1 p 0 0 "0 0 0 0
Zl=| ||r Z2='| 1o
|10 0 —p —1:] i=l 20 0 O
|0 0 1 —p i’O—l 00
(12) -
it0 0 0 0
!‘00 ool_
Za:!io o of
!ll 2 0 Ol

NIOJIOXKHIH cMe p=pg CaenoBaTenHo NpH (uxcHpaHo p € R eneMenTHTEe HA CB-
OTBETHOTO PeAYKTHBHO HOM'bJHeHHe ca OT BHaa B (11).

Hamupame annefinure usobpaxenns A,: m, — gl (3, R), yaosieTpopsapalLu
(3) (nuiieM MHIEKC p BMECTO M,), KOHTO naBaT nudopMauua HaH-nanpen 3a
6poa Ha Gg-HHBApHAHTHHTE JHHEHHH CBBP3aHOCTH.

Tebpaoeuune 4. 3a BCcAKO PeNyYKTHBHO JON'bAHEHHE M, JHUHEHAHHUTE
CBBP3aHOCTH BBPXY XOMOTEHHOTO TMNPOCTPAHCTBO BP«=Gyg/H; HHBapHaHTHH
oTHOCHO Gg 06padyBaT 5S-nmapaMeTpHyHO ceMeficTBO, HaMHpallo ce B OHek-
THBHO CbOTBETCTBHE C MHOXECTBOTO Ha H3obGpaxeHmara A,:m, — g1(3, R)
OT BHAA

[ Ala 0 0 [
(13) AX)=|| (Al—AYp—A Ak Al

| —Alp+(Al—AYx Ala Al |!

3a X or Buga Ha marpuuute B (11), KBAETO HE3ABUCHMHTE napamerpH A, A2
A2, A3, A3 omucear R.

Loxrasameacmeo. Hexa BP={p="(p°, p', p?, p®) ¢ B* p°340} (cnMBONBT
! 03HauaBa TPAHCNOHMpAle HA MaTpPHUATa) M x:BS — R? e KOOPAHMHATHOTO
H306paxkeHHe ¢ KOOPAMHATHH (ynxuuu x!, x2, x8 nmeno

(14) x(p)=p'p®, i=1, 2, 3.
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CneuwsanHo 3a o umame x(0)=(0, 0, 0). Bcexn enement & ¢ [, 0T BHAa HA MaTpH-
uute B (10), TpancGopmupa ToukaTa ‘(p°, p!, p?, p°) € BE) B Toukara '(eb, p°, e’p! e
X (Rp' + p?), e=%(np' + p%)). MNocpeacrsom (14) 3a (4*, 42 uw’) ¢ R® nonyyasame

(15) h(x™\(ut, u?, u®)) == (', e (ku’ +u?), e (nu'+ud)).

Bexropure 0,=(d/0x'), I=1, 2, 3, ca AonupareJHd B 0 CHLOTBETHO KDbM JH-
HuaTe {X~1(s, O, 0}, {x“(O 5, O)}, {10, 0, 5)}, xbAeTO s onHcBa peaneH
unTeppaa. Caen 3amecTBaHe B (15) HaMHpame

(;i} k(x='(s, 0, 0))s-o=x—"(1, €%k, e7%*n),
4 1 1 -2b
s PO, 0. ) mo=x7Y0, 7%, 0),

—dd} h(x71(0, s, 0))s-o=x71(0, O, e—?.b).

ToraBa ot (1), usbupaiiku #,=(d,, d,, dy), NoayyaBame
: 1 0 0 |

i exp(—2b)k exp(—2b) 0 | .
lexp(—2n 0 exp(—20) !

(16) A(h)=

Heka Y¢h. Monewe Y=Y, +xV, +v¥y c peanun xoeduiuments B, x u
v, TO

i exp (s P) 0 0 0 'i
| 0 exp (5P) 0 0 Il
exp(s¥)= i 0 swexp(—sP) exp(—sB) O ! .
| o svexp(—sB) 0 exp (—sp) .
OTtTyk ¢ momowra Ha (16) noayyasame
i 0 0 o
17 M= g KDV )emo= |5 —5F 0 -
N —23 E

Hexa X ¢ m, 7. e. X e 0T BHAA Ha Marpuuure B (I1). Toraa A, (X) e ma-
TpHua 3 X3 ¢ KOMIOHEHTH

(18) AHX)=Aja+Fio+Kix, 4, j=1,2, 3,

KbIAeTo ¢ I ¢a HOMEpHpaHu penoBeTe, a ¢ j — cTbiaGoBete, 2 A/, Ff n K
ca peanuu uyMciaa. [lpecusarame [Y, X] u ro 3amectBame B (13) BMCCTO X. Cera
ot (3), xaro Hanoasysame (13) n (17), nonyuasame cucTemara

Al= —x(dla+ Flo+ Kix)—w(Ala+Flo + K},
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0=28(Aa +Fip+ Kix),

0=28(A4iz + Fip+Kix),

AT=x((Ai—AD a+(F1—Fp +(Ki— K —2B(Ala + Fip+Kin)
—W(Aa+ Fig+ K),

0=x(Aa+Fyp +Kix),

0 =x(Asz + Fip+Kjx),

Al = W(Al— A)a+( F} = F)p+(Ki—Kim)— 28(Ale + Flo + Alx)
—x( A2+ Fip+Kiw),

0=v(Ax+ F10+ K3x),

0=v(Ala+Fip+Kix),

x_'bule'ro ¢ Af cMe o3Hauwm F j'(;a—ZBﬁb) + K (va—2Px) 3a [ =1, 2 3 n

Tasu cucrema Tpa6pa na 6bae THKAECTBEHO YAOBIETBOPEHA 32 BCHUYKH

peanHH CTOMHOCTH Ha HE3ABHCHMHTe MmapameTpd fi, x, v, «, @, x H caeao-
BAaTeNHO

Al—Al=At= A=,

F=Fi=F\=Fi=F=F=F=0, Fi=4i—4}, R=—4,

1 2
Ki=Ki=K!=K3=Ki=K}=K}=0, Ki=—4j} Ki=Al—A}
Coraacio c (18) A (X) uma Buzma (13).

Cera me uH3noa3yBame H300paxeHHATA A, 38 HAMHDAHE HA ABHHA BHA Ha
Gg-HHBApHAHTHATE J/iMHeAHH cBbp3aHocTH. [lopaau HMBapHaHWTHocTTa HoOCTa-
TBYHH Ca CTOHHOCTHTE Ha CBBP3AHOCTHTE B TOYKATa O.

Tebpaeuue 5, JluHeltHuTe CPBP3aHOCTH V BBPXY XOMOIE€HHOTO

npoctpaHcTB0 BP=Gy/H, uHBapHaHTHK OTHOCHO (g, HMaT B 0 gTOMHO-
CTHTE :

V,0/0x' = Al0,, v, 8/0x2=(A2+2p)dq+(A}—1)d,,
(19) V0,0/0x%=(A341)0,+(43+2p)05, V0,0/0x" =(4]—AZ—2p)0,
—(A}—1)0,
V0,0/0x3=y4,0/0x8=0, v, 0/0x'=—(A2+1)dy+(Al—A3—2p)0ds,
V 0,0/0x%2=y 5, 0/0x3=0.
Hoxasamescmso. Hexa Z; e sexTopHoTO Mose Bhpxy B, onpeaenexo ot

neficTByBallaTa B1pxy B° l-napamerpuusa rpyna {exp(sZ)}, {=1, 2, 3. Cnoo-
pex {1, ra. X; 7]
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(20) (Vz; Z)o=(8o0 (ALZ)) 0 Uz N (ZDo) +|Z1y Zf}r 4, j=1, 2, 3.
Hmame

| 1+sp+50(s) — 5+ s0(s) 0 0 '
s+so(s) - 1+sp+so(s) 0 0 *
exp(sZ))=| ( N It
0 0 1—sp-+-s0(s) —5+80(s) |
| 0 0 s +50(S) 1—sp+ so(s) ‘

exp(sZ)=1,+5Z, 3a {=2,3.

Tyx n no-natatek c o(s) e o3navena peasHa (yHKUMA HA § (He HeNPEMEHHO
€eAHa H cblld Ha paaiHuHHTE MecTa), AedHuupana u audepesuupyema B
oxkontoct Ha Q¢ R, xato 0(0)=0. Heka (&, 2, u®)¢R u p=x—1(u!, u?, u®). C
ornen Ha (14) uMame

s+(1+sput+so(s) (11— sp)u®— sud+s0(s)
MO 2N =( T ot o 11 ar oy

(21) su’ + (1—sp)u’+s0(s;)\
1+ s(p—u'+0(5))
X (exp (sZy)(p)=(u!, s+2spu'+u?, —sul+ud),
x(exp (sZ;) (p)=(u, sul+ud, s+ 2spul+ud).
[Monexe j-rata KOOpAMHATHA (PYHKIHA Ha BEXTOPHOTO noJae Z;e

@YD) = 2 W (X ZN (P om0 38 b j=1,2,3,
TO caen nudeperuupare B (21) nonyyaBame

Z,=(1 + (x")?)3/0x! 4 (x1x2 — 2px? — x3) 9/ Ox? + (x1x?
(22) —2px%+ x2) 9/0x3,
Z,=(14+2px')0/0x3—x" 3/9x3,
Zy=x* 0/0x+(1+ 2px?) 9/0x°,

Or (12), KaTo WanonaysaMe paBeHcTBOTO [Z; Zjlo=(Z; Z;}, m (22), mamu-
pame

(23) [Z,, Z.)o=4p04—20,
[ Z, Zy)o= 205+ 4p0;,
[Zh Zs]o =0.

Cera or (12), (13) n (23) caen 3amectBaue B (20) npu #,=(0,, J,, 9;) caex-
BaT paBeHCTBaTa
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Va, Zl =A :an v 0.22 = (Ag + 4P)aa + (A; — 2)’33-
Vals = (A3+2)0, + (A3 + 4p)0;,

Vo.Z,=(A1— A3 —4p)03—(A3—2) 0, V0,Z2=0, v0.Z,=0.
Vo Z,= — (A3+2)0, +(A1— A3—4p)05, v4,Z:=0, v0,2;=0,

KaTO cMe B3eJd npenBud, ye (Z),=0; 3a i=1, 2, 3, koeto caeasa oOT (22).
3amecTBaMe B N1eBUTE CTPaHH Ha MOAYYEHHTe paBeHCTBa H3pa3uTe 3a Z,, Z,,
Zs B (22) n nonyuyapame (19).

Or npoexTHBHA riegHa TOYKAa TBBLPA( HMHTEPECHH Ca JHHEeHUTe CBbp3a-
HOCTH, YAOBNETBOPABAIIN aKCHOMATa2 Ha paBHHHaTa. ToBa O3HauaBa, ye npes
BCAKA TOYKA H BbB BCAKO HanpaB/ieMHe Ha MHOroo6pasHeTo MHHaBa aBToMapa-
fenHo moamHoroo6pasne. Heo6xoaMMO yc/i0BHe enHa JHHEHHa CBBP3IAHOCT Y
Ia YAOBJNETBOPABAa aKCHOMAaTa Ha paBHHHATa € y la Oble MNOJAyCHMETDHYHA,
T. €. 32 HellHOTO TeH30pHO mo.ie Ha Top3ua T na e B cwia

(24) T (0/dx!, 0/0x7)=(t(3/dx/)0[/dx!—L(3[ox)d[dx))[(n—1), i, j=1,.. n

NpH JOKaTHH KOOPAHMHATH Xl,... X", KbaeTo [(d/dx!)=trace (X — T(X, d/dx?)),
a n e GpOAT Ha M3MepeHWATa Ha MHorooGpasueTo. '

Tebpaenne 6. [lonycuMeTpHUHHTE Gg-HHBAPHAHTHH JIHHeHHH CBBbp3a-
HOCTH y BBPXY XOMOreHHOTO NpOCTPaHCcTBO BP=(,/H, obpa3ysaT 2-napame-
TPHYHO ceMeilcTBO, onpeneneso ot (19) npu

25) A3— A= A4 1=A3—1=0,

Lorxasamescmso. Tlopann MHBapHAHTHOCTT2 Ha Yy NOCTaTBbyHO e (24) na
e B cuia 3a 0, u J; BMecTo 0/0x u 0/0x/; npu TOBa B HawMA cayyad n=3.
Ot (19) noayuaBame

T(0, 04)=(242+2p—A})0,+2(A3—-1)0,,
T(0y, 05)=2(A2+1)0,+(243+2p—Al)0,,

T(0y, 04)=0,
OTKBIETO
1(0,) =2(A]—A1—A}—4p), 1(0;)=0, £(3;)=0.

3amecTBaneTo cera B (24) caex cpaBHABaHe Ha KoeHUMEHTHTe mnpen J,, Oy,
da naBa (25).

Ot (13) Bmxname, ye ako ca u3NbJAHeHH ycaoBuara (25), To A,=0. Cne-
BOBAaTeJHO HAMA NMOJAYCHMETPHYHH KaHOHWYHHM cBBp3avoctd oT Il poa. Pa3bupa
ce, BCHYKH KAHOHWYHM CBDBLP3aHOCTH OT | poA ca NOJyCHMETPHYHH, MOHeMe
MMaT HY/eBa TOP3HA.

Tebpaenne 7. Besika Gg-HHBapHaHTHa NMONYCHMETDHYHA JHHEHHAa CBLP-
3aHOCT Yy BDBpPXY XOMOreHHOTO npocTpancTBo BP=Gg/[; ynoBiaeTBOpsBa aKCH-
OMaTa Ha pPABHHHATA

Lloxazameacmso. Heka R e Tex30pHOTO MOJe Ha KPHBHHA Ha vy, S(d,,
Om)=trace (X — R(X, 0m)d,) u r(d),, dm)=trace (X — R(d;, Om)X), j, m=1,
2, 3. llonexte xomorenHoTo npocTpaHctTBo Gg/Hy e pPeAYKTHBHO, MpecMsTame
R no ¢opmynara [1, ra X]
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R(a.h at)=uo ° ([AP(ZI): Ap(z,,)]'—/\p([zp zk]):mp)_lt([zfv Zk] h)) ou- Y

KBAETO U,=(d,, 9,, d3). Kato nanonsysame (13) u (17), nonyyaBame

) 0 0 0
R, a,)=i§ —(Al—A2—2pP—1 0 0
0 0 0
0 0 0
R@,, 63)=” 0 0 0!'.
il—(A}—A§—2p)“—-l 0 0~f'
R(@y 35)=0,

OTK'BAETO
S(9y, 9)=2((A}—A43—2p)*+1),

S(ai- dj)=0 3a (I, j)*(lil)i
r(@y, 0;)=r(0,, 05)=r(d;, 05)=0.

ToraBa Heo6X0ZMMO H [OOCTaTBHYHO YCJIOBHe Yy Ha YIOBNeTBOPABA aKCHO-
MaTa HA paBHHHATa e R (9}, 0,) Om=(5(0m, Ox)0;—S (O0m, 0,)0,)/2 3a j, &,
m=1, 2, 3.

3aMecTBaMe TYK HamepenuTe R u § H BuXKIaMe, Ye C'bOTBETHHTE JIeBH H
JEeCHH CTPaHH Ha MOJy4YeHHTe paBeHCTBa CbBManar.

B yacTHOCT Bcfika KaHOHWHYHA CBBP3aHOCT OT | poi ydOBIeTBOpABA aKcH-
OMaTa Ha PaBHHHATA.
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INVARIANT LINEAR CONNECTIONS ON THE PARABOLIC
BIAXIAL SPACE

!D. Mitov ,A.Borisov

(SUMMARY)
Let
,a b 0 0
‘e d 0O 0]
&a=1{ lf b Sa 1‘}bg! ¢ SL (4, R)}
:Im n %c ﬁ-d'l

be the group of all collineations of the 3-dimensional real projective space
RP? preserving a parabolic linear congruence of lines. The Kleinian space
Br with underlying space RP® and fundamental group Gg is called parabo-
lic biaxial.

Among the T-dimensional subgroups of Gy only G, defined by =1 is
transitive. In a precedent paper we showed that no G, -invariant (and hence
no Gginvariant) linear connection exists on B,

The unique transitive 6-dimensional subgroup of G, has Gg equal to

Ge ={
' expbcosa -—expbsina 0 0
"expbsina expbcosa 0 0 ¥
! G GL (4: R)}

. exp (—b) f exp(—b) & exp(—b)cosa —exp(—b)sina
exp (—b)ym exp(—b)n exp(—b)sina exp(—-b)cosa|

as its component of the unit. Let /, be the unit of GL(4, R). The
connected Lie group Gy =Ge/{+1,} acts transitively on B~. Its isotropy sub-
groub Hy of the point (1, 0, 0, 0) of B» is connected. The homogeneous
space Gg'/H, is reductive. It admits a 1-parameter family of reductive com-
plements. There exists a 5-parameter family of Gy-invariant linear connec-
tions on Br=Gy'/H,.

The Gg-invariant semi-symmetric connections form a 2-parameter family
and all these connections satisfy the plane axiom. Hence all canonical connec-
tions of the first kind satisfy the plane axiom. No canonical connection of
the second kind is semi-symmetric.
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ON SOME BOUNDARY VALUE PROBLEMS FOR
A CLASS OF QUASILINEAR DEGENERATE
PARABOLIC EQUATIONS

Nickolai D. Kutev

Huxonaii I KyTten O nexoTophix rpasRMHbLIX 38084aX /R OOAOF0 KJac-
ca BhIpOXARIOIMXCE KBAIWIMACHELIX mapaGoasvieckyx ypasneumd,

IlokassimaeTcs NOKanbHLIAl pe3yAbTAaT CYLICCTBOBABHMA H €AMHCTBEHBOCTH KAdc-
CHYecKoro pememHs 3agayH [lupuxne W HEKOTOPHX HReNHHEAHMX TpaBHYRLIX 3313y
ANS ONWOTrO KJACCA BBIPOXAANUIMXCH KBa3UNHHeAHWX NapaboAHYECKHX YypasHeRufl.
Hcnoassyercs wmeton napaBonuyeckoft perynspR3aUBH H METOL NOCAEAOBATENAbHBIX
npubanxennfl,

Nickolai D. Kutev. On Some Boundry Value Problems for a Class of
Quasilinear Degenerate parabolic Equations.

In the paper a local result is proved of existence and uniqueness of the
classical solution for Dirichlet's problem and some nonlinear boundary value
problems for a class of quasilinear degenerate parabolic equations. The method
of parabolic regularization and successives approximation is used.

§ 1. The aim of this paper is to investigate a classe of degenerate qua-
silinear parabolic equations
6} Pu= Q' @i(x,Xo Witxx+ 2 b(X, Xo, W)ikx;—C(X, Xo, Uiy,
icar]

i,jJ=1

+d(x, x4, Wu=f(x, Xx,)

in the cylinder 2X(0, T)X(—M, M). Here Q is a bounded domain in R7,
which is C¥+4+% smoothly diffeomorphic to a ball, /=3 is an integer and
0<A<I1. Further we shall make the following assumptions regarding the
operator P and Q:

() 3 alix, xo, PRRZI5, %0 PR P20

in the domain G'D @X[0,T]x[—M, M), EcR", aV ¢ C¥G),

7 Ton. Cod. yams., dax. MaT. A Mex., T. 75, 1981, xn. | Mar. 97



c(x, X pP)20 in G'; ¢(x, xo p) € CHG);

c(x, xO-' P)+|-l(x, X0y p)>0l d(xl xo: p)go il'l QX[O! TIX[—M, Ml;
(if) The coefficients of the operator P and their derivatives D: D of

order @ +2B<2/+2 are Holder continuous with exponent A in Q X [0, T]
X[—M, M];
(iif) The boundary 9Q x (0, T)xX(—M, M) is non-charactertstic, i. e.

= ail(x, xo pV¥W>0 on QX (0, T)X(—M, M).

i1
Here (v!, v%..., v7) is the inner unit normal to dQX(0, 7);
(iv) (0% floxk) (x, 0)=0 for k=0, 1,..., [-+3, x€Q.

Let us introduce the set Q,={x ¢ Q; c(x, 0, 0)==0}. Following Fichera
[8], we consider the boundary value problem

@) u(x, 0)=0, x¢Q\Q,
wx, x0)=0, 02X(0, T)
for equation (1).
Under these assumptions we have the following result:

Theorem 1. Suppose (i) — (iv) hold. If there exists a point P, € Q so
that the operator P is strictly parabolic in PyX[—M, M), then the boun-

dary value problem (1), (2) has a unique classical solution u(x, x,) ¢ C/(Q
X [0, 8]), where 5=<T is sufficiently small.
Let us now consider the nonlinear boundary value problem

(3) Bu= ;2,: a*(x, Xo, ULy, +O(x, X W= (X, X,)} ON 0QX (0, T);

u(x, 0)=0 for x ¢ Q\Q,
for the quasilinear equation with linear principal part
(4) Lu= 2 ax, xo) sy + 20X, Yo W)ia,—C (X, Xop UM,
= i=l

+d(x, xo Wu=f(%, xo).
We suppose that

(5) 12’1 ak(x, xo PIV>0, o(x, x, p)S0; IAx[0, T)x[—M, M]

Beside that the coefficients of B and ¢ their derivatives D2 DZ of order
.« +2p=2/+3 are Holder continuous with exponent A and

(v) (0%9/0xK)(x,0)=0,£=0, 1,..., [+3,x ¢ IQ holds

Under these assumptions we have the following result:

Theorem 2 Suppose (i) — (v) hold for the equation (4). If there exists
a point Q, ¢ Q so that the operator L is strictly parabelic in Q,x[—M, M],
then the boundary value problem (3), (4) has a unique classical solution

u(x, xo) ¢ C(Qx[0, 8)), where §<T is sufficiently small.
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The equations (1), (4) arise in the applications to studies dealing with
some diffusion and temperature processes. For instance the equation describ-
ing the temperature distribution in the case of a quasi-stationary regime
with a moving thermal source is [, p. 178].

(6) divy.(Agrad T)—C,VdT/ox=0,

where V=0 is the velocity of the source, X is the heat conduction coeffi-
cient and C,(T) is the limiting volumetric thermal capacity.

Another application of equations (1), (4) is connected with diffusion and
filtration of lipid-protein complexes and oxygen through the arterial wall and
into surrounding tissue (see [10]).

In conclusion it -should be mentioned that, when ¢(x, x, Z) =1 the
existence and uniqueness of the classical solution of the first boundary
value problem for the equation (1) has been proved by Fateeva [7]

As for [10] and (11], they are based on an earlier but wrong result of
the same author {12, p. 533]

Let us state that our results are not contained in (7] and unlike [7] the
present work includes the equation (6).

§ 2. In this paragraph we will use the inequalities and identitiesin § 2
in {14] (see also (2, 5]). Further we will use the short notations u.=-u,,

b = b etc. and the summation convention is understood.

Without loss of generality we assume that Qx(0, T,) is a cylinder,
To=T, with a base 2, which is a ball, its centre andradius being respective-
ly 0 and R. Besides, the operator P is strictly parabolic in the points
{©, X0 P); O=xo=Ty, (P=M).

As in [14] we assume that d(x, x,, p)<0 eventually for 0=x,<T,
(= T).

Let us now consider the regularized boundary value problem

(7) PeNgaNy= D geil(x, x,, un.N—I)u:}.N_i_E bi(x, xo usN—MueN
ij-1 {=]

—(e(x, xq u*N1)y+e)urVtd(x, xo urNhueN =f(x, xo), QX (0, Ty);
uMx, 0)=0, x¢Q,
uN(x, x)=0, 9RX(0, T)).

We choose u*9(x, x,) =0 for e>0 and besides we use the short notations
a=" (x, xo, p)=a’(x, x, p)+edY, where =0 for /Fj and &'=1 for i=1,
2,.., n

Next we will show that the sequence of successive approximations z*¥(x, x,)
can be formed.

Lemma 1. Under the assumptions of Theorem 1 the following ecs-
timates
(9) sup u=Mx, x) =M

2x[0, Ty

hold, where 7,=T,, ¢>0, N=1, 2,...
Proof. We consider the auxiliary function

(10) (X, Xo)= NP+ x2exp(B(R? — x 2))—(1/52)exp(Lx,).
The estimate

(8



PeNep 2209 upNusN—d(u VR 4 2urNf 4 x2 (485 %%
— O(BDexp (E(R?—Ix*) — 2cxy exp(§(R?— x9)) + c § exp(§3x,)

—(@/G)exp(Rxo)=a¥ up™ upN+x2 p(x, xo u*N=1)+c(x, Xo, uN=1)—dj33

holds, when E, §({==C,") are sufficiently large (depending on C°® norm of the
coefficients of P and C' norm of f), because |f(x, x,)|=C,x, Since 1°(x, 0)
<0 and 7°(x, xp)=@*+x2—(1/5%)exp(§3x,) on dQx (U, T,), we obtain that
*v"(éc, x0)<0 on 9Qx (0, T,) for T,'<1/;, C2max(%,, §,”), because lp(x, x,)
=CXo

From the maximum principle it follows that 7°(x, x,) cannot attain a
nonnegative maximum in Qx(0, T5), i. e. 7°(x, x.)<0 in 2X(0, T').
Hence

(11) (NP =(1/8%)exp(Lix,) < €*/5F

for 0=x,=T,’, T,”=min(T,, 2/5Y).

Thus we proved a slightly stronger result. Lemma 1 follows from
(11), when 7,=min(7T;", (2/5%) In M()).

In our further calculations, for convenience we omit the index ¢ and
with M,, K, C,, i=1, 2,... we denote constants which depend on the coef-
ficients of the equation, the boundary condition and the domain Q, but not
on ¢, Nand ¢.

Let r is a small enough positive constant, so that the operator P
is strictly parabolic for {(x, x, p); '%|=r, 0= x, =< T, 'p <M}, where
T,£T,.

Lemma 2. Under the assumptions of Theorem 1 the following es-
timates
(12) sup .D:D_f uN(x, xo) SKu'f§

X% 0S5x,5T, ¢

hold, for ‘a|+2B=m, 1=m=2+2, e>0, N=1, 2,..., where the constants K’
do not depend on ¢, Nand {.

The proof follows as the one in [14), because the inner estimates (12)
do not depend on the boundary condition.

In order to prove the uniformly boundedness of the derivatives of
uN(x, xo) in wXx(0, T,), w={(x, xo); r< 'x{<R}, we make s polar change
of the x variables and for convenience, we preserve the previous notations
considering that x,, x,,..., X.—; afe angular variables and x, is a radial
variable, _

Lemma 3. Under the assumptions of Teorem 1 the estimates

(13) sup D2, unN(x, xo) SK/%

wx (0. T}

hold, for T,<T,, «i=1, ¢e>0, N=1, 2,..., where the constant K, does not
depend on ¢, N and §.
Proof. Let us introduce the auxiliary functions

(14) (X, Xo)=my[my 3 (4l P-+2uNy+uNT(uN))expE (R—xn)

— N Xo) + (u,‘x)‘3 exp(—mnXo) + 21 7°(x, xo),
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a1

(15) T(u®)=4 :>,l Ark(x, xo)ul,

where A™(x, x,) are smooth extenslons into wX [0, T,] of the functions
a™*(x, x,, 0)/a*(x, x,, 0) which are defined on 92X ([0, T,]. The derivatives
D; D? of order jaf+2p=2/+3 of the coefficients A%(x, x,) are Holder

continuous with exponent X in wx[0, 7}
The positive constant m, is chosen so that

(16) my=2+(4nH,),

where £, is the maximum of the coefficients of operator T.From the choice’
of m, we have

n--1 n
(17) m, kz’l @V + 2R +uNT(N) 2 kZ‘l Ny,
n=1
(18) 2m, 2 aVuliul) +4aYulul+2a¥(TuM)ul
k=1
- 3m ;Tlau NyN 4 3aiyNyN— M 2:' (u)?
=T A= &y +oa’u, 1 (Bc)™

We will show that o'(x, x,) can not attain a peositive maximum on
aQx (0, T,). Let us estimate Lv'=—0dv'/dx,—v'. A simple computation
gives

n—1

n
Lo'2n,{§, 2 @lyp—2m, 2 ul ul —4u® u¥ —uNT(ub)
k=1 k=1

—uN(T(ul)—[T,0/0x,)(u™) }exp(—pxo)—uY ul  exp (—nx,)

Xo XoXp
—P10V°[0xn— 21, (D )Pexp (M Xo)—pr(x2—(1 /EHexp (§°x,))-

From the boundary condition (8) we obtain that u¥=u¥=0 for k=0,
le.,n—1 on dQX(0, T,). Beside that dv°/0x,=—2REx2 on 92x(0, T,} and
consequently

Lot 2mfE ()Y —Antluy —Au 2 (@ /amul),
k=1

—2(ul ) lexp(—n%0)+ pi[2REX2—x2 + 1/52).
Clearly

n—1 n

4u® ul +4uV k),:j (@™ [a™)u = 4(uN/a™) "2_,: a™ul,
ll—‘ n

=4ulfam)| -2 av ull— 2 bul+cuN—duN+ f
ij=1 = o

=(—4b" [a™)uly+(4ul ) /a™.
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Using the estimate

(19) Dg, f(x, xo)|=Cmxo
for a=m, 1=m=<!l+3, we obtain that
(20) Lo z@NyP+x2+1/52>0 on 02X (0, T,),

when §,, £ are sufficiently large (depending on C° norm of the coefficients
of P and C! of f).

From the maximum principle it follows that v!'(x, x,) can not attain a
nonnegative maximum on 92X (0, T,).

As in [14], when n,, §, n, py, § are sufficieutly large and under the

assumption
n—1

1) 2 @Y= (), =P

we prove that ¢'(x, x,) can not attain a nonnegative maximum in the domain
wX (0, Tg), on the bases of the cylinder and for x,=r, 0=x,=T;. Consequently

vl(x, x)<0 in wx|[0, Ty and from (17) follows the inductive hypothesis
(21) for N.
Lemma 4. Under the assumptions of Theorem 1 the estimales
(22) sup iD? u'”(x Xo) =K,/
@X[0.Tg)
hold, for Ty = T;, @« =2, ¢>0, N=1, 2,...,, where the constant K, does not

depend on ¢, N and §.
Proof. We consider the auxiliary functions

n-—1

(23) A(x, Xo)=n, [m,k ‘DL[ (¥ +2 z @y + Zuﬂ T* (u™) ]exp((R

=U,

—xn)Ea—Na%0) + (1l )? exp(—n;x0) +p2vN(X, Xo);
n—1
Tr(u)=4 2, A"(x, xp)ua, k=0, 1,.., n—1,
(24)
n—1 n—1 n—1
Tr(uN)=4 (— Z Ari 3 Arkyd 4 2,’ A"fu',‘j') :

k=]
The functions A%(x, x,) are introduced in Lemma 3. The positive con-

stant m, is chosen so that
(25) my=2+(4n)°H3,

where [, is the maximum of the coefficients of the operators T,, £=0, 1,...,n.
From the choice of m, we have

n—1 n n n

(26) m, ?‘,l' (Ui +2 3 ()2 +;_,‘ o TNy 2 3 (@l
w0, in1 k=0 k—0 k=0, 1—1
n—1
@27) 2my k_‘%: la‘V Wity + 4 ).'., av uy;, knj+2 ) a”UN(T‘u")!
>3”§2 ";'1 aVugN uN +3 3'a‘ ul ¥ —M ;1 (u))?
=9 k-c').-ﬁ-l kti %k 1y & kni®knj 2k—0-,:'u-| kl/ *
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We will show that 2%(x, x,) can not attain a nonnegative maximum on
09X [0, T;). Let us estimate Lv%. We have

n n—1 n
v v —y
L‘vagnz{gz k"'(;‘ll 1 (u”(v‘)z__zmzk ‘(’I-\’I IukN, uﬁn— 4 %Ouﬁ'uﬁn

— kEO ul THuN)— %:)u;:{,( T (uN)—[ T, 0/9x](t¥))}exp(—ngx,)

U e, SXP(—TpXe) =20y 2 () YPeXp(—npXo)+pa L,
From the boundary condition (8) — u¥=ul=ul=0 on dQX|[0, Ty} for
l, k=0, 1,..., n—1. Consequently
n—1 n—1

Lv*=n, {(Eﬂ"’z) 2 — 4 Y uNal —4 3 ul 3 (a%/armud,
k=0 k=0 ’ k=0 i=0

a—l n—1| n—1

—4ul | =2 (@v/am) ) (@Vjamul, + 3 (av/ammyul j”exp (—%2%0)
-1 i=1 Ji=}

+py LT
Let us transform the following expression
n’ u—: n—! n—'l
I kz:o aNul + ..‘:'o""N" ‘%l (a™/amyul +uV .‘;)1. (@V/a")ul,

n—1 n—

1 n—1 n
_2 (ani/arm) 2 (anj/anﬂ)uzj] =(1/arm) A\v‘ uﬁ {(z' anl'uﬁ)
i=:1 Jj=1 k=0 fu f k

n n—I1 n—1
-2 arut, } +(un”"/a""){a""uj‘;ﬂ— 2 (a™/am) [( 2 anfugg)
irl i=1 J=1 i

a—1

-5 e
The estimate of /, is trivial and for /, simple computation gives

“fn—1 n—1
N A N
(}2—‘1 an!unl ) r+ i]-): lauunll ] ]

n—1
+£'af/uﬁ,]=l,+lz.

na—1
1= (ul ja™) {a""u,,”,m— ,‘1; (a™/a")
n—1
= (u,’,‘i./a""){a""u” +2 (@jary @, + buy—f)
l -—

nnn

n n—}

1 n
+ 2 avul 1= (u¥ /a™) {(2 a"u?) — Y alul + 2 (amjamy bl
o il n =1 P 721" i1
—f ).-} = (upr/a™) l — él (B4 +(cul)n—(du)n-+ 1

n —1
—-2 aV ulf + ’2' l(a'"/a"")(b"u,’:’ —ﬁal .

ijm1
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Therefore, from (19), (20) when §,, p, are sufficiently large we have the
estimate

(28) [v22 ;l @V P+ x2+1/2>0, 92X([0, Ty
=

From the maximum principle it follows that ¢%(x, x,) cannot attain a
nonnegative maximum on 9Q x [0, Tj).

In order to end the proot of Lemma 4 let us assume that the esti-
mates

(29) o TS (Papre®) (20,

(@R S(pop1d/C

hold. As in [14], when §,, %, p,, 7y, § are sufficiently large we obtain the

result that o%(x, xo) cannot attain a nonnegative maximum in wX [0, Tj).
Hence, by means of (26) we derive the inductive hypothesis (29)
for N. -

Lemma 5. Under the assumptions of Theorem 1 the estimates

(30) sup | D5 uN (x, x0)'== Kf§
WXI[0. Ty g
hold, for T,;4=<T7,43, a'=p, 3==p<i(+1,e>0, N=1, 2,..., where the constants

K, do not depend on s, N and §.
Proof. We prove inductively the estimates

(31) 2> (D:Df,uN_l (%, x0)P=(PoPo-1. . -P1€)/(n,5?),

1a’ ¥+ 8—p, f¥p
(D2 uN=Y(x, x0)P=(PoPr— - P:")/G?

in wx[0, T,4,), by means of the auxiliary functions

(32) v(x, xp)=nfm, 2 (Dz DfuNy@+2 2 (DuD!Dyuty

a -+f—p, B+p la+B+yl=p, B=p. y%0

¥ N DDt Dy aNTHMexpER—x ) +(Dsulexp(—7x)

i@t Aty —o Brpyt

+pov—Hx, Xo)-

The coefficients of T°f*(x, xo U, Uxy Uxp .o Ux,_,) are determined on
02X [0, T,4+3) by means of the condition

(33) T*'(uN)~ —4D7 D% Dt u”,

The derivatives Dfr: uV in (33) are substituted for by their equivalent expres.
sions on dQ2X([0, 7,3 using the equation (7) and the derivatives of (7) up
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lo the necessary order and #V is substituted by the expression —2' (a% /
n k«l

a™uy. In wx[0, T, ;] the coefficients of 7Tvf are smoothly extended so
that their derivatives DzD» of order vi+2p=2/=4—p are Holder continu-
ous with exponent A. The positive constant m, is chosen so that

(34) m,=2+(4ny ' H2,

where K, is the maximum of the coefficients of the operators Turs.

Proof of Theorem 1. By means of Lemmas 1 — 5, using the Ascoli —
Arzela theorem and a diagonalization argument we can find subsequences
&x — 0, Nk — oo, so that D3 u%Nk(x, xo) = D2, u(x, xo) for a'=[ Let us now
consider pMuV—uN-1), We have PNuN—uN-1)=[a"(x, x, u¥—2)—a¥(x, xo,
uN=Dlel =+ [(x, Xy uN—2)—bi (x, xo, ¥V u¥ ' —[c (X, xo 4V?)—0(x, Xo
uh-1 )]uf,‘f“"+[d(x, Xo UNT2)—d(x, Xo UV T]uN-1: - g(x, xo uN-1, uN-?),

From the mean value theorems, since u{}’(x. X)) =A,x,; uj"(x, Xo)|
=Ayxos uN(x, x0)' SAixe; #¥(x, xo) SAixe for N=1, 2,..,, where the con-
stant A, does not depend on £ and N, we obtain {g (x, x, #¥, ul¥-2)|
S A xsupluN—l_yN-2

As in Lemma 1 we consider the auxiliary function 2¥(x, x,)= (eN—uN"1)?
+¥[x} exp(E(R?—"x 2))—(1/5?) exp(§x,)).

A simple computation gives

PNzN 2 2g0(uN—yN=1) (uN—uN ) 4 2uN— N -V)g —d(uN —uN-1)

+[x3(48%11x12— O(E))exp§(R2 — x 2))--2exoexp (§(RE—|x[*))
+ 5 exp (§xo)—(d/8%)exp(§Pxo)] 2 g2 /d +y[x¥e(x, Xo, P)+(x, X0, P))
= — Agxy(sup N7t —uN=2)2 do + v,
when% are sufficiently large and d(x,x,,p) S —d, <0,6(x, xo,P) +1(x, X0, D) Z20>0.
Wheny 2 A2 (sup|u™¥ ™! —uN"2 2 /dop, we have pNzV¥>0.Since z¥(x, 0)= -1/§2<0
and 2M(x, xo) = y[x2—(1/E%)exp(§3x,)] <0 on 9Q, for x,=1/, it follows from the
maximum principle that z¥(x, x,)<0 in Qx[0, &), & =min (T} +s, 1/5).
Consequently
sup  uN—uN"1 < (Ag/C)sup | uN -1 —uN-2)
X0, ) Qx[0. &

and when {224, we obtain uM(x, xo) = u(x, x,). Theretore, for e — 0,
Ni — oo, from (7), (8) it follows that u(x, x,) ¢ C(QX][0, &)) is a solution

of (1), (2).
Uniqueness. Let us assume that besides u(x, x,), the function v(x, x,)

€ C'(Rx]0, &)) is a solution of (1), (2) and let us consider
al(x, xo v v—u);;+b4x, xo vNv—u)—(x, X0, VNV—1)x,

+d(x, X V)T—U)=Fk(x, X0, U, V)= [@V(x, xo, W)—a¥(x, X, V)&,
+[bi(x, xo 8)—b(x, x, V—]e(x, xo B)—E(x, Xy V)|thx,
—+- [d(x! X0, u)—d(x. Xo, 'U)]u.

As in the proof above, the estimate
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sup ‘'u—v =(A,/5) sup |u—7'
aX10, 2 axto, 3
hold, for 5=min (&', 1/{). When { =24, we have z:_ v,
Remark I. Since the constants KX, in Lemma 1 — 5 depend on C'+.
norm of the coefficients of P and C'*2-norm of f, Theorem 1 holds when

the coefficients of P are of the class C'+}(QX[0, T]X[—M, M)] and f¢C'+?
@x{o, 7).

Remark 2. If :‘2" al(x, x, PXEW=pE2, p>0
il
for (x, xo p)€9QX[0, T)X[—M, M|; ECR" and ¢(x, xo, p)=c¢, (x, %) €2 (X,
X X); Ca2(x, X0 P)>0, it is not necessary for the condition c¢(x, x, p)20
in @ DG=2X[0, T|X[~M, M), c(x, xo, p)€C*(G') to be fulfilled. It is
enough for ¢(x, xo, £)20 to be valid in G'=QX][0, T"] X [—-M, M), c¢C?
(G"), T">T.

§ 3. Asin § 2 the proofs here will only be sketched and the differences
which appear because of the essence of the boundary value problems stu-
died in this paragraph will be considered more precisely here.

Without loss of generality we assume that  is a ball, its centre and
radius being respectively O and R. Besides,the operator L is strictly parabo-
lic in the points {(0, x4, P); O=X,=S5, (sos T), piSM)}.

Let us consider u=vw, w=[2—exp(—a.x?)exp(Bx,)>0 in Q X [0, S|
and the operators (4]

Lv=(L(vw»/w— “a"(x, xo)‘”l;‘l'ﬂ [Bi(x, xor w)+z<z a'lw)wh,

—c(x, Xo, VWU, +(L(W)|w) v=f/w,

Bv= (B(vw))/w-= c*(x X0, 'vw)'v.+[(,_, ak(x, x, W) W)W
+a(x, xq VW)V=0/w.
A simple computation gives
Lw=[—4a’n(x, xo)'x*+ O(a)lexp(—a x 2+ 3x,)—Be(x, xo TW)2

—exp (—a x|?)]exp(Bxg)== —[4a?p(x, xo)x2+Pec(x, x,o, vw)—O(a)]exp(Bx,

—axxN<0
and

kz: ck(x' xo, "U'lﬂ)’w*=(22 :2: ck(x’ Xor 'vw)x,,)exp(—a Rz)
= =]

=(—2aR ;L' ak(x, Xxo, VW)V) exp(—aR?)<0
when a, B are sufficiently large, where (v', ¥2,..., v} is the inner unit normal
to 32 (0, s,). The operators L, B satisfy the condltlons of Theorem 2 in the
domain Q x (0, s,)X(—M,, M,) md consequently if we preserve the previ-
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ous notations, without loss of generality we may assume that d(x, x, p)<<0

in QX|[0, s,|X[—M, M), o(x, x, P)<0 on dQX|0, s,]
Let us consider the following regularized boundary value problem

(35) LeN(ueNy= Y \ ar'(x, xo)u +2‘ bi(x, X, u:.N—l)u:.N_[.
u'vl il

+e(x, xo ueNuEN +d(x, xp, ut NN =£(x, xo),

(36) BN(u=N) = 'T‘;Gk(x' Xo, uo¥NueN - olx, x,, usMusN

=q(x, x,) on 9QLx(0, s,); u=Mx, 0)=0, Q,

where u=%x, x,) -0 for e>0.

Using the auxiliary function (10), as in § 2 we can prove estimates of
the kind (9), (11). As for the inner estimates (12), they do not depend on
the boundary operator and they are again true for the boundary value pro-
blem (35), (36).

In order to prove the uniformly boundedness of the first derivatives of
usN(x, x,) we will use the notations introduced in Lemma 3 in § 2.

Lemma 6. Under the assumptions of Theorem 2 the estimates

@7) sup Dz, umN(x, xo) SE/
wX{0. s

hold, for s,<sy, la =1, ¢£>0, N=1, 2,..., where the constant E, does not
depend on ¢, NV and C
Proof. Let us consider the auxiliaty functions

(38) wi(x, Xo)=n,[m, ri'. () +2(uM)? + uNTMuM) + k2x2

+£3}/CP Jexp (E1(R_5fn)(xn_r)—ﬂ|xo)+(ui)zexP(_’hxo)‘FPl'w(x: x9),

n—1

TN(uM) = 2 6%, xo, u"=Nu+68(x, xo, uM=")uN-+ D(x, Xy uM).

The function 79(x, x,) is defined by means of (10) and 6%, 0 are smooth

extension into wX[0, s3] X[—M, M| respectively of 4q¢*/¢", do/o", so that
their derivatives D¢ D“l of order :+28=2/+3 are Holder continuous with

exponent A Analogouqu we introduce the function @(x, x,; p) e. g P (x,
Xo, p) =(— 4x,.:p)/(Ro-"(x X, p)), where 0"(x, X0, _) is a smooth extension
of o*(x, x, p) fiom 0QX|[0, ssJX[—M, M] into QX[0, s;5]X[—M, M].

The positive constant m, is chosen as in (16) and ./, k,x, are upper
bounds respectively for the zero order operator in 7V and & (see (v)), so
that the inequalities

n~1
(39) m, 2, () +2(uN)® + u¥ TN(UN) + kX2 + 3G = z iy
+x3+ 1/,
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n—1

3m, "33
b 1 NN
(40)  2m, ‘:3,1 aV ujjujl,+4a¥ uful+al(TuV) a2 == él auliul,

a
+3aiulul — (M, sup (' P+M)Y ()P —(M, sup )~y
ISksn k=1 1SkSn
+ M} x2+1/53)
hold.
Let us assume that the estimates (21) hold. We will show that wl(x, x,)

cannot attain a nonnegative maximum on 9dQXx[0, s;}. A simple computa-
tion gives

Bt 2 (n (r— R G3+ 10+ 5 @ +2m, 3w
+[B¥, 0/dxa)(u™)+4u"BNul + TN@™)BN(ul)+uN¥(TN(9)
#[BN, TNuM))+ kloxd + (R0)/G]+2u% (@, +BY, 9/0Ju™)
— o(u P Jexp(—nXo) + 1BV,

Since [BY, d/0x,), is an operator of first order, which does not depend
on 0/dx,, from (21) we have

BV 2 (m(r— RYo"3, —(Mup e/ (&)~ Mo] X @l —(o/3 )ty
+[(r—R)";, — (Mgp,?)/(n,52) — M o)(x3 + 1/52 }exp(—ny o) + p, BN2P.
Clearly for BNy® we have the estimate
BNv® 2 2uNp—a(uN) + x3 — 26 kz:l akxa+0]—0/5E >x2+ /53
on dRXx|0, s;). Consequently when

§, 22[max (Mg M+ 1))/(a*(r—R)), {3 2max [(Mp,e¥)/(nMy),
(P1e*My)[(n, M)

(41)
the estimate
(42) BMw' 2x3+1/¢2

holds. From the maximum principle it follows that w'(x, x,) cannotf attain
a nonnegative maximum on 92X[0, s,].
We will show that w'(x, x,) cannot attain a nonnegative maximum in

the cylinder wX(0, s;] and on the upper basis of the cylinder. Let us esti-
mate LNw'. We have

LNwt = n, (1, + L)exp(§y(R—xa)(x,— 1) —mxo) + (I3 +1,)exp(—n1xo)
+P1LN‘W.
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where [ =23’ ululal/(8%), +uluNav(8),, +uNa¥(D),,.
k

In order to estimate /, we will use the equation (35). Hence

al(8~);;=aV(8% + 6% ul-1+-64 w140k N taN—1 4 eul

=a¥(0f, + 0w~ -0 Y T+ 8% uN ) + alBl — bi(x, xo, uN RNt

+e(x, xq,uN"?) uf:: ~1—d(x, xo, ENDuN-1 + f(x, x,)]-

Consequently, fronﬁ (21) we obtain for /, the following estimate

Iy SI(M P (nGD)+ M) kz_; @Y +[M,,p,0)/(n,5?)

+M14](x%+ 1/5%).

Estimating /,—/, as in [14] we have

LNwt 2{(n,— (M sp,€) /52— M, f?.’l aifuf‘u;j+a'fu” uh;

Xpxg X x,,+ﬂ1[0771

n

+(pap/n,—(M,1p,6%)/(n,5?)— Mls]k‘.}: @) +[nec—ad/2—M4n,c

—(Myop:€%)/(n 8}l }e=2 + py(x3un+c —df(?)
—[(M2,0,6®)/(n,8) + M, )(x3 + 1/53).

Let us n,22M,g+1), m2Mgn, and p, = max [ M+ 1)/(—d); 2(M,,
+1)/(pn+¢)), e +(pp)/ny 22M,5. Consepuently when &2 2max{(M,sp,€%)/ Mg,
(Mype®)[ Mg, (2Mgop e®)/(—nya),

M &) /[(—nd), (2M;e)/(n,(un+c)))
the estimate

Lw, 2e™3 (1.:2.’; avu}, ul) )+x3p+c+ 1/32>0

hold for g=x,=s,, s,=min(s; 2/(n,+§%)).
From Lemma 2, when p, is sufficiently large, w!(x, x,)<0 for x,=r,
0<x,Ss,. Since w'(x, 0)=—p,/F*<0 it follows that w'(x, x;) can not attain

a positive maximum in wx[0, s,) i. e. @'(x, x,) £0 and the estimates (21)
hold for N.
Lemma 7. Under the assumptions of Theorem 2 the estimates

(43) sup Dz, wN(x, xo)| S Eoff

u.J X [0. K]

hold, for s;<s,, |%|=2, e>0, N=1, 2,..., where the constant E; does not
depend on ¢, NV and §.
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Proof. We introduce the auxiliary functions

n—l n
(44) @, x)=mlm; 2 (@422 ) L L VM) R
k=0, k=0

+R3/5%exp Go(R—xa)(Xn—1r)—n2X0) - (Ul )2eXP(—12X0)+ P2 W' (X, Xo),

n—I1

TNAX(u)N = (‘ 8i(x, xo, N1 )N +0(x, xo uN—"YuVN

+®(x, Xq 4N, k=0, .., n—1;

n—I| n—l

(45) TFA(uN)y=_N" Ani(x, x )(_, 84(x, xq, uN=N)u} +8(x, xo, uM UM

=1

n—1 n—I1

+D(x, xo #N )+ AV(x, xdul+ N BUx, x, w8Vl
i]--1 iml

n—1

+ B(x, xq, u"’—‘)(kj?i B (x, xq Nl 4-8(x, xo, uN--NuN +P(x, xo, uM7))

+C(x, x,, u”—l)uﬁ + D{x, xq, u¥ NN +F(x, x,).

The functions 6%, 6, ® are Introduced in Lemma 6. The functions A¥,
Bi, C, D, F are smooth extensions respectively of (—4ai/)/a™, (—4b')/a™,
4cla™, (—4dfa™, 4ffa™ from dQx [0, s,] and 0Qx[0, s,]x]|—M, M] into
wX[0, 5] and wX[0, s,)X[—M, M), so that their derivatives D3 D! of
order |z|+2B<2/+2 are Holder continuous with exponent A

The positive cnostants m,, k£, are chosen as it follows

(46) my=2+(4n)’H2

where A, is the maximum of the coefficients before the second order deri-
vatives of the operators TV k=0, 1,..., n. K,/{ is an upper bound for the
operators of first and zero order in 7V-*and &, x, — for the remainder of
TNk R=01,.., n

From the choice of m,, k, the estimates

n—1

(47) m; 2, @)+ 23 2+ "u ' TN & (uN) + k2[C2 + k2x2
1 k=0

2x3+1/0+ X ()
k=0,l=1

n—1 "
N N \ Nk
“8) k—%' 1= |au Lty +4 aduknluk st 2= “" (T M),
3m, ' n
2\ .; —~
= -2_]“%{[_1‘2'!“?"'"2:}*- 3 kzoa} knlukuj [M93 S\lp (uN 1y?

+Ma] X (P~ (Mas sup_ (1) + Mgl +110)
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hold. We assume that the estimates (29) hold. Then we will show that
wX(x, x;) can not attain a nonnegative maximum on 92X[0, s,). A simple
computation gives

n—1

Brorz{fr—Ron 2 @i+ 18 +2m, 2 wiow

+{BY, 0*/0xsdxi|(uM) +4 2 uf BV up, + 2 TV(uN)Bup,

km
+ S UTHA@)HT?, B+ Bjoxy+ Ko/

+20 (@ [BY, YO M)—o(mY, Jexp(—naxe) +p, BV,

From the choice of T™* and since [BY¥, d%/dxi0,,] are the operators of
second order, which do not depend on #], we have the estimate

BNy ={E,(r—R) 0" ,k::'nl(uz)z"i'x% + 18] —[Ma: p2p €2} (1257)

0.2

+Ms) 2 () — S @Y, P} exp (—nax0)—[Maolp1pae?)/(n5?)

+ My (<2 +1/%)).
Consequently when
(49) E.=max[(2M5)/(c"(r —R)); (26*(Mgo+ 1)/(0"(r—R))]

and G2 = max((Mgyp.p,?)/(n.M1g); (Magpipo€?)(ngMy,)] the estimate BNVw?
=x2+1/8? no dQX|0, 5] holds.
We will show that w3(x, x,) can not attain a nonnegative maximum in

the cylinder @ x (0, s;) and on the upper basis of the cylinder. Let us esti-
mate LNw? We have [Nw?<=n,(I,+15)exp(—nxo+E2(R—xq) (xn—r)+ I3+ 1)

n—I1 w1

exp(—n:%,) +psNw!, where /,= ké,; ul [‘ ;l'ﬂulquN(uf—l).*.e WLV LNl 1)

n—1 n—1

+ LN+ 3 At (Z O L@ +8uV LMy )

+&,LY¥(uN-1)).
Since

L¥(uh—1y=— E‘a;lau-‘— 2 (b1 F b a1 — bl 4 (¢,
= im1 i=1

+cutt) =+ eul ) —du ' —(di+-duf N+

from (21), (29) we obtain the estimate
L =[(Mayp1p ) (n0)+ M, k_%;“l(uﬁ) +[My,
+(Mgap s/ (n 53 Kx2 4+ 1/82).
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Estimating /,—/; as in [14] we obtain the result

L¥w? 2 {[ny(Mysp,pae®)/ ;E—Mmzl‘ T\r [a"j A

+adud  uN o nglen, +(pap)/Hy—(Myzp, pae®(1552)

XoXoXj XpXgX

—Maak ;B‘:':- I(u,‘:",)2 +([n26—a/2— Mygnoc— (M opypae®)/(nSR))(uf | ) }e=?

+ Pa(pxi+c—dfS)—[(M,1p,Pa?)[(725%) + M) (3 + 1/53).

Let us ny = (Mggd-1), ne =My, e +(pop)in; = 2M;4 and p, = max
[2M+1)/(—d); 2(M,; + 1)/(u+c)]. Then for &2 = max{(Mgp,pye?)/Msg;
(Mgap,Pa€®) (R Mse) s (M,1p1P2£%)/(neM,;)] the estimate

(50) Ny, ze-2 )] avulf uf, +xip+c+ 1/
ik=-0

hold for OSx,<<s;; sy =min(s;; 2/(n,+§3).
From Lemms 2, when p, is sufficiently large w?%(x, x,)<0 for x,=r.
Since w¥(x, 0)=—p,p,/3?<0 it follows that w?(x, x;) can not attain a

nonnegative maximumin w X [0, 55 i. e. w?(x, x,) <0 and (29) hold
for N.
Lemma 8. Under the assumptions of Theorem 2 the estimates

sup D2 uMx, xo) SE,[Q
(5]) iu‘>([0.sp.,-.3] ° ° g

hold, for s,4358,+2, a|=p, 3Sp=Si+1, >0, N=1, 2,.., where the constants
E, do not depend on ¢, N and ¢.
Proof. We prove inductively the estimates

(52) ﬁz‘ ) (D:Diwv_l)a‘é(pﬂpﬂ—l- - Pl (n83),
a +8=p\B=p

in o X[0, Sp43), S,43 = min(S,.2, 2/(n,+%%) by means of the auxiliary
functions

Pr(x, x)={njm, N (DuDfuMP+2 ¥ (DsDADruMy

‘@ ~f=p.B%p Y lg w P yeps Beopyt0
(53) + V' D;,DfoD;;"uN) TN ofx(uN) == K2/ + K2x2]exp(E,(R

‘a +B+y=p.Bkp,y=0
—Xn)(Xn—1) + (D2 uN)*}exp(—1,X0) +p,w ~(x, x,)-

The coefficlents of TN-##7 are determined on 0dQXI0, s, ;) x[—M, M]
by means of condition

T 903(uN)= —4D3,D2 Dy u”.

The derivatives D7 u" in (54) are substituted for by their equivalent

expressions on 9QX[0, s,42] using the operators L¥, BV and the derivatives
of LN, BN up to the necessary order. The coefficients of TV % in w %[0, $,42]
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X[—M, M| are smoothly extended so that their derivatives DzD; of order

. +v<2[+4—p are Holder continuous with exponent A. The positive constants
m,, R, are chosen as it follows

(65) My =2+ (dny \H?,

where /), is the maximum of the cocfficients before the p-th derivatives of
the operators 77.9#», The expression k,/5 is an upper bound for the opera-
tors of order greater than or equal to zero and smaller than or equal to

p—1 in TN.afr. Respectively, K,x, is an upper bound for the remainder
of TN.afs,

Proof of Theorem 2. As in the proof of Theorem |, using the Ascoli —
Arzela theorem and Lemmas 6-—8, we can find subsequences e, -+ 0, Ny — =,
so that D;xou‘k-’“’k(x, xo) = Dg, ulx, x,) for a <<l

Let us now consider

LN(uN —uN Yy =g(x, x, @, N _ [bi(x, xq 18
—bi(x, xo, UN NN 1 [e(x, xq 4N TE)—c(x, xp, uN-l)]uﬁ" +[d(x, xp uN-2)
—d(x, X, uN7T")uN-L

Since ul(x, xo) =Bxo; uy (%, Xo) =Bxy; uV(x, Xo) 2B,xo, Where the
constant B, does not depend on € and N from the mean value theorem we
obtain the estimate

£(x, xq, uN, uN—2) <B,x,sup uN-1—puN-2,
Let us now consider the auxiliary function
h(x, xo}=(uN—uN=1) +y[xiexp(R(R:— x ))—(1/5%)exp(5Px,)].

A simple computation gives
BMh= —o(uN —uN 1) +y[—2mx2 N okxp+ox?
k<t

—(a/C¥exp(E3x,)]>0 on 92 x [0, &'].
Analogously
INR22(uN —uN—N)g—d(ulN —uN =12 + y[dr?xl x 2u(x, xo)—O()x2—d/G?
+cl|=g%d +v[4nPxdp xi2 — O(m)x2 +cC—dfT2 >0

when n, { are sufficiently large so that 412 x;— O(1)x2+cC—d[5*>0 and
Y=B,sup uV—1—uN-2. Since A(x, 0)=—1/82<0 it follows that A(x, x,)<0 in
QAx[0, &), & =min[s;.4, 2/8 i. e.

sup [ uN—gM-1 S(B/R) sup uNl—uN-2,
axo, & ax10, &)
When =28, it follows that uM(x, x,) = u(x, xo,). Therefore, when

g, -— 0, Ny — oo from (35), (36) we obtain the result that u(x, x,) is a so-
lutlon of (3), (4).

Unigueness. Let us assume that besides u(x, x,) the function o(x, x,)

€C'(Q x [0,5]) is a solution of (3), (4) and let us consider (he
equation
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D ai(x, XN v—wij+ N bi(x, X0, V)V -);—c(X, X, VNV—U)s,
f.j—1 i=]
+d(x, xo VNV—8)=r(X, X3, &, V)" ~[bi(x, X, 0)—b(x, Xy V)|
—le(x, x4, w)—c(x, Xo Vs, d(x, xo, 0)—d(x, x;, V).
As in the proof above the estimate

sup w—v <(ByfS) sup u—wv
@X[0, 3] 2X[0, 8]

holds, where & —min(5', 2/C%. When {228, we have u(x, x,) - v(x, x,).

Remark 3. Since the constants E, in Lemmas 6—8 depend on C'+1-

norm of the coefficients of B and L and C't%-norm’ of f and ¢, Theorem 2
holds when the coelficients of B and L are of the class C!+1(Q x |0, §]
x[—M, M)) and C'*'(2X%[0, 8)) and ¢, f are of the class C'*+2(dQ x [0, 8]),
C!+2(Qx[0, 8)].

[ L I
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OB OJHOM 3KCTPEMAJIbBHOM CBOMCTBE I'PA®A
NETEPCEHA

Henwmo . Henos, Huxonadd. I’ Xamsumsanos

Henanxko A. Henos, Hukonati L Xagxuusauos O6oanom
ICTpeMATeROM cBoficTse rpada [Terepceua.

PaccwaTpHBaoTc TOAbKO OOWKHOBEHHHE rpadnl. MHOMECTBO BepWHH rpada
G Ha3WBaeTCA REIABHCHMBLIM MHOXKECTAOM BEpLUNH, ecAd Jio6hie NBe M3 HHX HeCMex-
Bn, Yepes n(G; p) 0603H3YRETCA YHCAO BCEX BCIABHCHMWIX p-BEPUIMBHLIX 1IOAMEO-
ects rpada G. B mscrosweft paore NOKasmBaercs, 4To ecAH ( == 10-peplIHBHLA
rpap Gea TtpeyroanHukos, Toraa n(G; 4) - 5 (Teopema 1). [lokaswBaerca TOXE,
YTO 3TO HEPaBEHCTBO TOMMOE 10AbKO AR rpados, 9agaHHEIX Ha puc 2, 3 H 4 (Teo-
pema 2).

NedjalkoD.Nenov, Nickolai G. Hadjiivanoyv. On an Extre-
mal Property of Petersen’s Graph.

A set V' of vertices of a graph G is defined to be an independent set if
no two vertices of V' are joined by an edge. For a graph G the symbol n(G; p)
denotes the number of Independent sets of p vertices. In this paper we prove
that n(G; 4)> 5. where G is a graph with 10 vertices, without triangles. In
the above Inequality the equality holds only for three graphs (Fig. 2, 3 and 4).

1. PaccMaTpHBalOTCA TOABKO OOGHKHOBEHHWE rpadbl, B KOTOPHX HET LHK-
JOB LJHHH 3, T. €. rpapn 6e3 TPeyroJbHHKOB. MHOXecTBO BeplUHH rpacda
Ha30BeM HE3aBHCHMBIM, €C/H HHKAKHe [Be €ro BepIIKHW HecMexHu. Yucao
BCEX HE3aBHCHMBIX p-BepUIHHHRIX MHOXECTB rpaja G o6osnaunm yeped n(G; p),

Greenwood, Gleason [3], aokasaau, uto ecau G — 9-BepLUHHHHE rpa
6e3 TpeyronbHnkos, Toraa r(G; 4) 21, u npubean npumep 8-sepiuunHoro rpada G
6e3 TpeyronbHukoB, Aaa kotoporo =n(G; 4)=0. B [2] mokasann caeayoLiHe
TEOPEMHI :

Teopema A. [lyctb G — 9-epuunnnii rpad 6e3 TpPeyroJbHUKOB TaKOH,
yro wn(G; 4)=1. Toraa rpap G wusomopdeH rpady, H300pakeHHOMY Ha
puc. 1.

Teopema B. [lycts, G — 9-BepiuHHHui rpad 6e3 TPeyroabHHKOB Ta-
KoHl, aro =(G; 4)=2. Toraa rpad G musomopden rpady F, noaywawomeMycs
ot rpada F, (puc. 1) ynazennem pebpa [/, 9]
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B sroii pabote 6yneM paccmatpuBaTh 10-BepuinHHnie Tpadn G Ge3 Tpe-
yroannukoB. [L1a Takunx rpacdos nmokaxem, urto w((; 4)=25. ILaa rpaga [le-
Tepcelia 3TO HEPABEHCTBO TOYHO (cM. npenJsoxenue 1). Mbl nokamem, uyto
kpome rpada [lerepcena, BonpocHoe HEPCBEHCTBO TOYHO ele TOJALKO IIA ABYX
rpados, H3oOpaxceHHbix HAa puc. 3 H 4.

T E e IN) T GO Puc 2 L Y
o B Tt Ve e e T TR B T 22

Puc. 3 Pauc. 4

Tenepp copMysnpyeM TOYHO OCHOBHBIE PE3YJAbTAThI.

Teopema 1, [lycte G -— 10-epwHHHBi rpad 6e3 TPEYrOJIbHHUKOB,
Torma =n(G; 4)=5.

Teopema 2. Ilycth G — 10-Bepwuuunit rpadp 6€3 TPeyroJbHUKOB H
n(G; 4)::5. Toraa rpa¢p G usomopden oaHoMmy M3 rpados, H306paXKeHHHX Ha
prc. 2, 3 1 4.

Huxe 6yneM noab3oBaThCcn CAeAYIOWIUMH 0003HAYEHHAMH:

V(G) — wmHoxecTBO Bepuind rpaga G;

E{G) — wmuoxectBo pebep rpada G,

A(®), v € ¥(G) — mHoxecTBO Bcex BepwHH rpada G, cMeXHHIX Bep-
IKHE V;
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A(), v € V(G) — mHoxecTBO Bcex BepwuH rpada (, HecMeXHbIX Bep-
WIHHEe 7, 32 HCKJIIOYEHHEeM CaMOH BEPIUHHH 7,

<V'>, rne V' C V(G), — noarpad, nopoXAEHHhH MHOXECTBOM Bep-
wuH V7

G — V', rae V'CV(G), — noarpad rpada G, nonyusaiouiniica yanaieHuem
muoxecTBa BepinH V', 1. e. G—V' =< V(O\V'>;

G — e, rae e¢ E(G), — noarpad rpagpa G, noayuaroluuica yaaneHHeMm
pebpa e;

a(v; p), rae v ¢ V((G), — uHcIO Bcex p-BEpPLUHHHKIX HE3aBUCHUMbBIX MHOXECTB,
COMIEPXKAILHX BEpLIHHY P.

OTMETHM caelylOllHe O4YEBHAHBIE DaBeHCTBA :

1) = (G; p)=;z‘ {a(v; p), v € V(G)},
@ "G D)= gy ;A (MG—v5 P vEVIO)

2. O uyncse 4-BEpPLUMHHBIX HE3aBHCHMBIX NOAMHOMXeCTB rpadoB, 33/1aHHBIX
Ha pHc 2, 3 u 4.

MMpeanoxenne 1. I'pad [letepcena [, (puc. 2) obnanaer crenyto-
UM cBolictBoM: a (v; 4)=2 aaa Jawboro o€ V(I,) n, caexoeaTenbHo,
n(ly; 4)=0. _

Jorasamerscmso. [lycte v € V(7). Torna oueBunno mnoarpadp <A(v)>
ABNAETCA NMPOCTHIM UMKJIOM AJMHW 6, Tak Kak STOT LMK COAEPKHT POBHO
IOBa He3aBHCHMBIX 3-BEPIUHHMBIX MOAMHOXEeCTBA, TO a(v; 4)==2. Cormacso (1),
n(/,; 4)=20.

[lpennoxenne 2. Uepesa /', o6o3kaunm rpad, n306paxKeHHHH HA pPHC.
3. Torna Bepuo paBencTBO n(/,; 4)=S5.

Loxazamenscmso. Ilpexce Bcero 3aMeTHM, 4TO J1060e 4-BeplIHHHOE He-
3aBHCHMOE MHOXECTBO, KOTOpOE COAEPXHT OAHMY H3 BEPIUHH T, U, Henpe-
MEHHO CONEPXHT M APYry. Tak KaKk ¥y H 7,y YYacTBYIOT OJHOBPEMEHHO B
YeTHPEX 4-BEepIUHHHBIX HE3aBHCHMHX MHOMecTBaX u [, — {v, v,,} conep-
XKHT €IHHCTBEHHOEe 4-BepIUHHHOE He3aBHCHMOE MHOXecTBO (a uMeHHO {7, U,,
Vs, Vq})y TO n([ ;5 4)=5.

[Ipeanoxenue 3. T'pap 7, (puc. 4) obaagaer caepywLUBM CBOl-
cTBoM: a(v; 4)=2 aaa moboro v € V(/y) u, crenosareabro, n(/5; 4)=>5.

B iy
n; Bs
0
&,

Puc. 5

lloxasamesscmeo. [pexne Bcero 3aMeTHM, YTO AJA J000H BepLUHHbLI

v € V(I,) noarpap <A(v)> n3omopden rpady, H306paeHHOMY Ha pHc. 5.
Tak xax sToT rpad COAEPKHT PpPOBHO JBa HE3aBUCHMbIX J3-BEPLINHHBIX MOA-
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rpaga, To a(v; 4)=2 aan awoboi BepwHHH v € V(/7).

3. BerroMoraTesbHble pe3yabTaThl,

Jlemma 1. [lycte G sBaserca 10-BepuindiniM rpadoM 6e3 Tpeyroabhu-
KOB, KOTOPLIff CONEPXHT He3aBHCHMOe 5-BEepIIMHHOC MHOXeCcTBo, Toraa
n(G; 4)>0. :

Lorxazamenscmso. [1ycth A={v,, V,, Uy, U,, U3} —HE3ABUCHMOE 5-BepIIHH-
Hoe MHOoxecTBo rpada G, a v, .. vU,, — OCTaJbHble ero BepuiHHH. Ecau xas
HekoToporo f, 6i<10 umeem A(7,)(1A =3, Torna yTBepXAEHHE JeMMb Oue-
BuOHO. HMnauve A(v;))(NA 23 aaa mo6oro i, 6 <i<10. Tenepp H3 TOro, 4TO HET
TPeYro/lbHUKOB, BbiTEKaeT, 4TO {T;, T, Uy Uy Uso} — HE3ABHCHMOE MHOXeE-
cTBO, Tak kak A(v;) ) Alv)+dd, 6= i =10, 6=/=<10. 3rum saemma | go-
Ka3aHa.

Jlemma 2. [lyete U Ttaxoii 10-BeplinHHb rpagd 6e3 TpeyroabHHKOB,
YTO AJIA HEKOTOPOH BEPWHHH U, € V(U) noarpad G — v, usomopden rpady
F,, waobpaxensomy Ha puc. 1. Torna nmubo rpad G usomopgen rpagy I',, (puc. 3),
aH60 w(G; 4)26.

Lloxasamenscmeo. fcho, yTo A(v,) -- HE3aBHCHMOE MHOMECTBO BePLUHMH
rpada G. Tax kak {/, 3, b, 7} nBasieTcd eANHCTBEHHHIM 4-BePIUMHHLIM HE3aBH-
CHMBIM MHOXecCTBOM rpacda, H3o6paxceHnoro Ha puc. 1, To nmubo A(v,)={1, 3,
5, 7) u, cnenosarensHo, rpadp G uaomopden rpady I, (puc. 3), nubo '4(7,) =3.
lNoaToMy ocTaeTca mokasaTh, uTo ecaun A(v,) =3, roraa =(G; 4) =6, WiH, 4To
TO Xe camoe, m( <A(7p)>; 3)=5. Jliobme nBe HecMexHne BepluuHu rpada,
H300PaXKEHHOr0 Ha PHC. 1, yYacTBYIOT BMeCTé B HEKOTOPOM HE€3aBHCHMOM
3-BepIIHHHOM MHOXecTBe 5Toro ke rpada. IlosToMy AocTaToyHO paccMOTpeTb
CHTYauuio, Koraa 'A(v,) =3.

PaccMoTpuM TpH cayuast

Cayuva#t 1. 9¢ A(v,). B sTom cayuae A(v,) coBnagaeT ¢ OAHHM H3 CJe-
aywuwnx muoxect: {2, 4, 9}, {4, 6, 9}, {6, 8, 9}, {2, 8 9). Tak kax rpapu
Fr—1{2, 49 F —{46 9,F — {6, 8 9}, F, — {2, 8, 9} n3omopdun,
TO JAOCTaTOYHO paccMOTpeTh cHUTyauwio, korda A (v,) ={2, 4, 9}, I'pap
<A(v,) > COAEPKHT cJeldyIOUiHe HE3aBHCUMble J3-BePLIHHHBIE MHOXECTBA:
(1,8, 8,4 3, 7}, {1, 5,7}, {3, 5, 7} n {3, 6, 8}. Mosromy n(G; 4)26.

Cayuaii 2. A(v,) He COLEPKHT BepuiMHY 9, HO CONEPXHT HEKOTOPYIO
u3 BepiumH 2, 4, 6, 8 bBea orpanuyenus OOIIHOCTH MOXHO NPEANOJNOXHTL,
yTo 2¢ A(7v,). B sToM cayyae A(v,) cOBnagaeT ¢ OAHMM M3 CJAEAYIOILHX MHO-
xectB: {2, 5, 7}, {2, 8 b}, {2, 4, 7}. Ecn A(vo)={2, 5, 7}, Torna A(v,) co-
JIePXHUT CcAeAylollHe 3-BepLUMHHLIE HEe3aBHCUMHE MHoXxecTBa: {/, 3, 6}, {], 6, 4},
{3, 6, 8, {9, 8 6}, {4, 6, 9}. Crenosareapno, = (G; 4)=6. [lpeanonomum
Tenepb, 4T0 A(vo)={2, 4, 7}. Toraa A(v,) conepxur creaywoide 3-BepILIHHHBIE
MHoxectBa: {3, 6, 8}, {/, 6, 3}, {3, 8 &}, {1, 3, 5}, {6, 8, 9}. INosTomy
a(7q; 4)25 u =(G; 4)=26. H3-3a cummerpuyHocTH rpada F, (puc. 1) cay-
vaih A(v,)={2, 5, 8} Bnoane anaioruuen cayuao A(v))={2, 4, 7}.

Canyua#n 3. A(vo){/, 3, 5, 7). flcno, yto 6€3 orpanHyernss OBLIHOCTH
MOXHO MpeanosoxuTb A(vy)={1, 3, 5}. B A (v,) comepxarca caeaywouue
?éaegmg}uuue HeaaBHCHMble MHOXecTBa: {2, 4, 7}, {2, 4, 9}, {4, 6, 9}, {6, 8, 9},

Jlemma 2 nokasasa.

Jlemma 3. [lycte G — 10-BepinnHKii rpad 6e3 TPeyrosbKHKOB TaKoi,
YTO A/ HEKOTOPOH erc BeplIHHH T, noarpad G — v, usomopden rpady F,,
noayuasomemycs ot rpaga F; (puc. 1) yaaaenwem pebpa [/, 9], T. e.
Fy=F,—|1, 9). Toraa n(G; 4)=6.
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Loxasameascmeo. fAcho, uto n(G; 4)=2+a(v,; 4).IlosToMy HaM HyxHo
MoKa3aTh, 4To a(v,; 4)=4. Hanomnum, uto A(v,) ABAAETCA HE3ABHCHMBIM MIO-
KectBoM. Tak kak F,=F;—[/, 9], To ecan xora 6u onHa u3 Bepwmud / u 9
He NPHUHALNEIKUT A(T,), YTBEPKAEHHE JeMMb 3 BeiTeKaeT M3 Jemmbl 2. [lo-
3TOMY npeanogoxum, uyto A(z) S {1, 4, 6, 9}. lNoarpad F, — {1/, 4, 6, 9;
COREPXHT C/AeAYIOLIHe 3-BepuUIMHHbIe He3aBUCHMble MuoxecTBa: ({2, 8, 9},
{2, 5, 73, {3, 5, 8}, {3, 5, 7}. Caenopareaniio, =(G; 4)26.

Jlemma 4, [lycts G — 10-Bcpiununbiét rpad 6e3 Tpeyronbnukos. Toraa
CyLIeCTBYeT BepLIHHA U, € V(G) Takas, 4To a(7,; 4) =2

Lloxazameabcmso. Y TBEpPHAEHHC NEMMBl OYEBHAHO CJIEAYeT H3 HepaBeH-
ctBa n((; 4)=3. okaxxeM 3TO HepaBeHCTBO. JlonycTHM INpOTHBHOe, T. €.
®(G; 4)<2. lyctb v - BeplwHHa, COJEPHAWAsAcH B 4-BePUIMHHOM HE3aBH-
cumoM MHoxectBe. Torma =n(G—wv; 4)<<l. Cornacrho Teopeme A, rpad
G — v u3somopden rpady F,. 3To nNPOTHBOPEHHT JaeMMe 2 MU Mpeano-
HKeHHIo 2.

Jlemma 5. Ilycts G — 10-Bepiunsnbit rpad 6e3 TpeyroJabHHKOB, colep-
XalUUHA BEpILUHHY cTeneHH 4 M a(v; 4)=2 nxa 2woboi Bepwnuu v € V(G). Toraa
rpadp G u3zomopden rpady /-, (puc. 4).

LHoxaszamenscmso. U3 ycaoBus a(v; 4) -2, v ¢ V(G) u (1) BuiTekaeT, uTo
=(G; 4)=S5. fcho, yto A(v), v € V(G), ABIAeTCA HE3ABHCHMBIM MHOXECTBOM.
Tax xak, cornacho semme 1, rpad G He COAEPXKHUT 5-BePUIHHHBIX HE3aBHCHMbLIX
NoAMHOXeECTB, T0 A(v)'<:4, v ¢ V(G).

Mycte v, sBnAeTcA BepluMHOH cTeneHn 4 U A(Ty)={v;, s Ty Uh
A(vo)={u,, u, u;, u, ug}. Hanomuum, uto A(v,) #BAAETCA HEIABHCHMBIM
4-BepIIMHHHIM MHOXECTBOM, KOoTOpoe o06o3naunm dwepe3 A,. Uepea A, u 4Ag
0603HayYHM 4-BeplIMHHHE HEe3aBHCHMHIE MHO)XECTB3, COAEPXKALIHe BepPLIHHY U,
4 OCTa/ibHbieé JIBa 4-BEPLIHHHBIX HE3ABHCHMBIX MHOXecTBa 0003Hauum uepes A,
H Ag TloaoxuM, Ay)=A,—v, U A'=A,-—v, PaccmoTpuM 1Ba cayuas.

Cayuahh 1. Ay A, ==2. flcHo, 4YTO B 3TOM cCJayuae OJHa M3 BepLUHH
Wy, Uy, U U, u; ue npusasaexut A;JA,(JA,; bea orpanuuyenus o6HOCTH
MHOXHO NpPeLNoNOXHTb, YTO 4;¢A,(JA;|JA,. Tak kax a(u,; 4)=2, 10

(3) u, € A4
U3 a(v;; 4)=2, 15i<4, BHTeKaeT, 4TO |
(4) AICA-I U Al—b'

M3 (3) u (4) noayqaem, yTo u,|JA, — He3aBHCHMOe 5-BEpPILHHHOE MHOXECTBO,
YTO ABJIAETCHA NPOTHBOPEYHEM,

Canyua#t 2. A)'(NAs =1. fcHo, yTo B 5TOM cayyae noarpad <A__('vo) >

u3oMopden rpady, 3anauHOMy Ha puc. 5. Mul GyneM cuurath, uTo < A(7,)>
copnanaetr c¢ stMM rpadom. Tak kak o(v; 4)=2, v ¢ ¥(G), 10 .

(5) : A4UA5={'Un Upy Vs Vg Uay U3y Uy Ug)e

3ameTtnM, uto {u, Uy, U, U;} HE CONEPHKHUT 3-BEPIUMHHOE HE3ABHCHMOE MHO-
XEeCTBO M MMOSTOMY

(6) AN{us uy, uy, u;) <2, (=4, 5.
H3 (5) u (6) noayyaem
6)) A {2y 8, 5} =2, i=4, 5.

HUs (7) u (5) BuTekaer
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(8) A-lnAl =2, iAﬁnAI =2, A-lnAﬁ:Q-
Coraacho (7) u (8) 6e3 orpaHMueHuss OOGLIHOCTH, MOXHO [IPEAMOJOXHTh, YTO
Ay={vy, Dy Uy u;} v Ag={vy, v, 8y w,}.

3ameruM, 410 A (v)) = {v, u;, 4, u,} (uiave a(7,; 4)= 3. AHANOrHYHO,
Alv,) = A(v), A(vy)=A®@),={v, &, U3 Uz}. DTHM Mbl MOKA3a/NH, YTO € TOY-
HOCTbIO 00 H3oMopduama rpad G onpenenen oxpHo3Hayno. Tax kak rpad.
[y yA0BAETBOPsIET YCJOBHAM JaeMMBl 5 (npeaaoxenue 3), To rpadp G usomop-
¢en rpady /.

Jlemma 5 nmokasana.

Jlemma 6. 'pap [letepcena (pHc. 2) — eAMHCTBEHHBIH 10-BeplUMHHLIA,
peryaspHuii rpad cteneHd 3 6e3 NPOCTHIX [HKAOB INJHHH 3 H 4,

Llorasamesscmso.[lycts G — 10-BeplUHHHBIHA PeryaapH rpad creneny 3
Ge3 mpocThix LUHKJOB AMHMHB 3 ¥ 4. [Tyctb Cp — NpPoOCcTOH LUHKA MHHHMaJbIONH
anneb p rpada G. Toraa mobas BepwvHa v, He Bxoasuasa B Cp, cMexHa He 6osee
onkoit BepwHHe U3 C,. CrenoBaTenbHo, UMEOTCA XOTA Om p BepluiHH BHe Cp.
3unaunt, p=5. Ecan Cg=u, u, u, u, ug 0, T0 A9 OCTAJIbHHX BePIUHH T, U,,
Tg, U, Tp MOMEM CYHTaTh, YTO 4; H ¥; CMEXHH AA8 A06oro I, OXHAKO u;
HECMeXHa v, ecau %/ (cMm. puc, 6).

OuyeBnnHO, ¥, HeCMeXHa v, H vU; ChefoBaTebHO, OHa CMEXHA BepLIH-
HaM Ty H U, AHaJOrHYHO, T, CMEXHA BepIUMHAM U, H U; W T. A. Takum obpa-
30M Mbl noayywi, 4yto G — rpad [lerepcena.

Jlemma 7. [lyctb G — 10-BepluHHHBIA peryaspHuii rpad cTeneHu 3
6e3 TpeyrosbHHKOB, coAepxaluHi npocTod unMka Aauuu 4. Torxa cymecrsyer
BepiunHa v rpada G, xotopasa coaepxurcs XoTa 6bl B 3 He3aBUCHMbIX 4-Bep-
IUHHHBIX MHOXECTBaxX, T. e. a(v; 4)=23.

Puc. 6

Loxazameasmcso. llycty v, v,v,v,v, — npocToM uMkaA Aausn 4. Ye-
pe3 M o6o3nayuM MHOXKECTBO BCEX OCTaAbHHX BepiunH rpaga G. Ecaum pony-
CTHM, YTO BEPLIMHH Ty H U, CMEXHH OAHOBPEMEHHO HEKOTOPOH BepliHHE M3
M, TOTA2 OHM HECMEXHbl NATH BepiiuHam u3 M. M3 toro, 4To HeT Tpeyro/b-
HHKOB, BbITEKAeT, YTO CPelH STH MATH BEPUIMH ecTb XOTA Obl TPH naph He-
CMEXHHX BeplIMH. BMecTe ¢ ¥, M w, 5TH naps! HeCMeXHHX BEpIIHMH COCTa-
BAAIOT TPH HE3aBHUCHMHIX 4-BepUIHHHEIX MHOXKecTBa. (cTaeTcA paccMOTpeTb
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CHTYalHIO, KOTAa B M HeT BepIINHH, CMeXHO# ONHOBPEMEHHO NBYM BEpLUH-
HaM LHK/JIA T, Vg T; U, V. O603HAYHM UY€PE3 I; BEPIIHHY, CMEXHYI0 BepllHHEe T,
1<i=<4 » npruaajexauyio MHoxecTBy M (cM. puc. 7). [lycts w, 0 W, —
BEPIIHHH, OT/JHYHHE OT 7; W 4; |=i=-4. PaccMOTDPHM cHayaJa cayuyaH, KOTaa
W, ¥ W, HecMexHul, BepunHa w, HecMe)XXHa OAHOH M3 BEPUIMH X, HanpuMep

vy

Puc. 7

@,.Toraa w, conep;HuTCa B C1eAYIOLIHX HE3ABHCHMEIX MHOXECTBaX: {W,,W,1,, V, },
{@,, W, vy v}, {W, 8,V Uy}, it YTBEPIKLEHHE JIEMMBI B STOM C/Tyyae LOKa3aHo.
[TycTs Tenepp w, ¥ W, cMeXHH, TOrAa @, HecMeXHa IBYM U3 BepLIHH K, 1=
{=4.HeTpyaHo y6eauTbCA, YTO MHOXKECTBO HECMEXHbIX BEpLUIHH BEpLUHHE W, T.€.

A(w,), B 5TOM cJyyae COOEPXHT XOTA O TPH 3-BEpPIUHHHBIE HE3aBHCHUMBIE
MHOXecTBa. Ho Torza sicHO, 4TO W, COAEPXHTCA XOTA Ob B 3 HEe3aBHCHMBIX
4-BEPLIHHHBIX MHOXECTBAxX.

JleMMa 7 Io0Ka3aHa.

4. JloxasaTesbcTBa TeopeM | H 2.

Joxasamesscmso TeopeMH 1. [onycTHM NfoThBHOe, T. e. n(G; 4)<4.
Cornacno JeMme 4, cyllecTBYeT BeplUHHZ ¥, ¢ V(G) Takas, uto a(v,; 4)22.
Toraa n(G—v; 4)<2. Cornacho Teopemam A mn B, rpap G—v, nsomopdex
6o rpady F, (puc. 1), 6o rpady F,=F, — [I, 9. B neprom cayyae sTo
MPOTHBOPEYHT JieMMe 2 H NPENJIOXKEeHHIO 2, a BO BTOPOM — JeMMe 3.

Teopema 1 noxasasa,

Joxasamesscmso Teopemu 2. [lpexcae Bcero 3ameTnM, y4To a(v; 4)<4
ana mo6oit pepunnn v ¢ V(G), Ecan cywecTByer Bepwmuna v, ¢ V(G), Takas,
yTo a(?,; 4)=4, Toraa n(G—7vy; 4)=1. CorsacHo Teopeme A, rpadp G - v,
n3omopgden rpady F, (puc. 1). Tenepp H3 nemmbl 2 BmTekaeT, 4to rpadp G
n3omopden rpady /7, (puc. 3). Coraacio nemme 3, e(v; 4)+3 ana mobo#
BepiiHibl ¥ € V(G). OcTaeTca paccMOTpeTb CHTYalUHIo, korAa «(v; 4)<2 aas
ao6oi BepwHHE ¥ € V(G). 3ameTnM, uto "A(D) = 6 (MHaye cOrnacHo OHOMY
peayastaty Gooddman [4), a(v; 4) 24). Caenopatesso, A(v)'23 mas Jo-
6o# Bepuwnnn v € V(G). Corsnacno aemme 1, ‘A7), =4, v¢ V(G). Ecau nas
HeKOTOpOH BepllHHH U HMeeM A(7) =4, cornacHo JemMe 5, rpad G u3somop-
tden rpady /5 (puc. 4). Mnave, u3 cnenanHbix 3amevanuit Bbrrekaer, uTo rpad
G sapaserTcs peryasphnm cteneun 3. CorsnacHo Jsemme 7, rpag G He comep-
MHT LAKAOB AauHb 4. Tenepp u3 neMmu 6 BoiTekaer, yto rpad G usomopdeH
rpadpy Ilerepcena I'; (puc. 2).

Teopema 2 AOKa3aHa.

5. Cnencteue aaa 11-BepuimHHHX rpados.

M3 teopeM | H 2 MOXHO H3B/IEYb

Cnencrsue. [lna nwobouo 11-Bepuinnnoro rpaga Ges TpeyroabHHKOB
G vmeeT MecTO HepaBeHCcTBO n(G; 4)210.

loxasameascmeo. Ilycts G — rpad 6e3 TpeyroabHHkoB ¢ 11 BepLum-
HaMH H ¥ — BepluMHa SToro rpada. Ecam rpap G — v usoMopdeHn HekoTo-
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pomy K3 rpados [ (puc 2), I, (pHc. 2), I3 (pHc. 4), Toraa, paccymnaas Tak
)e, KaK B B 0Ka3aTeabCTBax JemMMax 2 W 3, noayvaeMm n(G; 4)=12. [Nostomy
OyneM cyuTaTh, YTO A moGod Bepuwmnbl v rpajpa G noarpap G — v ne
ulomopdeH HuxakoMy us rpados 7, [, wn [, Cornacho Teopemam 1 nm 2,
HMEIOT MECTO HepaBeHCTBa

9) =(G — v; 4)26 ana Besixoro v € V(G).

M3 (2) 1 (9) oueBngHo cacoyer nepasenctso w(U; 4)210.

Cpasy c/eyeT 3aMeTHTh, UTO HEPAaBEHCTBO M3 C/IEJCTBHA HeMb3sl YCHIHTH
3HAYHTEJBHO, TaK KaK HEPHO creaymouice

NMpeaanoxenne 4. Yepea T o6o3naunM rpad, H306parKeHHHH Ha
prc. 8, Torma =(7'; 4)=11.

10

Puc. 8 Puc. 9

Lokasarmeascmso. 3ametnm, uTo 474 MmoGoit Bepwunn v ¢ V(T) noarpad

<A(v)> n3omopden rpady, usobpaxenHomy Ha puc. 9. HeTpyauo nposepHTs,
YTO STOT rpad CONEPKHT POBHO HYETHIPE HE3aBUCHMBIX 3-BEpPLUMHHHX NOAMHO-
XecTBa H, caenoBaTe]bHo, &(v; 4)=4 aaa mob6ok Bepwmin v € V(T). Tenepb
#3 (1) nonyvaem =(T; 4)=11.
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ON AN EXTREMAL PROPERTY OF PETERSEN'S GRAPH
N.D.Nenov, N.G. Hadjtivanov

(SUMMARY)

In the paper only tinite non-oriented graphs without loops and without
multiple edges are considered. For a graph G the symbol V(G) denotes the
set of vertices of G. The set V'CV(G) is called indeperdent set if no two
vertices of V' are joined by an edge. For a graph G the symbol =(G; p)
denotes the number of independent sets with p vertices.

In this paper we prove the following theorems:

Theorem L. Let G be a graph without triangles and '¥(G).=10. Then
n(G; 4)=8.

Theorem 2. Let G be a graph without triangles, 'F(G) =10 and
n(G; 4)=5. Then the graph G is isomorphic to one of the graphs shown in
Fig. 2, 3 and 4.

Corollary. Let G be a graph without triangles and V(G) =11. Then
n(G; 49210.
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