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o Golay Complementary Pair (GCP)

© QAM Golay Complementary Pair (QAM-GCP)

© 0dd-length Binary Z-Complementary Pair (OBZCP)
@ Cross Z-Complementary Pair (CZCP)

© Doppler-Resilient Complementary Pair (DRCP)
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Aperiodic correlation function

Suppose two length-N sequences a (or {a;}) and b (or {b;}). The aperiodic
function of a and b for time-shift T is defined as

N—1—7
Z atb;:k+~r» 0<t<(N —1);
t=0
a.blT) = N—1+7
Pt > a«<by, —(N-1)<t<-—1
t=0
0, It > N.

If a=Db, pab(T) is also called aperiodic autocorrelation function (AACF) and
will be written as p,(T); otherwise it is called aperiodic crosscorrelation
function (ACCF).
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Perfect binary/quaternary sequence with zero periodic ACF sidelobes

The only known binary perfect sequence is [+ + —+]. No other
perfect binary sequences exist for lengths up to 548964900.

o Perfect quaternary sequences exist for N = 2,4,8,16 (Milewski and
Frank- sequences), e.g., [0000012302020321] is a perfect sequence.
It was conjectured by Mow that no other perfect quaternary

sequences exist.

o CAZAC sequences: e.g., Zadoff-Chu sequences (polyphase).

@ Mossinghoff, “Wieferich pairs and Barker sequences," Des Codes Cryptogr., 2009.
@ Mow, “A unified construction of perfect polyphase sequences," 1SIT'1995.
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Barker sequence: low aperiodic ACF sidelobes

@ A binary sequence whose out-of-phase aperiodic ACF is upper bounded
by 1 is called a Barker sequence.
@ It is conjectured no binary Barker sequence of length larger than 13.
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Barker sequence: low aperiodic ACF sidelobes

@ A binary sequence whose out-of-phase aperiodic ACF is upper bounded
by 1 is called a Barker sequence.

@ It is conjectured no binary Barker sequence of length larger than 13.

@ If a Barker sequence of length n > 13 exists, then either
n = 3979201339721749133016171583224100, or n > 4 - 1033
[Borwein-Mossinghoff'2013]:

CorrespONDENCE BETWEEN BINARY AND ALTERNATING
QuarErNany BARKER SEQUENCES

Length k Binary Sequence

141

21, +1

3 -, 1, -1

4 41 41 4], -1

5 4D AL 4y -1, +1
7

+1, +1, +1, =1, =1, +1, —1
11 41, 41, 4L, =1, =1, =1, +1, =1, ~1, +1, —1
13 41, +1, 41, +1L, +1, —1, =1, +1, +1, =1, +L =, +1

Quaternary Barker Sequence

3
3
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@ Barker, “Group synchronizing of binary digital systems," CT'1953.
@ Golomb&Scholtz, “Generalized Barker sequences," TIT'1965.

@ Ho&Mow, “Searching for the best biphase and quadriphase quasi-Barker sequences," IEICE’2006.
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Huffman sequences

@ A sequence is called a Huffman sequence if it has zero out-of-phase aperiodic autocorrelation function except at the
end time-shift (T = N — 1).

@ Generation idea: explore the polynomial roots, and then relate them to the aperiodic ACF.

[Example 1]: Real sequence
_ [1.10318,1.00423,-0.12205,0.66805,2.00903,0.29938,-1.27256,
| -0.26132,-0.37388,—0.23143,1.41529, 0.85144,—0.82517,-0.90647

[Example 2]: Complex sequence
0.74484.0.07317 — 0.43263i,—0.3083 - 0.159817,—0.42952 — 0613871,
—0.26493,-0.11159i,—0.62402 + 0.403957,—0.26171+1.72641,
0.6112-0.726017,—0.47052 - 0.31581,1.11278 + 0.748534,
—0.46262 +1.454931,-0.11571+0.13483,0.13189 + 0.77981,—1.34257

@ Huffman, “The generation of impulse-equivalent pulse trains," 1962.

@ Walk-Jung-Hassibi, “Short-message communication and FIR system identification using Huffman sequences,"
ISIT'2017.
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@ Golay Complementary Pair (GCP)



o EhydphiE (e
Golay complementary pairs (GCPs)

@ Binary GCPs were introduced by Marcel Jules Edouard Golay
(Swiss mathematician, physicist, and information theorist) in his

study of infrared multislit spectrometry in the late 1940s.

T

Marcel J. E. Golay, May 3, 1902-April 27, 1989

@ M. J. E. Golay, Multislit spectroscopy, J. Opt. Soc. Amer., vol. 39, pp. 437-444, 1949.

@ M. J. E. Golay, Static multislit spectrometry and its application to the panoramic display of infrared spectra, J.
Opt. Soc. Amer., vol. 41, pp. 468-472, 1951.
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o EhydphiE (e
Golay complementary pairs (GCPs)

(a,b), a pair of length-/N sequences, is called a Golay complementary

pair (GCP) if
Pa(T) + pp(t) =0, for all T #£0.

Z. Liu (U. Essex) 8 / 66



o EhydphiE (e
Golay complementary pairs (GCPs)

(a,b), a pair of length-/N sequences, is called a Golay complementary
pair (GCP) if
Pa(T) + pp(t) =0, for all T #£0.

The spirit of GCPs: Always good to have a mate or more!
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o EhydphiE (e
Golay complementary pairs (GCPs)

(a,b), a pair of length-/N sequences, is called a Golay complementary
pair (GCP) if
Pa(T) + pp(t) =0, for all T #£0.

The spirit of GCPs: Always good to have a mate or more!

Definition by associated polynomials

(a,b) is a Golay complementary pair (GCP) if and only if
fa(2)fa(z71) + fio(2) o (271) = 2N.

For |z| =1, we have

fa(2)P + 1 (2)P = 2N —= 0 < |fa(2)], If(2)] < V2N
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PAPR control in OFDM system
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@ Frequency-domain spreading for sequence a.

|P(t)”

@ PAPR=supg<;.1—p P, , Where P,, is the average power.

@ Given a polyphase Golay complementary pair, each Golay sequence

has a PAPR of at most 2 [Popovi¢, 1991].

° B* fﬂizgu fh‘z)lz =2N.
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More Applications of Complementary Sequences

e Multislit spectrometry [Golay, 1949];
@ Ultrasound measurements, acoustic measurements;

@ Channel estimation ([Spasojevic-Georghiades, TIT'2001],
[Wang-Abdi, TVT'2007]) and Synchronization;

@ Complementary Code Keying (CCK) for high rates in 802.11b
(generalized Hadamard transform encoding);

@ Large Area Synchronized (LAS) spreading sequences in CDMA
(e.g., LAS-CDMA);

@ Multicarrier radar [Levanon, TAES'2002], Doppler resilient radar
waveform ([Pezeshki-Calderbank-Moran-Howard, TIT'2008],
[Tang-Zhang-Ma-Tang, TSP'2014].

@ Preamble sequences in 802.11ad (60 GHz mmWave comm).
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Littlewood’s Conjecture

N—1
Polynomial f(z) = ) f;z' is called a Littlewood polynomial if all the

i=0
coefficients f; € {1,—1}. Littlewood conjectured in 1966 that there are

infinitely many Littlewood polynomials satisfying
GVN < [f(2)l < VN,

where 0 < (3 < G and |z = 1. Such polynomials are called flat

Littlewood polynomials.

Question
Can we find binary complementary sequences (or almost) which lead to

flat Littlewood polynomials?

@ Wang-Parker-Gong-Wu, "On the PMEPR of binary Golay sequences of length 2"", TIT'2014.

Z. Liu (U. Essex) 11/ 66



Simulation Results on |f(z)|?/N

2", where n =9 (odd).

o Length

2", where n =10 (even).

@ Length

mmmmmmmmmm




Kernels

All the known binary GCPs have lengths of 2%10P26Y and can be
obtained by the kernels below.

v )
: )

10 <++—+—+——++>

++—t+++++——
Ft+t—Ftt——+t—t—t+——+—t+++——+++
+++t+—t+t——F—FttF+t—t———F+———

26

@ R. Turyn, "Hadamard matrices, Baumert-Hall units, four-symbol sequences, pulse compression and surface wave
encodings," J. Combin. Theory (A), vol. 16, pp. 313-333, 1974.
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o EhydphiE (e
Constraints of Binary GCPs

@ N has to be even and be a sum of two integer squares [Golay,
1961].

o N # 2.9% [Griffin, 1977].
@ N is NOT divisible by a prime = 3 (mod 4)
[Eliahou-Kervaire-Saffari, 1990].
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o EhydphiE (e
Constraints of Binary GCPs

@ N has to be even and be a sum of two integer squares [Golay,
1961].

o N # 2.9% [Griffin, 1977].

@ N is NOT divisible by a prime = 3 (mod 4)
[Eliahou-Kervaire-Saffari, 1990].

@ For N < 100, only those GCPs of lengths
2,4,8,10, 16, 20,26, 32,40,52, 64,80

have been found ([Borwein-Ferguson, 2003].
@ All the known binary GCPs have lengths of the form 210826 .

Question: Are there any new kernels?

Z. Liu (U. Essex) 14 / 66



o EhydphiE (e
Golay-Davis-Jedwab (GDJ) complementary pair

Theorem
Let
m—1
f()_2hlzx7t )X (k+1) +chxk+c) (1)
k=1 k=1
where Tt is a permutation of the set {0,1,--- ,m—1}, and cx, ¢ € Zyh.
Then
(A=f B=Ff+2"M1x )+ 1) (2)
is a PSK GCP over Z» of length 2™ for any ¢’ € Zyh. |

Z. Liu (U. Essex)
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o EhydphiE (e
Golay-Davis-Jedwab (GDJ) complementary pair

Theorem
Let
m—1
f()_QhIZXn )X (k+1) +chxk+c) (1)
k=1 k=1

where Tt is a permutation of the set {0,1,--- ,m—1}, and cx, ¢ € Zyh.
Then
(A=f B=Ff+2"M1x )+ 1) (2)

is a PSK GCP over Z» of length 2™ for any ¢’ € Zyh.

v

Note: Paterson shows that the above construction also holds if f is over

Zq (q even).

@ J. A. Davis and J. Jedwab, “Peak-to-mean power control in OFDM, golay complementary sequences and
reed-muller codes," IEEE Trans. Inf. Theory, vol. 45, pp. 2397-2417, Nov. 1999.
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_ = Golay Complementary Pair (GCP) |
More GCPs

@ Li-Chu, "More Golay Sequences", TIT'2005: 1024 new quaternary Golay sequences of length 16.

@ Fiedler-Jedwab, "How Do More Golay Sequences Arise?" TIT'2006: Interleaving and concatenation of two classes
of Golay complementary sequences.
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_ = Golay Complementary Pair (GCP) |
More GCPs

@ Li-Chu, "More Golay Sequences", TIT'2005: 1024 new quaternary Golay sequences of length 16.

@ Fiedler-Jedwab, "How Do More Golay Sequences Arise?" TIT'2006: Interleaving and concatenation of two classes
of Golay complementary sequences.

@ Budisin-Spasojevic, "Filter Bank Representation of Complementary Sequence Pairs," 15th Annual Allterton
Conference, 2012: Paraunitary (PU) matrix construction associated to filter bank.

@ Das-Budisin-Majhi-Liu-Guan, "A Multiplier-Free Generator for Polyphase Complete Complementary Codes,"
TSP’2018: A new algorithm for generating polyphase CSS and CCC based on PU matrices which uses equivalent
forms of unimodular unitary matrices.

@ Wang-Ma-Gong-Xue, "New Construction of Complementary Sequence (or Array) Sets and Complete
Complementary Codes", TIT'2021: “All the known results of CSSs and CCCs with explicit GBF form in the
literature (except non-standard Golay pairs) are constructed from the WHT matrices".
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_ = Golay Complementary Pair (GCP) |
More GCPs

@ Li-Chu, "More Golay Sequences", TIT'2005: 1024 new quaternary Golay sequences of length 16.

@ Fiedler-Jedwab, "How Do More Golay Sequences Arise?" TIT'2006: Interleaving and concatenation of two classes
of Golay complementary sequences.

@ Budisin-Spasojevic, "Filter Bank Representation of Complementary Sequence Pairs," 15th Annual Allterton
Conference, 2012: Paraunitary (PU) matrix construction associated to filter bank.

@ Das-Budisin-Majhi-Liu-Guan, "A Multiplier-Free Generator for Polyphase Complete Complementary Codes,"
TSP'2018: A new algorithm for generating polyphase CSS and CCC based on PU matrices which uses equivalent
forms of unimodular unitary matrices.

@ Wang-Ma-Gong-Xue, "New Construction of Complementary Sequence (or Array) Sets and Complete
Complementary Codes", TIT'2021: “All the known results of CSSs and CCCs with explicit GBF form in the
literature (except non-standard Golay pairs) are constructed from the WHT matrices".

@ Question: Is there any explicit trace representation for more GCPs to arise?

Liu Essex) 16 / 66




© QAM Golay Complementary Pair (QAM-GCP)



Code-keying OFDM Communication

| ay

P(r)

X .
Encoder L[

a' el

IS}

==
|
|
|
L

@ Code-keying [Davis-Jedwab, 1999]: selecting a¥ by the information
vector Xx.

@ Codebook S ={a"|]l <v < K}.

@ Code rate R = %.
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e EhyE Ry R (R R) |
Code-keying OFDM Communication

@ QAM Golay complementary codes for high rate OFDM
transmission.

@ For an OFDM system with 32 subcarriers and under the same
PAPR, code rates of QPSK and 16-QAM complementary
sequences are 0.2798 and 0.7029, respectively.

@ For an OFDM system using 49-QAM Golay complementary codes,
PAPR approaches to 6 when g increases.

@ Algebraic tool: Generalized Boolean function.

Z. Liu (U. Essex) 18 / 66



e EhyE Ry R (R R) |
Code-keying OFDM Communication

A length-8 64-QAM GCC (a,b) is shown below:

[1+4i, —1—4i, —5 —5 —1—4i, —1—4i, 5 —5
[1+4i, —1—4i, —5 —5  1+4i, 1+4i, -5 5

a
b

@ Z. Liy, Y. Li, and Y. L. Guan, “New constructions of general QAM Golay complementary sequences," IEEE Trans.
Inf. Theory, vol. 59, no. 11, pp. 7684-7692, Nov. 2013.

Z. Liu (U. Essex) 19 / 66



. QAMGolay Complementary Pair (QAM-GCP) |
49-QAM GCP Construction

For 1 < p < g—1, define the following generalized Boolean functions over Zj:

m—1

a9(x) =23 XppXm(ki1) + 2 kX +C
k=1
b (x) =a%(x)+ H(x)
alPl(x) = a%(x)+sP)(x)
blP)(x) = b1 (x) + 5P (x)
where 70 is a permutation of the set {1,2,---, m}, cx, ¢ € Zg,
{5 y1<p<gqg-— 1} are the offsets and p(x) is the common pairing

d|fFerence for (aP) b(P)).

Z. Liu (U. Essex) 20 / 66
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49-QAM GCP Construction

For 1 < p < g—1, define the following generalized Boolean functions over Zj:

m—1
a%(x) =2 3 Xn(Xn(ks1) + 2 kXK +C
k=1
b (x) =al(x)+ H(x)
alPl(x) = a%(x)+sP)(x)
b'P)(x) = b9 (x) + 5P (x)
where 70 is a permutation of the set {1,2, -, m}, ¢k, ¢ € Zq,
{5 y1<p<gqg-— 1} are the offsets and p(x) is the common pairing

d|fFerence for (aP) b(P)).

@ For 16-QAM complementary sequences, offset s(1)(x) is needed.
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. QAMGolay Complementary Pair (QAM-GCP) |
49-QAM GCP Construction

For 1 < p < g—1, define the following generalized Boolean functions over Zj:

m—1

a9(x) =23 XppXm(ki1) + 2 kX +C
k=1
b (x) =a%(x)+ H(x)
alPl(x) = a%(x)+sP)(x)
blP)(x) = b1 (x) + 5P (x)
where 70 is a permutation of the set {1,2,---, m}, cx, ¢ € Zg,
{5 y1<p<gqg-— 1} are the offsets and p(x) is the common pairing

d|fFerence for (aP) b(P)).

@ For 16-QAM complementary sequences, offset s(1)(x) is needed.

@ For 64-QAM complementary sequences, offsets {5(1)(5),5(2](5)} are
needed.

Z. Liu (U. Essex) 20 / 66



__ QAM Golay Complementary Pair (QAM-GCP) |
QAM GCP Construction

Let

A(p) _ {A£PJ}2”’71 _ E'a(p))
t=0

2m—1 (»)
{BEP)} — E,b P ,
t=0

where & = exp (v—17/2) and 0 < p < g — 1. Also, let

@
S
I

q—1 —1
C—rerA(p), D=rY r,BP (3)
p=0 -

where r = exp(v/—1m/4), r, = \/%.
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__ QAM Golay Complementary Pair (QAM-GCP) |
QAM GCP Construction

Let

A(p) _ {Agp]}?"*l _ E'a(p))
t=0

2m—1 (»)
{BEP)} — ab P ,
t=0

where & = exp (v—17/2) and 0 < p < g — 1. Also, let

@
S
I

q—1 —1
C—rerA(p), D=rY r,BP (3)
p=0 -
29—1—p

where r = exp(v/—1m/4), r, = V@173

Key idea: Weighted-sum of g quaternary GDJ pairs (related by algebraic
offsets).

Z. Liu (U. Essex) 21 / 66



__ QAM Golay Complementary Pair (QAM-GCP) |
QAM GCP Construction

C and D form a 49-QAM Golay complementary pair of length 2™ in one of the
following cases:
@ Generalized Case I:
sP)(x) = dé’” + dl(p]Xn(l), 1<p<qg—1, ux)=2%(m
@ Generalized Case Il
sP(x) = dP + dP X(myy 1< P<q—1, Rlx)=2x1)
© Generalized Case llI:
sPl(x) = d +d +d2 Xn(w+1)y 1 <p<qg—1,
with p(x) = 2xz(1) of 2Xr(m), 1 <w < m—1, and

24P + d/P + diP) = 0.

Z. Liu (U. Essex) 22 / 66



_ QAM Golay Complementary Pair (QAM-GCP) |
64-QAM GCP

Let g =3. C and D form a 64-QAM Golay complementary pair of
length 2™ in one of the following additional cases:
Case IV:

1 1 2 2
(sW(x), 52 ()= (o5 + i Vxnpu)y 7 + i sniw) ) »
with u(x) = 2xy(1) Of 2Xg(p), 2<w < m—1, and

(dg”,d{”,dg”,df]) e {(0123),(0321), (1311), (3133)}.  (4)

@ Y. Li, “Comments on ‘A new construction of 16-QAM Golay complementary sequences’ and extension for 64-QAM
Golay sequences," |IEEE Trans. Inf. Theory, vol. 54, pp. 3246-3251, Jul. 2008.

Z. Liu (U. Essex) 23 / 66



_ QAM Golay Complementary Pair (QAM-GCP) |
64-QAM GCP

Case V:
1 1 1
(sM(x),s?(x)) = (dé '+ d1( ]Xn(w) + dz( )Xﬂ(kb
2 2 2
A5 + Ay ) + 05 s )
with u(x) = 2xy(1) O 2Xg(p), L <w <m—2,w+2 <k <m, and

1 1 1 2 2 2
(a5, 05" o™ o, ds”))

5
€{(013231), (031213), (133111), (311333) }. ®)

@ Y. Li, “Comments on ‘A new construction of 16-QAM Golay complementary sequences’ and extension for 64-QAM
Golay sequences," |IEEE Trans. Inf. Theory, vol. 54, pp. 3246-3251, Jul. 2008.

Z. Liu (U. Essex) 24 / 66



Remarks

In total, 2(m — 2)(m + 1)(m!/2)4™*! 64-QAM GCSs are generated by
the Case IV and Case V constructions, in addition to

(240m + 244)(m!/2)4™+1 64-QAM GCSs generated by the Case | to
Case Il constructions. When m > 122, a majority of the 64-QAMs
GCSs will be contributed by the Case IV and Case V constructions.

Z. Liu (U. Essex) 25 / 66



Gaussian integer

A complex number is called a Gaussian integer if its real and imaginary
part are both integers. Let & = exp (\/-1%/2) and define

g—1
Q(by, bay -+ bg1) =291+ Z 29 1Pghbe bp € Z4 (6)
p=1

as an one-to-one mapping from fol to Qg, a set of 491 Gaussian
integers. For simplicity, Q(b1, bo,- -, bg—1) may sometimes be written
as (b1> b2) ) bq71)4-

@ Z. Liy, Y. Li, and Y. L. Guan, “New constructions of general QAM Golay complementary sequences," IEEE Trans.
Inf. Theory, vol. 59, no. 11, pp. 7684-7692, Nov. 2013.
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Example
Let g = 3, then Q3 is a set of 16 Gaussian integers.
O3 = {1,2iE,,3,3j:25,,4j:£,4j:35,,5,5j:2£,6i£,7}.

5=2242180 42082 — (0,2), and 4+ 38 =22 + 211 12081 = (1,1),.

Z. Liu (U. Essex) 27 / 66



Example
Let g = 3, then Q3 is a set of 16 Gaussian integers.
O3 = {1,2i &,3,3+25 4+ &8 44+38,5,5+28,6+ 6,7}.

5=22421£0 42082 — (0,2)4 and 4+ 35 =22 42181 42081 = (1,1),.

Z. Liu (U. Essex) 27 / 66



Non-Symmetrical Gaussian Integer Pair (NSGIP)

Suppose that Qo = Q(b1, b2, -+, bg—1) € Q4 and
@ = Q(bf, by, by ) € Qq are a pair of distinct Gaussian integers
with identical magnitude, and which are not conjugate with each other,

namely:

Q= @,

Qo # Qu, and Qo # Q1. (7)

(Qo, Q1) will be called a non-symmetrical Gaussian integer pair
(NSGIP) if (7) is satisfied. For example, (5,4 —3&) is a
non-symmetrical Gaussian integer pair.

@ Z. Liy, Y. Li, and Y. L. Guan, “New constructions of general QAM Golay complementary sequences," IEEE Trans.
Inf. Theory, vol. 59, no. 11, pp. 7684-7692, Nov. 2013.
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Generalized Case IV

Given a non-symmetrical Gaussian integer pair (Qo, Q1) over Qg, Cand
D form a 49-QAM GCP in one of the following cases:
Generalized Case IV:

5(p) (x) = d(gp) + dl(p)xﬂ(w)) 1<p<qg—1, (8)

with W(x) = 2xz(1) OF 2X(pm), 2 < w < m—1, and

() (s w)) o

@ Z. Liy, Y. Li, and Y. L. Guan, “New constructions of general QAM Golay complementary sequences," IEEE Trans.
Inf. Theory, vol. 59, no. 11, pp. 7684-7692, Nov. 2013.
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Generalized Case V

Generalized Case V:
s(P) (x) = dép) + d{p)xﬂ(w) + dz(p)xﬂ(k), 1<p<qg-—1, (10)
with 1(x) = 2xz(1) OF 2Xp(m), 1 <Ww < m—=2,w+2< k< m,

{(a07, P, )} = {(Bosbp— o —by = bp) }. (1)

@ Z Liu, Y. Li, and Y. L. Guan, “New constructions of general QAM Golay complementary sequences," IEEE Trans.
Inf. Theory, vol. 59, no. 11, pp. 7684-7692, Nov. 2013.
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Example

When g = 3, the only typical non-symmetrical Gaussian integer pair for
64-QAM Golay complementary pairs is (5,4 + 3¢). Without losing
generality, let Qo =5 = (0,2)4, and Q1 = 4 + 3¢ = (1,1)4. Note that
Im(Q1) > Im(Qp) = 0. The offset coefficient sets of Generalized Case
IV and Generalized Case V constructions are

(dé”, dit di?) d{”) e {(0123), (1311), (0321), (3133) }
and
(1) (1) 1) 2 2 )
(a6 di”, s, g, ™, i)
€{(013231), (133111), (031213), (311333) },

respectively.
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Example

When g = 6, consider typical non-symmetrical Gaussian integer pair
(Qo, Q1) as follows.

Qo = 40 + 58 = (0,2,1,1,3)a,
Qu = 37 + 16 = (1,0,2,0,2)a.

The offset coefficient sets for Generalized Case V generated by (Qo, Q7)
are

{(dép’, A1), &) = (Bpy—bj — bpy by — by ) , 1 < p < 5} :

Z. Liu (U. Essex) 32/ 66



Therefore, we have
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Let m=4, m= (4,2,3,1), and also

Note that

Z. Liu (U. Essex) 34 / 66



The resultant 4°-QAM Golay complementary pair (C, D) of length-16 is

shown below:

C=

1
Taag 45+ 355,53+ 218, ~21 4 53E, 35 + 45,

45 — 358, —53 + 218, —21 + 53E, 35 — 45,
— 35 — 458, —21 — 53£, 53 + 21£, 45 + 35&,
35 + 458, —21 — 53£, 53 + 21£, —45 — 35£),

1
D= —— (—45 + 35¢,53 — 21£, —21 + 53¢, 35 — 45,
\/%(

45 — 358,53 — 21&, —21 + 53&, —35 + 45&,
— 35 — 45,21 + 53&,53 + 21§, —45 — 35&,
35 4 45,21 + 53,53 + 21,45 + 35¢).
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Non-symmetrical Gaussian integer pairs

ORDERED NONSYMMETRICAL GAUSSIAN INTEGER SETS FOR ¢ = 6

n Sn n Sn n Sn

0 15,4+ 3¢) 37 {20 1 26,26 + 19¢, 22 + 19¢) 74 {39+ 4€, 31 + 24€}

T {8+ 7+48) 38 98 + 0,24 + 17¢ 75 {38+ 116,37 + 146}

2 {0F257+6E 39 {30+¢&,26 + 15¢} 76 39+ 8¢,36 + 17¢

3 TIT + 26,10 + 5] £ 120 ¥ 8E,28 + 11¢J 77 | {0 F 58,37 + 16€, 35 + 20€, 20 F 28¢
4 (12+&0+8¢) 41 {30 + 56,27 + 14€,22 + 21¢) 78 {40 + 7€,32 + 256

5 113,12 + 5} [ 30 + 7€, 25 + I8¢ 79 30 + 12¢,33 + 245}

6 {18 + 4,11 + 8¢} 43 {31+ 2¢,26 + 17¢} 80 {41,40 + 9¢}

7 {14 + 3¢, 13 + 6€) ax {29 + 12¢, 27 + 106} 31 {41 + 26,34 + 23€]

3 {14 +5¢, 11+ 106} 45 {32 +¢& 31+ 8£,25 + 20¢] 82 {41 + 6,39 + 14€}

o {15,124+ 9¢} 16 120 + 14€, 26 + 10} 83 {41 + 8¢, 31 + 28}

10 {16 +3¢, 12 + 112} 47 {32+ 7¢, 28 +17¢} 84 {42+ ¢,33 + 262}

11 17,15+ 8¢} 48 | {33 +4€,32 + 9¢,31 + 12€,24 + 23€) || 85 {40 + 13£,37 + 206}

12 {17 + 42,16 + 7€} 49 {33 + 66,30 + 156} 86 {41 + 20¢,34 + 25¢F

T3 | {184 ¢ 17 +6E,15+10£) || 50 {32 F 11€, 28 + 10¢} 37 {41 + 19¢, 40 + 15¢,36 + 93¢)
14 {10 + 2¢,14 + 18] 51 (34 1 & 31 + 148} 38 42+ 0,30 + I8¢

15 {10+ 4¢,16 + 11¢) 52 {34+ 3€,29 + 18¢] 30 43+ 2¢, 37 + 22¢

16 | {20+ 54,10 +8¢,16 + 13¢]_|| 53 1334 106,30 + 17¢] 90 I3+ 4¢, 32 + 208

7 121 + 2, 18 + 1IE] 57 {34 ¥ 7€,%6 1 93¢ O1 | {43 6E,42 + 11¢,38 + 21¢,34 + 27¢)
18 {20+ 9¢, 16 + 16} 55 {35, 28 + 21€} 92 39 1 208,36 256}

i (227,17 1 14E] 36 35 1 4€,29 1 20€) 93 {417 €41 1 16}

20 {22+ 3¢, 18 + 13} 57 {35 + 6€,30 + 19¢} 9% {44+ 3€,37 + 24€]

21 {21+ 8¢, 19+ 12} 58 {31 1 186,33 T 14} 95 {11+ 56,40 + 19¢}

22 {23+ 26,22+ 7€} 59 {36 + 3¢,27 + 24¢} 96 {44+ 7€, 32 + 31€)

23 {23 F 4,17 + 16¢} 60 {32+ 17€, 28 + 2361 o7 742 + 15€,33 + 306]

FZ) {23 7 6¢,22 + 9¢} 6 {35 + 10¢, 34 + 13¢,20 + 22¢} 9% {01 ¥ 15¢,30 T 22T

25 {24 132,21 + 126 62 {36 + 7€.33 + 16¢] 99 145,36 T 27}

76 125,24 F 7,20 1 15¢] 3] 137,85 F 12£] 00 {1 + 1€, 40 + 21E]

27 125 + 2¢,23 + 10} (2] {37 ¥ 4€,32 + 19¢] 101 43 ¥ 145,37 + 261

28 {26 +3¢,10 + I8¢} 65 {37+ 6¢,27 + 266} 02 {44 + 13¢,43 + 166}

29 {25 + 8,20 + 17¢} 66 {36 F 11£,29 + 24¢} 103 {46 + 3Z, 45 + 10F, 42 + 19€}
30 T20 3 11£,21 7 62T 67 {38 + £, 34 + 17€,31 + 22€) 04 {46 + 7€, 41 + 22€]

31 126+ TE, 25 + 10£,23 + 14} || 68 {36 + 13¢, 32 + 21} 105 {47 + 46,44 + 176}

g {27 + 4%, 24 + 138} 69 {ARF HE 37 L T0E) 06 {a% £ 7¢,47 + 12£)

33 {27+ 6¢,21 + 186} 70 {37 + 12,28 F 27¢} 107 {49 + 26,47 + 14,46+ 176}
34 {28 ¥ € 23 + 16¢) 71 {34+ 19¢,29 + 266} 108 {49 + 8¢, 47 + 16}

35 {28+ 3¢, 27 + 8¢} T2 139,36 + 15¢1 109 {50 + £,49 + 10}

36 125,21 + 206} 73 {39 + 2¢,38 + 9¢,30 + 25¢) 110 {53 + 4,52 + 11}

Essex)

36 / 66



e EhyE Ry R (R R) |
Open Problems

@ Can we derive a recursive way to generate all the non-symmetrical
Gaussian integer pairs?

@ How to analyze the Euclidean distance of these QAM Golay
complementary sequences?

@ How to carry out efficient decoding for a subset of QAM Golay

complementary sequences with large Euclidean distance?

Z. Liu (U. Essex) 37 / 66



© O0dd-length Binary Z-Complementary Pair (OBZCP)



Motivation

@ Existing known binary Golay complementary pairs (GCPs) have
lengths 2%10P26Y, where «, 3,y are non-negative integers, i.e.,
they all have even-lengths.

Question: For a pair of odd-length binary sequences, how close can

their aperiodic autocorrelation sums approach zero?

Z. Liu (U. Essex) 38 / 66



Design Goals

Given a length-N odd-length binary pair, we wish

@ The ZCZ width, denoted by Z, is maximized. To accommodate the

largest multipath delay in a wireless system.

@ The maximum out-of-zone aperiodic ACF sum magnitude, is

minimized. To minimize the interference for multipath components

with large delays.

ACF

AN NAN thh

2Z-1 200
Z. Liu (U. Essex) 39 / 66
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Theorem
A pair of odd-length binary sequences has

© maximum possible zero-correlation-zone (ZCZ) of width (N +1)/2,
where N denotes the sequence length.

© minimum possible magnitude of 2 for each out-of-zone aperiodic
ACF sum.

A pair of binary sequences meeting the above two bounds is called an

optimal odd-length binary Z-complementary pair (OB-ZCP).

@ Z. Liu, U. Parampalli, and Y. L. Guan, “Optimal odd-length binary Z-complementary pairs," IEEE Trans. Inf.
Theory, vol. 60, no. 9, pp. 5768-5781, Sep. 2014.
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Example
(a,b) below is an optimal OB-ZCP of length 25

a = F++—F+——F++—F—F+—F+——F+++—++++],
b = +-——+————+——++—F+++———++++].

because pa(T) + pp(T) =

(50,0,0,0,0,0,0,0,0,0,0,0,0,—2,2,—2, —2,2, —2,—2, 2,2, 2 2 2).

£ (7)+p,(7)
2 ' [ ol 2
=T gV | VAR
I 12 | 2x13-1=25 | 12 |
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Optimal OBZCPs up to lengths 25
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OBZCP: Known

@ There are optimal OBZCPs of lengths 2™ + 1 by proper insertion of

binary GCPs [Liu-Parampalli-Guan, 2014].

@ There are optimal OBZCPs of lengths 2*10P26P + 1 for « > 1 by
proper insertion of GCPs [Adhikary-Majhi-Liu-Guan, 2020].

A SUMMARY OF TYPE-IT OB-ZCPs WiTH LARGE ZCZ WIDTHS.

7 < T Constraints ZCZ widih IGETTGI
2, f0<7<4x1077
. ER 51
1 108 Z(a,0,z) | Z(b,0,y) | z,y (€ U) are of identical signs | 4 x 1081 +1 2 1‘[&;:13 ‘<: “»ii:” N
0, if6x10°1 <7 <107
2, f0<7T<I12x267 T
0, if12x267 1 <7 <13x267 %,
2 67 I(a,0,z . 0, ,y 1) are of identical s 2671 . = "
26 Z(a,0,2) | Z(b,0,9) y (€ 1) are of identical signs | 12 x 2671 + 1 9 13 2671 <7 < 14 x 2671,
0, if14x267) <7 <267
<7 <12x267 1107
p21lmdy21, O 13 % 267 10° < 1 18 x 2671108
5267 a, (b, . are of identica 671107 S . !
3 10926 T(a,0,z) | Z(b,0,y) | z,y (€ U) are of identical signs | 12 x 267=110% 41 2 13 x 267110 < 7 < 14 x 267110
0, if 14 % 26771107 < r < 267107
2, f0<7<4x107 1
0, if4x10° 1 <7 <5x10°°1
8 v v . eres 31 g <
1 10 I(a,N,z) | Z(b,N.y) | 2,y (€ ) are of different signs 1% 1091 41 2 5 X107 < r <6 x 1051
0, if6x10°"1 <7 <107
2, if0<T<12x267 1,
. 0, if12x267 1 <7 <13x 2671,
5 267 , N, L N, 3 ) are of different i 2 x 2671 ;
5 6 Z(a,N,z) | Z(b,N,y) | 2,y (€ U) are of different signs | 12 x 2671 +1 2 if13% 2671 < v £ 14 x 2671
0, if14x267" <7 <267
2, if0<7<12x267"1107
5> 1andy > 1 g N ;
P e = P 0, if12x2677110% < 7 <13 x 26771107
5967 a N, v ) a 2 x 2671108 g < .
6 10926 I(a,N,z) | Z(b,N,y) | z,y (€ U) are of different signs | 12 x 267~110° + 1 2 i 13 % 2671107 < 1 < 14 x 2671107,
0, if 14 x 2677110% < 7 < 267107
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__ Odd-length Binary Z-Complementary Pair (OBZCP) |
OBZCP: Unknown

@ By computer search, can we find optimal OBZCPs up to length
100 or longer?

@ By recursive construction, can we construct longer optimal OBZCP

from shorter ones? Similar to GCP constructions.

@ What are the best Odd-length Quaternary ZCPs (OQZCPs)? ZCZ

width & out-of-zone aperiodic autocorrelation sum.

Z. Liu (U. Essex) 44 / 66



@ Cross Z-Complementary Pair (CZCP)



_ = Cross Z-Complementary Pair (CZCP) |
Structure of SM Tx-Rx

Example: SM with Ni=2, BPSK
Bits-to-Symbol Mapping
Input bits BPSK symbol
00 -1
0
10
11

+1
-1
+1

Spatial
Symbol Gen.

S _

Transmitter

ba(k)
SM symbols

ba(K)

Constellation | $h%
Symbol Gen.

O:‘mm PIS Spatial . Tlme/Frequ(_enc)_/ domain Remove CP/ZP
its Demodulation

@ Z. Liu, P. Yang, Y. L. Guan, and P. Xiao, “Cross Z-Complementary Pairs (CZCPs) for Optimal Training in Spatial
Modulation Over Frequency Selective Channels," IEEE Transactions on Signal Processing, vol. 68, pp. 1529-1543,
Feb. 2020.
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N o Yrcomp e e W (CZCRN
SM Training Structure

| | | |
0 -1

Define the following training matrix Q:

X1 X0 X110 o X101
X2 X20 X201 o X211 (12)
xin XNt)O X/\it;l e XNt».Lfl Ny x L

Z. Liu (U. Essex) 46 / 66



Received Signal

The k-th received signal at a RA can be written as

Ne A
Yk = Z Z P 1Xn k—1 + Wi, (13)

n=1 /=0

where wy a discrete uncorrelated white complex Gaussian noise sample

with zero-mean and variance UEV/2 per dimension.

Z. Liu (U. Essex) 47 / 66



System Equation

Xp0  XpL-1 t XpL-A h;
Xol  Xn0 o Xnl-Atl h;

Xn: . ) h: )
Xn =1 XnL—=2 't XnL-A-1] 41) B, Ne(A+1)x1

(14)

and
y= [y03y1) e )}/L—I]T
X = [X1, X2,y XN x (NAEN ) (15)

W = [W0> Wiy WLfl]-

)

Z. Liu (U. Essex) 48 / 66



= CrossZ-Complementary Pair (CZCP) |
System Equation (Cont’d)

The system equation can be expressed in matrix form as follows:
y =Xh+w. (16)

Applying the least-squares (LS) channel estimator (unbiased), the
estimated CIR vector is given by

b = (X"X) ~xHy, (17)

Z. Liu (U. Essex) 49 / 66



N o Yrcomp e e W (CZCRN
Optimal Training Matrix

MSE = MTr <E{(h—ﬁ) (h—ﬁ)H})

2 -1
Oy H
= % __Tr((X"X

(NA+ Ne) r<( ) )

xix; XX, .. XPXy, (18)
Hx XX, XHX, oo XEXy,

H H H

XNle XNtXZ o XNtXNt (NeA+Ne) X (NeA+Ny)

The minimum MSE is achieved if and only if X" X is a diagonal matrix

whose elements on the diagonal are identical.

Z. Liu (U. Essex) 50 / 66



Channel Estimation Performance

Let us consider the following two training matrix (4,2, 8)-€ formed by
sequence pair (a,b):

(O] (19)

S © O W
S O v O
o O O
p O O O
o o o T
o © T ©
o T O o
T o o o

where 0 in (19) stands for 01 xs.

Question
How to select (a,b) for optimal channel estimation (i.e., minimum
MSE) in SM system?

Z. Liu (U. Essex) 51 / 66



= CrossZ-Complementary Pair (CZCP) |
Cross Z-Complementary Pair (CZCP)

Definition

Let (a,b) be a pair of sequences of identical length N. For a proper
integer Z < N, define 71 £{1,2,---,Z} and
To2N—Z,N—Z+1,--- ,N—1}. (a,b) is called an (N, Z)-CZCP if

the following two conditions are satisfied:

Cl:p(a)(t)+p(b)(t) =0, forall |t| € T1 U Ty

(20)
C2:p(a,b)(t)+p(b,a)(t) =0, for all |t| € 5.

v
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Correlation properties of (N, Z)-CZCP
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Example

Consider the length-9 quaternary pair (a,b) below.
a— w£0’1’1’2‘0‘2’1’1‘3}, b— w£0’1‘1’0’1’0’3’3’1].

(a,b) is a (9,3)-CZCP because

(Jo@ 0 +ob) (0)])._ =(18,01.5,2v2,2,01.3),

(le(a,b) (0) + o (b,a) (1)

)i:O - (4’ 4\@’ 2\6’ 2\6) 4,2, 01><3) .

(21)

(22)

4

Z. Liu (U. Essex)
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Binary (N, Z)-CZCPs (with maximum Z) of lengths up to 26
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N o Yrcomp e e W (CZCRN
Relationship Between CZCP and GCP

Perfect CZCPs
(i.e., Strengthened GCPs)
I

@ Z. Liu, P. Yang, Y. L. Guan, and P. Xiao, “Cross Z-Complementary Pairs (CZCPs) for Optimal Training in Spatial
Modulation Over Frequency Selective Channels," IEEE Transactions on Signal Processing, vol. 68, pp. 1529-1543,
Feb. 2020.
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MSE comparison with other training sequences at EbNo=16dB:

32 [ CZCP (Proposed, J = 2)

—4A— GCP (Len.=16, J = 2)
—&— CAN Seq. (Len.=32, J =1)
—<— Zadoff-Chu Seq. (Len.=32, J =1)
-325 Random Seq. (Len.=32, J =1)
—#—m-Seq. (Len.=31, J =1)
Gold Seq. (Len.=31, J =1)
Barker Seq. (Len.=13, J =2)
-33 | —e— Minimum MSE

MSE (dB)

-335

3 4 5 6 7 8 9 10 11 12 13
No. of multi-paths
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© Doppler-Resilient Complementary Pair (DRCP)



_ DopplerResilient Complementary Pair (DRCP) |
PCSS-MC-CDMA

A cos(2m fot + 6,)

|
|
|
|
|
|
| 4cos2zfit+6,)
|

|

K I
Ca |

Cara MxN

Hsiao-Hwa Chen, The Next Generation CDMA Technologies, July 2007,

John Wiley & Sons.
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Interference-Free?

@ Chen claimed that PCSS-MC-CDMA is capable of achieving
interference-free performance (zero MAI & zero MPI) by using a
single-user detector (matched filter) receiver.

[

[

[

U
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Interference-Free?

@ Chen claimed that PCSS-MC-CDMA is capable of achieving
interference-free performance (zero MAI & zero MPI) by using a
single-user detector (matched filter) receiver.

o _|*
Cis=

@ Problem: Not hold in fractional-delay channels.

@ H. H. Chen, J. F. Yeh, and N. Suehiro, “A multicarrier CDMA architecture based on orthogonal complementary
codes for new generations of wideband wireless communications", IEEE Commun. Mag., vol. 39, pp. 126-135, Oct.
2001.
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Fractional-delay problem

@ A two-user PCSS-MC-CDMA toy-model

]
I
+.<§>_
I
& 3 Y

AL [
—

Async
channel

-jeyt
e

Multicarrier

demodulation

]
I S

| Multicarrier
I modulation
I

@ Suppose user 0 is the desired user and also b;[0] = b1[1]. The received
signal for detection will be:

z = bol0] [[|<pll3 + [le1ll]
+ 511017 g (1) + &4 g a1 (7]

MAI=07?
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Fractional-delay problem

@ MAI=0 can ONLY be guaranteed if

[Peg ey () + &% peg (1) =0

# ejAWT — 1
S U T
=m—=—m.
A 2
Assume Aw = 4% for non-overlapping subcarriers.
o Why? g(t—tg) & G(f)exp(—j2mtfty). A delay in the time domain
corresponds to a phase rotation in the frequency domain.

@ Fractional-delay problem: Non-zero (large) MAL if any

inter-user-delay takes on a fraction of half-chip duration!
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Fractional-delay-resilient Rx design

@ How to solve it by PCSS correlation properties?

3
2| 301 5,[01.5,(1 |
\ T

where zl = bO[O] ch,cg(Tc) + pci,c}(Tc) Assume by [O} = by [1}

-0
+ bi (0] T fp o (T — To) + &2 Tedp (T —To)

1
0
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Fractional-delay-resilient Rx design (cont’d)

Proposed “Chip-Spaced Correlating-Array (CSCA)" Rx with
Interference-Cancellation (IC) detector

= B
/]
2.
= b
= |
|
Multicarr <
[ulticarrier PAO
Demodulation @ R
S, Al
|
z| |E, i PAO || & Mk
2] [0 Qae]|b,,]| |n
+ X2

1: Interference Cancellation (IC) detector
2: Joint Detector

Z. Liu (U. Essex)
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Fractional-delay-resilient Rx design (cont’d)

BER versus the interference-to-signal amplitude ratio (A; /Ag = Az /Ag = A3 /Ap) for a 4-user MC-CDMA using PCSS

and random matrices,where ys = 6dB and (71, T2, T3) = (2.25,3.25,6.75) T

—4— Single-Usmr BER.

O Proped Joim, Detcton BB, (FO5)
—E Propend 10 Dotacor BER (PCS9)
—©—singl U Detector BER. (PCSS)
5 Jot, Dtz BER. (sodors)

1| e singio viex Dotastor 558 (ransom)

N

@ Z. Liu, Y. L. Guan and H. H. Chen, “Fractional-Delay-Resilient Receiver for Interference-Free MC-CDMA
Communications Based on Complete Complementary Codes," IEEE Transactions on Wireless Communications,
vol. 32, no. 11, pp. 1974-1986, Nov. 2014.
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Doppler resilient complementary pairs

A
frequency

@ Question: Consider frequency offset of Aw, can we construct an
(almost) complementary pair (A, B) with the additional property
that

[p(A)(T) + e™4p(B)(1)|~ 0, 1<T<N—1
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The spirit of GCPs: Always good to have a mate or
more, but you need to treat them equally!

Z. Liu (U. Essex) 66 / 66



The spirit of GCPs: Always good to have a mate or
more, but you need to treat them equally!

Thank You!
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