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1 Introduction

Epsilon Subdifferential Method is well known and widely used for minimizing
convex functions, see e.g. [2, 3]. In this note we develop a novel Epsilon
Subdifferential Method (ESM). Let us outline it here.

ESM applies to a given proper convex lower semicontinuous function f :
X — RU{+o0}, defined on a Banach space X, such that 0 = f(0) = gél)f(lf(l‘)

with fixed in advance parameters € > 0 and § € (0,¢).

Starting at arbitrary xy € dom f, for i = 0,1, ...
e if 0 € O.f(z;), then STOP;

e if 0 & 0.f(x;), for
Pu; () 1= in)f(in(K,x),
e

where
Fo (K, x) = f(z) — f(2:) + e+ Kl — ],

find K; > 0 such that ¢, (K;) = 0. Take any x;,; satisfying

0 < f(@iy1) — f@i) + e+ Kil|zipn — 2] <6

In the finite dimensional case 6 = 0 works, and ESM is much more simple.

The immediate estimate for the number of iterations n is n < conste™".
But when f satisfies f(z) > ¢||z| for all x € X and some ¢ > 0, the param-
eter J is appropriately chosen, and the starting point o € dom df, then the
number of iterations n of ESM has the more precise estimate n < const 5’%,
see Lemma 3.3. The proof relies on Lemma 2.3. Note that in this case,
ne < conste? which yields that ne tends to 0 as € tends to 0. This is the key
argument in the presented here new proof of the famous Moreau-Rockafellar

Theorem, see e.g. [10, 11]:

Theorem 1.1. Let X be a Banach space. Let g and h be proper lower
semicontinuous convez functions from X to RU {4o0}. If

dg C Oh, (1.1)

then
h = g + const.



This result has numerous important implications, see e.g. Section 3 of
Phelps’ book [9].

Let us make a short historical overview. The integrability of the subdif-
ferential of proper lower semicontinuous convex function on Hilbert space is
stated and proved first by Moreau in [7] by using Moreau-Yosida regularisa-
tion. The proof also works in reflexive Banach space as mentioned at p. 87
of [8]. The first complete proof in Banach space — that of Rockafellar in [11]
— uses strong duality arguments. Another approach is to approximate the
directional derivative and to reduce to the one-dimensional case. The lat-
ter was taken by Rockafellar in his original proof in [10]. Though there are
some gaps in this proof, Taylor [12] fills them and provides a different proof,
cf. [4]. The idea of directional derivative approximation/one dimensional
reduction is most clearly outlined in the proof of Thibault [13]. A different
proof using the mean-value theorem of Zagrodny is due to Thibault and Za-
grodny [14], see also [15]. In [16] the result is proved by using regularization
(and approximation) techniques which was the initial idea of Moreau.

In [6] Ivanov and Zlateva give a proof similar to the proof of the classical
calculus theorem that a monotone function is Riemann integrable which uses
neither duality nor explicit one-dimensional arguments. The main step in
their proof is to show directly that a proper lower semicontinuous convex
function on Banach space differs by a constant from the Rockafellar function
(see [1]) of its subdifferential, see [6, Theorem 1.2]. The proof relies on a
technical lemma [6, Lemma 3.3] proved by Ekeland variational principle.

Here we use the novel Epsilon Subdifferential Method (ESM) to prove in
a different way the following

Theorem 1.2 (Rockafellar [10, 11], see also [6] Theorem 1.2). Let g : X —
RU{+o0} be a proper lower semicontinuous convex function. Let & € dom g
and p € 0g(z). Then for all z € X

9(r) = g(T) + Rag,zp)(7),

where

[y

n—

Rog,zp)(2) = sup { (Qig1, T — Tigr) (1.2)

i

Il
o

Ty = T, xn:i‘7 Qn:pa qi eag(xz)7n€N}



A distinctive feature of the new proof here is that it reveals the relation-
ship between a natural optimization method and Moreau-Rockafellar Theo-
rem. By use of ESM the sequences realizing supremum in (1.2) are kind of
constructed.

Thereafter, the proof of Theorem 1.1 continues exactly as in [6]. That is
why, we only sketch it here: it readily follows that (1.1) implies

9(x) — g(T) < h(z) — h(T)

for any T € domdg and all x € X. In particular, g — h = const on dom dg.
To conclude, we use lower semicontinuity of A and graphical density of points
of subdifferentiability to g, i.e. that for any £ € dom g and any € > 0 there
exists € dom dg such that ||z — z|| + |g(z) — g(Z)| < ¢, see [5] and [4].

Let us also note that tools used in the proof had been known by 1970.

The rest of the paper is organized as follows. After a short Section 2
on notations and preliminaries, in Section 3 we dwell on some of the basic
properties of the novel Epsilon Subdifferential Method (ESM). In the last
Section 4 we give the proof of Theorem 1.2.

2 Preliminaries and notations

The notation used throughout the paper is standard. Usually (X, || - ||) de-
notes a real Banach space, that is, complete normed space over R. The dual
space X* of X is the Banach space of all continuous linear functionals p from
X to R. The natural norm of X* is again denoted by || - ||. The value of
p € X* at x € X is denoted by (p, z).

The effective domain dom f of an extended real-valued function f : X —
R U {400} is the set of points  where f(x) € R. The function f is proper if
dom f # @. It is lower semicontinuous if f(z) < h]g[gn_}gff(x) for all z € X.

Let us recall that for € > 0, the e-subdifferential of a proper, convex and
lower semicontinuous function f: X — R U {+oc} at x € dom f is the set

Of(x)={pe X" —e+({py—u) < fly) — flx), VyeX},

and O.f = @ on X \ dom f. Of course, for ¢ = 0, Jyf(z) coincides with the
subdifferential of f at z in the sense of Convex Analysis f(x). The domain
dom 0. f consists of all points € X such that d.f(x) is non-empty. But
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while 0f(z) could be empty, for € > 0, the sets 0. f(z) are non-empty for any
r € dom f. For any real numbers €1 and €9 such that 0 < g1 < &9 one has

O, f() C O, f(z) and Of (x ﬂ O-f(x). Moreover, if f, g : X — RU{+o0}

e>0
are two proper lower semicontinuous convex functions with x € dom fNdom g

and one of them is continuous at z, then the following sum rule holds, see
e.g. [15, Theorem 2.8.7],

f+g U{aElf +a€29(x):81207 82208:€1+82}'
We will use it further in its weaker form

O:(f +9)(x) CO.f(x) + O-g(x).

Brgndsted-Rockafellar Theorem saying that the graph of 0. f is close to
the graph of df is well known:

Theorem 2.1 (Brgndsted-Rockafellar [5]). Let f : X — R U {+o0}, be a
proper, convez and lower semicontinuous function, let € > 0 and p € O-f(x).
Then there exists ¢ € 0f(z) such that

Iz — 2|l < Ve, and|lg —pll < Ve
Another result of Brgndsted and Rockafellar [5] will also be used:

Proposition 2.2. Let f be a proper lower semicontinuous convex function
from a Banach space X into RU {+oo}. Then for all x € X

f(z) =sup{f(7) + p(z — z); (z,p) € gphIf}. (2.1)

To estimate the number of iteration of the novel ESM we prove the fol-
lowing lemma of its own interest.

Lemma 2.3. Let A > 0, B > 0 and € > 0 be real numbers. If there exist
reals ay,...,a, and by, ..., b, satisfying the conditions

a; >0, b; >0, 1=1,...,n,
aibiZZE, z':l,...,n, (23)

n

<A (2.4)

=1

ibi < B, (2.5)
=1



/AB
then the inequality n < \/ — holds.
€

Proof. From (2.2) and (2.3) follow the inequalities

€
h>=, i=1,....n 2.6
z 7 n (2.6)

Summing the inequalities (2.6) for i = 1,...,n we get that by (2.5)

i =< ibi <B.
- B

B

1
and, equivalently, % < — . Multiplying by n we get

Hence, Z al

e (2.7)

From (2.4) it follows that

TR (2.8)

Yoo
E.

n

By (2.7), Cauchy inequality and (2.8) we get the following chain of in-

equalities

ne n i=1
— < <
B 1 n
a_z
=1
AB AB
which yields that n? < ——. Therefore, n < ) O]
€ €



3 Properties of the novel ESM

We have outlined the method in the introduction. In this section we will
consider some of its properties. Throughout this section we work with a
proper lower semicontinuous convex function f : X — R U {400}, such that
gg(l f(z) = f(0) =0, and fixed £ > 0, and € > § > 0. Next lemma describes

what happens at one of ESM iterations.

Lemma 3.1. Let z¢ € dom f. The function ¢, : R — R defined by

Vo (K) := inf F, (K, x),

zeX

where
Foo (K, 2) o= f(2) — f(m0) + € + K|z — o],

is strictly monotone increasing and locally Lipschitz on (0, 00).
Assume in addition that 0 € 0. f(x). Then

(1) there exists Koy > 0 such that ¢,,(Ky) = 0;
(ii) for any x1 € X such that
0 < f(.ﬁEl) —f<$0)+€+KOHLC1 —.’L'oH < 5, (31)

there is py € Osf(x1) such that

Ko > |lpa|l =9, (3.2)
and,
(p1, 71— x0) < f(21) — f(20) +E6+0. (3.3)
Moreover,
Ko < min{||p|| : p € 0-f(x0)}, (3.4)
and if po € O0s f(x0), then
e < (Il = Ialles —all 4 (24 T22) 0 )
0



Proof. 1t is straightforward to prove the strict monotonicity and the local
Lipschitz continuity of ¢,, on (0, c0).

The existence of K’ > 0 such that ¢,,(K’) < 0 follows by 0 & 0. f(x),
while the existence of K” > 0 such that ¢,,(K"”) > 0 is a consequence of
lower semicontinuity of f at xy. Bolzano Theorem ensures the existence of
Ky > 0 with ¢,,(Ky) = 0 which thanks to the strict monotonicity of ¢,, on
(0, 00) have to be unique.

Now, let x; € X be a point of §-infimum of the function F, (Ky,-), i.e.
satisfying (3.1). Equivalently, 0 € 05 (f(-) — f(xo) + ¢ + Kol - —ol|) (z1).
By the weaker form of the sum rule for the d-subdifferential, we have that
there exist py € Jsf(x1), and & € OsKo|| - —xo|[(x1) such that 0 = p; + &;.
Since & € 0y Ko|| - —o]l (1),

(&1, x—x1) < Kol|lx—x0]| — Kol||lx1 — o] +6 < Kollz—21|| 40, Yz € X. (3.6)

Hence,
(&1, 2 — 21)| < Kolle — x| + 9, Vo € X,

and (3.2) holds. From (3.6) it easily follows that
Kol — o] < (&1, 71 — 20) + 6 = (p1, 20 — 1) +0

which combined with the left inequality in (3.1) yields (3.3).
Take arbitrary p € 0. f(x). By definition of the e-subdifferential,

(p,x —x9) < f(z) — f(mo) + &, Vz € X.
Hence,

(p,x — x0) + Kol|lz — z0|] < f(z) — f(z0) + € + Kollz — 0|, Vo € X,

_ _ Kollz —
(p, Ty L R < f(x) = flxo) + & + Kol 1?0H7 Vre X, x4 m,
[l = ol [l = o]
_ _ Kaollz —
Ko+ _inf (p, o) < inf (ﬂx) flao) e+ Kollz xo”) —0.
zeXatzy || — xol|" T zeXatuo |z — xo|

Finally, Ky < [|p||, and (3.4) holds.



Take any py € 0sf (o). Using (3.2), and ||z — zo|| < (which is an

S (@o)
Ko
easy consequence of (3.1) and 0 < €), we get that

f(xo) — f(x1) — Kollzr — zo]| + 6
(po, 10 — 1) — |Ip1ll|l21 — 0l + S||21 — l’o|| +20

< ||po||||x1—xo||—||p1||||x1—xo||+5( o 12)

£

IN A

= ([lpoll = llpalDllz1 — 2ol + 6 < )

which is (3.5). The proof is then completed. O

In the context of the ESM, Lemma 3.1 ensures the existence of K; > 0.
As x;11 can be taken any point of §-minimum, i.e. such that

0 < f(@i1) — f(@) + €+ Kil [z — xf| <6 (3.7)

From the lemma we also have the existence of p; 11 € 05 f(2;41) such that

Ki 2 |[pisall =6, i >0, (3.8)
(Piv1; Tigr — x3) < fwig) — f(2i) +e+6, i >0, (3.9)
as well as,
J(; .
< Ul = WDl = il 46 (24 522) iz 1 @ao

The next Lemma shows that ESM is finite.

Lemma 3.2. ESM ends after a finite number of iterations n such that

x
n < I 0(2 + 1 at point x,_1 of e-minimum of f.
8 J—

Proof. Let us assume the contrary, i.e. that the number of iterations satisfy

n > on(; + 1 and fix such n € N. This means that ESM generates at least
8 J—
i, ©=0,...,n — 1 such that

0¢0.f(z:), i=0,....n—2.
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Then from (3.7) we will have that
f([EZ) _f(xi-i-l) Z €—|—KZ‘||ZL‘Z'+1 —I’ZH -0 Z e—0> 0, 1= O,...,n—2.

Summing the inequalities we obtain that

n—

flxo) = fan-) = Z (f (@i) = f(zit1)) = (n = 1) (€ = 6) > f(o),

=0
hence 0 > f(x,,—1) which contradicts to f(z,-1) > f(0) = 0. O

It is possible to obtain a better estimate of the number of iteration for a
strictly convex function with more precise choice of the parameter §.

Lemma 3.3. Let f : X — RU{+00} be proper lower semicontinuous convex
function satisfying f(x) > 2c||z|| for all x € X and some ¢ > 0.
Applied for f with e >0 and § > 0 such that

0 <

L o5<, 5<1+M)gi, (3.11)

c

N O

ESM ends after n iterations, and

n—2
2f(x

Z [Zir1 — @l < —f(c 0)- (3.12)

i=0

Moreover, for the number of iterations n we have the estimation

- ce

where py € O-f (o) is arbitrary.
Proof. Since f(z) > 2¢||z||, it is easy to see that if p € O5f(z), then
0=7(0) = f(z) = {p,x) = 6 = 2c[|z| — (p,x) =

yields
Ipllllzll = (p, z) = 2cf|x|| — 0. (3.14)

We have three cases: (a) ||p|| > 2¢; (b) ||p|| < 2¢, and ||z|| > d/¢, and (c)
Ipll < 2¢, and [lz]| < d/ec.

10



In case (b), by (3.14) we have

) oc
Ilpl| > 2¢ — —= >2c— — =c.
||l 6

In case (c),
f(z) <(p,x) + 6 < |lpllllz[| + 6 < 36 <,

and x should be a point of e-minimum for f.
Asxz;, 1 =0,...,n—2, are not e-minimum points for f, the latter implies,
see (3.8), that
c c
Kiz|lpim| —02c-02c—7=2.

To establish (3.12) we sum up inequalities (3.7) from 0 to n — 2 to get that

f(xn1) = fzo) + (n = Ve + Y Killzigr — 2] < (n—1)8.
i=0
Hence,
Y Killwi — @il + (n = 1)(e = 6) < f(x0) — f(an1).
i=0

Since K; > g for all 7z in the above sum, and § < &,

n—2
c
B Z |Zi1 — il| < (o),
i=0
and (3.12) holds.

Since f(xi41) < f(z;) for all 4, see (3.7), we have that f(z;) < f(x¢) for
all 7. Using this and K; > g in (3.10) we obtain that

[0y
£ < (Il = e Dl = i 28 (14 Z8) iz,
hence, having in mind the choice of ¢,

< (IIpsll = llpaa Dl wir — 2], @ > 1. (3.15)

DO ™
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To apply Lemma 2.3, set
a; = |lpill = llpasalls b == llwisn —@ill, i=1,...,n—2.

From (3.15) we have that a;b; > /2, hence, a; > 0,b; > 0,1 =1,...,n—2.
From (3.12)

c

n—2
sz‘ < Qf(xo)-
i=1
On the other hand,
n—2
> = prll = o] < ol < Ko+ < flpoll +0 < [lpoll +1,
i=1

where py € 0. f(x¢) is arbitrary (see (3.4)).
2/ (xo)

C

Setting A := ||po|| + 1 and B := we have that the conditions of

Lemma 2.3 hold. Hence,

no2< \/@ _ 2\/f<xo><||31\ ey

and (3.13) holds. The proof is completed. O

Let us note that py in (3.13) as an arbitrary element in 0. f(z) depends
on &. But when xy € domdf, then py could be taken in df(zg) and in this
case, the estimation (3.13) is of the type n\/e < const.

4 Proof of Theorem 1.2

We will establish first that g(x) = ¢(Z) + Rag,z5 (x) for x € dom dg.
To prove that

g(x) —g(z) > Rag,(f,ﬁ)(ff) (4.1)

is easy. Indeed, for any sequence {(x;,¢;)}", C gphdg with xy = z, z,, = T,
and ¢, = p, by the definition of subdifferential we have that

<Qi+17xi - $i+1> < g(ﬂfz) - g(l‘iﬂ); 1=0,..., (n - 1)-

12



After summing these inequalities we immediately get

[y

n—

(Giv1, i — 1) < g(x) — g(2)

~
Il
o

and (4.1) follows.
To obtain that
9(x) — g(T) < Rog,ap) ()
it is enough for any fixed ¢ > 0 to find a sequence {(z;, )}, C gphdg
such that g = x, x, = ¥, ¢, = p, and

—_

n—

9(x) = 9() = > (Gis1, 70 — i) < €. (4.2)

%

I
o

To this end we consider the function f: X — RU {400}, defined as

f@) = g(x+7) = (p,x) — g(T) + 2|z, (4.3)

where ¢ € (0,1) is a fixed constant. It is easy to see that f is proper lower
semicontinuous and convex, f(0) =0, 0 € 9f(0), f(z) > 2¢||z| for all x € X
and dom df = domdg — z. Set xy := x, take arbitrary py € dg(xy) and set

Ve ( \/f<xo><||fo|| 0, 1)

Take e € (0, ¢) such that M/e < &’ and then apply ESM for f with this e
and >0 such that 1(8)<e/3, where n(6):=2V/§ <1+26+Hp0\|+||2_9H+f<x0)>.

c
It is easy to check that if § is such that n(0) < /3, then 0 satisfies (3.11).
When such a ¢ is chosen, set 1 := 7(0).

Denote yg := x — Z. Observe that py € 0f(yo).

Starting at y, := yo ESM generates a finite sequence p;11 € 05f(vi,1),
1=0,...,n—2.

By the weaker version of the d-subdifferential sum rule we have that

aéf() C aég( +E) + 8(5(_157 > + 852CH ’ Ha

therefore,
Pit1 = Qo1 — Dig1 + &it1, (4.4)

13



for some ¢;,; € Osg(- + %)(¥ir1), &i+1 € Os2¢] - [|(¥i,), and P, such that
Hﬁ%i»l _pH S 6, 1 = 0,...,n—2.
From (3.9) we have that

<pi+1>y£+1 o y;) S f(y;-l—l) - f(y;) +€+67 = Oa s — 2.
Summing these equalities and using that § < 7, we get

n—2

> D Y — ¥ < FWht) = Fyo) + (n = D)(e+ ),

1=0

and from (4.4) we obtain that

n—2 n—2 n—2
Z G Vier — ¥i) < Z@iﬂa Yir — Yi) + Z(fﬂrla Yi = Yi1)
i=0 i=0 i=0
+ fWna) = flgo) + (n = D(e+ ). (4.5)

To estimate the right hand side of (4.5) we use, first, that

n—2 n—2
(Piv1:Yie1 — Y1) < (P¥n_1 — Yo) +0 Z 1Yis — ¥l
i=0 1=0
_ x
< P Ynoa —Yo) + 25@

< Dy Yno1 — Yo) + 1,

second, that &1 € 0s2¢| - ||(yi,), hence

n—2 n—2
Z(fwhyg ~Yip1) < Z ZCH?J;” — 2¢llyi |l + 5)
i=0 1=0

= 2clloll = 2¢llyp il + (n = 1)6 < 2¢lgoll + (n = 1),

and, third, that y/,_, is an e-minimum of f, hence f(y,_,) <e.
Incorporating all these in (4.5) we obtain that

n—2
> G vier — ¥l < By — o) + 2cllyoll — fyo)+ (4.6)
=0

(n—1)(e+2n)+e+n.

14



By Brendsted-Rockafellar Theorem there exist ¢;11 € 0g(T + y;41) such that
[gi+1 = Giga |l < V3, and |lyi1 — Yill < V8. Then
(Giy1, Yir1 — vi) — <Q§+1>yg+1 —y;) =
(Giv1 = Gisrs Vir — i) F {1, Yirr — Yi — Vi T U5) <
1Gi1 = Qi Hl9in — will + i [yirr — il + s — will)-

Since ||pir1|l < ||p1l], Vi, which follows from (3.10), and since [|p1] < ||poll,
see (3.5), we easily derive that ||¢/ ;]| <20 + 2¢+ [|p|| + |pol|, Vi. Using the
latter and ||yis1 — vill < 2V + ||y, — ¥i|| we obtain that

(Qit1, Vi1 — ¥i) — <q§+1, yz/'+1 - ?J§> <

Vo2V + lyiar — yill) +2V/6(28 + 2¢ + |[Bll + lpoll) < 0+ V5llyley — will-

Hence,

n—2 n—2
<Qi+17 Yi+1 — yi> - <Q§+1a y£+1 - y,f> <
=0 =0
f (o)
(n =D+ Vo) vt —uill < (0= 1y +2V6=22 < (n— D+,
=0

Using this in (4.6), as well as v/0|[p|| < n, and n < £/3, we get

)

n—

(Gis1,Yier — Vi) < (D, Yn—1 — Yo) + 2¢||yo|| — f(vo)

ﬂ.
o

+(n—1)( +3n) + & + 20 + Vo7
< (P yn—1 = wo) + 2cllyoll — f(yo) +2ne. (4.7)
But
fyo) = f(& =) = g(x) — (P, yo) — 9(T) + 2¢l|yol],
see (4.3), which combined with (4.7) yields

N

n—

(Gir1, Vi1 — i) < ADsYn—1) + 9(T) — g(x) + 2ne. (4.8)

I
o

i

Now, let us denote z; 11 := y;.1+%,i=0,...,n—2. Then ¢;1 € g(x;11),
andgji_xi-f-l :yi_yi+lai:07"'an_2'
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Setting x,, = T y, = 0, and ¢, = p from (4.8) we obtain that

f
—
|

—

n

9(2)=g(T)—= > (qir1,Ti—ziy1) = g(x) —9(T) = > (Gir1,Yi — Yir1)

)

o

< {@n>Yn = Yn-1) + (D, Yn-1) + 2ne
2ne  (since y, = 0 and ¢, = p)

Il
o

<4 <\/f(“”°)(|c|f°||“>+1> £ (by (3.13))
. 4< \/f(xo)(||cpo||+1)+1> Ve MR
< &,

and (4.2) follows.

So far we have shown that g(z) = g(Z) + Rag,z5 (x) for x € dom dg.

Now, fix any € X and a real number r such that r < g(x). By Propo-
sition 2.2 we can find (y, p) € gph dg such that r < g(y) + (p,z — y).

Since y € domdg for a fixed ¢ > 0 we find a sequence {(x;, )} €
gph dg with z; =y, x, = ¥ and ¢, = p such that

—_

n—

9(y) — g(x) — (Giv1, i — Tig1) < €.
i=1
Then,
n—1 n—1
r<g@+{pr-y) +Z<Qi+1’ T —Tit1) +€ = g(T) +Z<Qi+l> Ti—Ti1) +E,
i=1 =0
where q; := p.
Since r < g(z) and £ > 0 were arbitrary, the proof is completed. O
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