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Strong estimates of the weighted simultaneous
approximation by the Bernstein and Kantorovich
operators and their iterated Boolean sums
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Abstract

We establish matching direct and two-term strong converse estimates
of the rate of weighted simultaneous approximation by the Bernstein op-
erator and its iterated Boolean sums for smooth functions in Lp-norm,
1 < p < co. We consider Jacobi weights. The characterization is stated
in terms of appropriate moduli of smoothness or K-functionals. Also,
analogous results concerning the generalized Kantorovich operators are
derived.
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1 Main results

The Bernstein operator is defined for f € C[0,1] and = € [0, 1] by

Buf(a) = Z_:f (5) puata), pate) = () oha =

As is known its saturation order is n~' and the differential operator which de-
scribes its rate of approximation is Df(z) = ¢?(x) f"(x) with p(z) = /2 (1 — )
(see e.g. [4, Chapter 10, Theorems 3.1 and 5.1]). More precisely, Voronovskaya’s
classic result states

(1.1) lim n (B,f(z) — f(x)) = %Df(x) uniformly on [0, 1]

n—o0
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for f € C?0,1].
One way to increase the approximation rate of B, is to form its iterated
Boolean sums B, ,, : C[0,1] — C0, 1], defined by

B.n=1-(I-B,)",

where I stands for the identity and » € N. In [27] it was shown that their
saturation order is n~". Gonska and Zhou [18] established a neat direct estimate
for B, , and a Stechkin-type inverse inequality. Also, they made a historical
overview of the study of that kind of operators and explained why they can be
regarded as iterated Boolean sums. Later on Ding and Cao [5] characterized
the error of the multivariate generalization of B, , on the simplex and further
improved the lower estimate. They used a K-functional with a differential
operator that reduces in the univariate case to D", i.e. exactly the rth iterate
of the differential operator associated with B,, as it should be expected.

Here we shall consider simultaneous approximation by B;.,,. It is known that
the derivatives of the Bernstein polynomial of a smooth function approximate
the corresponding derivatives of the function (see [4, Chapter 10, Theorem 2.1]).
Lépez-Moreno, Martinez-Moreno and Munoz-Delgado [24] and Floater [14] ex-
tended (1.1) showing that for f € C*T2[0, 1] we have

(1.2) nh_)rréon ((an(x))(s) - f(s)(x)) = %(Df(x))(s) uniformly on [0, 1].
Hence the differential operator that describes the simultaneous approximation
by B, is (d/dx)°D. Results about the rate of convergence in (1.2) were estab-
lished in [15, 16, 17].

So, it is reasonable to expect that the differential operator related to the
simultaneous approximation by B, , is (d/dz)*D" and the saturation order is
n~". That turns out to be indeed so. Before stating our main results let us note
that, since the derivative of the Bernstein polynomial is closely related to the
Kantorovich polynomial, it makes sense to consider approximation not only in
the uniform norm but also in the L,-norm. Moreover, weights of the form ¢
with ¢ € N appear naturally in the study of the approximation rate of B, ,, (see
the proof of [18, Theorem 1(i)] we gave in [9, pp. 35-36]). So, it is appropriate
to consider simultaneous approximation by B, , with Jacobi weights. We set

(1.3) w(z) = w(yo,y1;2) =2 (1 —2)", z€(0,1),

where 79,71 > —1/p for 1 < p < 0o or 79,71 > 0 for p = co. To characterize the
rate of the simultaneous approximation by B, ., we shall use the K-functional

— ; — ¢ 7))
Kealfithup = _ ok (Il =gl + Hw(079) )}

We denote by || f||, the L,-norm of the function f on the interval [0,1]. When
the norm is taken on a subinterval J C [0, 1], we shall write || f[|,(s). As usual,
AC¥la, b] stands for the set of all functions, which along with their derivatives



10 .(0,1) is the set of
the functions, which are in AC¥[a,b] for all 0 < a < b < 1 (see e.g. [23] for
the basic properties of these and related spaces). By ¢ we shall denote positive
constants, not necessarily the same at each occurrence, which are independent
of the functions involved or the degree n of the operators.

We shall establish the following characterization of the error of simultaneous
approximation by B;. .

up to order k € Ny are absolutely continuous on [a,b]; ACE

Theorem 1.1. Letr,s € N, 1 < p < 00 and w = w(yy, 1) be given by (1.3) as

—1/p<vo,m <s—1/p if 1<p<oo,
0<v,m11<s if p=oo.

Then for all f € C[0,1] such that f € ACS 1(0,1) and wf®) € L,[0,1], and all
n € N there holds

lw(Brnf = )y < ¢ Krs(f,07 .

Conversely, there exists R € N such that for all f € C[0,1] with f € ACS*(0,1)
and wf®) € L,[0,1], and all k,n € N with k > Rn there holds

Ko f 0 g < ¢ (5] (0B = DOy + LolBaf = D1

In particular,

Ko (£ 0 Y < ¢ (JwBrnf = NOllp + lw(Brrnf = £ -

This characterization is valid for p = 1 as well. However, the proof requires
additional considerations, which would make the exposition even longer (see
Remark 4.6 below). That is why we shall omit this case despite its importance.

The estimates in Theorem 1.1 can be simplified. The involved K-functional
K, o(f,t)wp can be characterized by the simpler ones given by

Knglf-hup = _int {Ju(f = g)l, + thoe™g ™|, |

g€ loc

and

Kn(fthp= it {w(f = g)llp+ twg™ [, }

g€ loc

For the unweighted case w = 1 we set K o(fit)ooc = Km,o(f,t)1,00 and
Kn(fit)oo = Kin(f,t)1,00. We say that ®(f,¢) and ¥(f,t) are equivalent
and write ®(f,t) ~ W(f,t) if there exists a constant ¢ such that ¢~ 1®(f,t) <
U(f,t) < c®(f,t) for all f and ¢ under consideration. There follows the char-
acterization of K, s(f,t)w,p by means of Kp, o,(f,t)wp and Kp,(f,1)w,p-



Theorem 1.2, Let 1 < p < oo, 1,8 € N and w = w(vy,v1) be given by (1.3)
with —1/p < v,m < s —1/p. Then for all wf € L,y[0,1] and 0 <t <1 there
holds
KQW,D(fv t)'w,p + Kl(fv t)w,pa s=1,
Ky s(fi)wp ~
Koro(f;)wp +tllwfly, 522

The result in the case w =1 and p = oo is of a different form.

Theorem 1.3. Let r,s € N. Then for all f € C[0,1] and 0 <t <1 there holds

Koro(fit)oo + Kr(fit)oo + Ki(f,1)oo, s=1,
Kr,s(fat>1,oo ~
Koro(fit)oo + K (f, )00 + 1 flloos s> 2.

Remark 1.4. Let us note that the assertion of Theorem 1.2 in the case p = oo
and r = s = 1 actually holds for all 0 < 79,71 < 1, as it will be briefly shown in
its proof.

Further, we can take into account that Ko, ,(f,t*")y,, is equivalent to the
weighted Ditzian-Totik modulus of smoothness w2 (f,)w,p [8, Chapter 6] pro-
vided that 9,71 > 0, and to its modification introduced and considered in [13,
Chapter 3, Section 10] and [22] if w = ¢®. Generally, for 9,71 > —1/p we can
use the modulus defined in [10, 11, 12].

Theorems 1.1-1.3 and the equivalence between the K-functionals and the
moduli of smoothness imply the following Jackson-type estimates.

Corollary 1.5. Let r,s € N, 1 < p < 0o and w = w(vo,71) be given by (1.3)
as

0<v9,1<s—1/p if 1<p< o0,
0<v,71<s if p=oo.

Then for all f € C[0,1] such that f € ACE*(0,1) and wf®) € L,[0,1], and all
n € N there holds

W () 1 (s 8 =1,
[w(Brnf — )y < c ) o .
wwr(f(s)vn_ / Jw,p + o ||wf(s)||pv 522

Corollary 1.6. Let r,s € N. Then for all f € C*[0,1] and n € N there holds

1Brnf = )P loo

W?DT(flvn_l/2)00 + w’l‘(fl7n_1)00 + wl(fl7n_r)007 s = ]-7
<c

— s - 1 s
wszar(f(s)vn 1/2)00 +W?”(f( ),’n 1)00 + nr ”f( )Hoo, s> 2.



Here w,(f,t)o denotes the unweighted fixed-step modulus of smoothness of
order r in the uniform norm and w,(f,t) , its analogue in weighted L,-spaces
(see e.g. [8, Appendix B]). We shall give brief details about the proof of the two
corollaries in the last section.

In particular, for the weighted simultaneous approximation by the Bernstein
operator (i.e. 7 = 1) in weighted uniform norm we have

lw(Buf = )loo
wgzo(f/an_l/2)w,oo +w1(f/7n_1)w,ooa s = 1; 0 S Y0, V1 < 17

5 - S - 1 S
< equip(fO oo +wr(f 0 oo + ~ 1 Ploer 522, 70 =7 =0,

1
W0+~ o, $22,0<0m <s.

Remark 1.7. The middle term on the right-hand side in the characteriza-
tion in Theorem 1.3 cannot be omitted. Indeed, if f(*)(z) = 2" logz, then
f&) 2 f2rts) € 1 [0,1] and £+ € Lo [0,1] (the latter in the case 7 > 2),
but fr+s) ¢ L,[0,1].

Results about the simultaneous approximation by the Bernstein operator
can be easily transferred to the Kantorovich operator. Let 1 < p < oco. The
Kantorovich polynomials are defined for f € L,[0,1] and z € [0, 1] by

n (k+1)/(n+1)

K f(z) = Z(n+1)/

k=0 k/(n+1)

F) dtpui(z), pog(e) = <Z)xk(1—x)"_k.
They are related to the Bernstein polynomials as follows

Kof(@) = BunF@) . Fla) = [ foyae
More generally, we set for f € L,[0,1], 1 < p < oo, and m € N (see [29])

K™ f(2) = (Bugm P ()™

where

Fonl) = — )!/Ozu—t)m‘lf(t)dt-

(m—1

The operator Kflm is referred to as the generalized Kantorovich operator of

order m. That generalization of the Kantorovich polynomials or similar modi-
fications of related operators are studied in [2, 3, 15, 16, 17, 20].
Further, we set
K =1 — (I — K{™)".
Using that B,, is degree reducing w.r.t. the algebraic polynomials, it can be
verified by induction on j that

(56Y' 1 = (B, r) ™



hence

K f = By Fra) ™.
This enables us to transfer all the above results about simultaneous approxima-
tion by B, to KCpp.

Theorem 1.8. Let m,7 € N, s € Ny, 1 < p < 00 and w = w(vy,71) be given
by (1.3) as

—1/p<yom <s+m—1/p if 1<p<oo,

(1.4) .
0<y0,m <s+m if p=oc.

Then for all f € Ly[0,1] such that f € AC;'(0,1) and wf® € L,[0,1], and
all n € N there holds

Hw(lCﬁT;?f - f)(s)”p < CKT,s+m(f(s)an7T)w7P'

Conversely, there exists R € N such that for all f € L,[0, 1] with f€ACfo_cl(O, 1)
and wf®) € L,[0,1], and all k,n € N with k > Rn there holds

- k " m s m s
K (10 < e (5) () = DOl + 1olET 1 = 1)
In particular,
Erwsm (£ 0 < ¢ (Il 7 = N+ kS5, 7 ~ D)

In the statement of the last theorem the condition f € AC;;'(0,1) is to be
ignored for s = 0.

Remark 1.9. As it is clear from the last theorem, the higher the order of
the generalized Kantorovich operator is, the broader the space of functions it
approximates is. More precisely, let us denote by W;, the set of functions, for
which Theorem 1.8 is established, i.e. W}, is the set of all f € L,[0,1] such that

m

f e AC;1(0,1) and wf® € L,[0,1] for some Jacobi weight w = w(vo,71),

which satisfies (1.4). Then we have Wy, C Wy, ;. Or, to put it otherwise,
given an s € Ny and a function f € AC;'(0,1) such that wf(®) € L,[0,1]
for some Jacobi weight w = w(yo,7y1), then (ICS{;?f)(S) approximates f(*) in
L, with a weight w, provided that we take m large enough, namely, m >
max{yo,71} — s+ 1/p.
Remark 1.10. We can enlarge the domain of IC7<"TL> if we replace F,, in its
definition by
1 xr
) = oy [ @m0

(m—=1! J; /2
If wf € L,[0,1], where @ = w(%o,71) with 49,51 < m — 1/p, then f,, € C[0,1]
(see the proof of Lemma 5.1 below). Theorem 1.8 holds for that modification
of ICQ? as the condition f € L,[0,1] is replaced with wf € L,[0,1], J0,%1 <
m—1/p.



The upper estimate for the Kantorovich operator (i.e. » = m = 1) in the
case w = 1 and s = 0 is due to Berens and Xu [1, Theorem 6]. There a weak
converse inequality was established as well. The corresponding one-term strong
converse inequality (R = 1 in Theorem 1.8) and the characterization of the
K-functional by the Ditzian-Totik modulus for all 1 < p < oo were proved
by Gonska and Zhou [19]. Mache [26] established the direct estimate for the
Kantorovich operator and a weak converse one in the case w = p?¢ and s = 2/,
feN.

It seems quite plausible that the technique introduced by Knoop and Zhou to
prove [21, Theorem 1.2] and further developed by Gonska and Zhou [19] can lead
to such one-term strong inequality for the weighted simultaneous approximation
by B,,. We have checked that this method works at least for p = oo and
0 < 79,71 < 8/2 but we shall not include that result here.

Finally, let us mention one general feature of the approach we adopt. As we
noted above, the differential operator associated with the simultaneous approxi-
mation by B, is (d/dx)®D". However, it is rather involved. It is much easier to
establish estimates in terms of the norms of the components into which (D" g)(*)
expands. They are of the form qe*'¢\9), where ¢ is an algebraic polynomial,
which can be ignored, and 4,5 € N. Due to the validity of certain embedding
inequalities their number can be reduced to two or three and the sum of their
weighted L,-norms is equivalent to the norm of (D’"g)(s). That allows us not
only to get round the technical difficulties of dealing with (d/dz)*D", but also
to derive almost simultaneously both characterizations of |[w(B,.f — f)][,:
the more natural one by K, s(f,t)w, p and the more useful one by Ky, o (f,t)w,p-
However, this method has a disadvantage—it fails to cover the cases when the
error is characterized by K, s(f,t)wp but not by Ky, o(f,t)wp, that is, when
the above mentioned semi-norms are not equivalent. It seems that this occurs
only when p =1 and ~g or 7, is equal to s — 1 (see [19, Theorem 1.1]).

The contents of the paper are organized as follows. In Section 2 we es-
tablish several embedding inequalities, which play a crucial role in simplify-
ing estimates and finding relations between different K-functionals. Section 3
is devoted to technical identities concerning the Bernstein polynomial and its
derivatives. Then in Section 4 we establish the main inequalities which consti-
tute the proof of the error characterization stated in Theorem 1.1. We establish
the direct estimate by means of a standard argument based on the boundedness
of the operator and a Jackson-type inequality. For the converse estimate we
apply the method developed by Ditzian and Ivanov [7]. Finally, in Section 5 we
characterize K, s(f,t)w,p by Koro(f,t)w,p as stated in Theorems 1.2 and 1.3.
There we also make a couple of comments about the proof of Corollaries 1.5
and 1.6.

The results established here extend and complement those in [9]. There we
included more references to similar works.



2 Embedding inequalities

We shall extensively use embedding inequalities in order to simplify estimates
or show that certain integrals are well-defined. Such inequalities are typical for

that setting; see e.g. [1, Lemmas 2, 3 and 4], [8, p. 135], [18, Lemma 2] and [1
pp. 127-128].
First, we recall the well-known inequality

(2.1) 1Dy < € (Il + 1 pry) 5 5= 0,y

where J is an interval on the real line.

9,

Next, we shall establish a generalization of [8, p. 135, (a) and (b)] and |9,

Proposition 2.2] by means of an argument similar to the one used there.

Proposition 2.1. Let 1 < p < oo and j,m € Ny as j < m. Let w,

W(Y,0, Y1) be given by (1.3) with v,,0,vu,1 > —1/p for p=1,2 and let vo,
Y1y +m—j forv=0,1. Let also g € AC]"1(0,1). Then

loc
lworg Ny < ¢ (gl jas/a + lwag™ Il ) -

The constant c is independent of g.

Proof. By Taylor’s formula we have

m—j—1

ITH i) 1 2 1\
g(J Z 9 / ) (x— 2>
1=0

1 /I o
+ z —u)™ g () du.
(m—j—1)! 1/2( ) )

Consequently, for z € (0,1/2] we have

m—j—1

(2_2) x’h,olg(j)(x” < gho Z

=0

m—j—1
(it <;)’+ Z Yr(z),

k=0

where we have set
1/2 ‘
Y (x) = ah e / um IR g () du,  k=0,...,m—j— 1.
Next, we shall show that

(2.3)

gt <2> ‘ <c (Ilgllpu/4,1/21 + ||g<m)||p[1/4,1/2]) , §=0,...,m—1



For p = co that follows immediately from (2.1). For p < oo we introduce the
function 9 (z) = 4x — 1 and observe that

2 §) - 3) - )

1/2 '
/ (699 (u)] du

1/4

IA

IA

(j+1)||1[

¢ ||9(j)||1[1/4,1/2] + g 1/4,1/2])

IN

c <||9(j)||p[1/4,1/2] + ||9(j+1)||p[1/4,1/2]>

<c <||9||p[1/471/2] + Hg(m)||p[1/471/2]) ;
where at the last two steps we have applied Holder’s inequality and (2.1), re-
spectively.

In order to estimate above the terms of the second sum on the right side
of (2.2), we shall use Hardy’s inequality (with the appropriate modification for
1/2
x” / F(u)du
xr

p=00)
P 1/p 1/2 1/p
dm) <c (/ |z T (2)|P dx)
0
provided that v > —1/p.

1/2
(2.4) /
0
We set x(x) = z. By (2.4) we get

9k lpjo,1/2) < ellx™ 0796|012

(25) . |
<clx™°g"lpo,1/2, k=0,...,m—j—1,

as for the second estimate above we have used that v2 9 <y +m — j.
Now, (2.2), (2.3) and (2.5) imply the inequality

(2.6) X799 pjo,1/2) < ¢ <||9||p[1/4,1/2] + |\X72'Og(m)||p[o,1/2]> .

By symmetry, we get

27 [0 - X)’Yl'lg(j)”p[l/Zl] <c (Hg‘lp[l/2,3/4] + 11— X)W’lg(m)||p[1/2,1]> .
The last two estimates yield the assertion of the proposition. O

Remark 2.2. As a corollary of (2.1) and Proposition 2.1 we get the following
embedding inequalities:

(28 Jwg¥gPll, < c (lwgly + lwg*™g™ 1), 5 =0,....m,

@29 Juwgg®|, < c (lwgly + lwg?g®™ ], ), 5 =0,...,m,



and
(210)  Jwg?ll, < e (lwgly + lwg™1,) . 5 =0,....m,
where w = w(y0,71) is given by (1.3) with v, > —1/pif 1 < p < oo or
Yo,71 = 0 if p = o0.

We proceed to several embedding inequalities, which will enable us to trans-
fer estimates in terms of the semi-norms [wy® ¢\, to such in terms of the

more complicated one ||w(D"g)(*)|,. Their proof is based on the following
Taylor-type formulas.

Lemma 2.3. Let s € N and g € AC*T1[0,1].
(a) If s > 2, then

§9(z) = / Ko, u) (Dg)® (u) du, € [0,1],
0

where
u s—1
LG s
K:s(xau) R _ s—1
s—1 <1 u> , oz <u.
1—=2x -

(b) If s > 1, then

gt (z) = / L,(z,u) (Dg)(s)(u) du, z€][0,1],
0

where

Proof. Assertion (a) is verified by integration by parts. More precisely, we
expand (Dg)®) (u) to get

(2.11) (D) (u) = =s(s = 1)g" (u) + s(1 = 2u)g " (u) + u(1 = u)g"*+?) (u).
Next, we evaluate the integral
1
/ Ks(z,u) [8(1 —2u)g Y (u) + u(l — u)g(s+2)(u)] du.
0
We get by integration by parts

/01“” (51 = 20D (w) + u(1 — w)g*+2) )] du

=z°(1— x)g(sﬂ)(x) —(s—1) /OI usg(SH)(U) du

— J}g(l _ x)g(s"'l) (J}) _ (S _ 1)1}9‘9(9)(33) + S(S _ 1) /(;z us—lg(s) (’U,) du

10



and
0= o1 = 29 @)+ a1 =g )]
= 7:17(1 — gj)Sg(SJrl) (I) + (S _ 1)/ (1 o u)sg(s+1) (u) du
= (1= )’ (@) — (s = (1 - )’ (@)
1
+s(s—1) / (1 —u)*'¢™ () du.

Consequently,

/1 Ks(@,u) {5(1 = 2u)g" " (u) +u(l = u)g+? (u)} du
0

=™ (2) + s(s — ' s(z,u ) (u u,
¢ () + ( 1>/Ofc< )99 (w)d

which, in view of (2.11), completes the proof of (a).
Assertion (b) for s > 2 is directly verified by differentiating the formula in
(a). If s =1, we just have

+ [ gy an= 22— -y
0
and
[ o =T — ),
Hence (b) for s =1 follows. O

Proposition 2.4. Let 1 <p < oo, r,s € N and w = w(vp,71) be given by (1.3)
as

—1/p<yo,m1 <s—=1/p if 1<p<oo,
0 <y0,71 <s if p=oo.

Set jo =1 if s=1, and js = 0 otherwise. Then for all g € AC*" 5710, 1] there
hold

(2.12) lwg" |, < cllw(Dg) N, = jsr...om,
and
(2.13) lwp P, < cllw(D"g) |,

The constant c is independent of g.

11



Proof. We shall establish the assertions by induction on r. In order to verify
them for r = 1 we apply Lemma 2.3 and Hardy’s inequality (with the appropri-

ate modification for p = 00)
P p 1/2
dx <c / |27 F(2)|P dx
0

1/2
(2.14) /
0
provided that v < —1/p.

We shall estimate the integrals in the formulas in Lemma 2.3. We set x(x) =
x and

1/p

f{AIF@ndu

xT
Uy (x) = x_s+1/ uw*~HDg)® (u) du,
0
Uy(x) = x*S/ uw*~H(Dg)® (u) du.
0
Clearly,
(2.15) [w¥sl, < [lwPsp.
We shall estimate the L,-norm of w¥, separately on the intervals [0,1/2] and
[1/2,1].
For the estimate on [0,1/2] we use that v9 — s < —1/p and apply (2.14),

which yields
(2.16) X7 allpfo,1/2) < ¢lx™(Dg) ™ llpjo,1/2) < ellw(Dg)® |l

For the estimate on [1/2,1] we observe that for 0 < u <z <1 we have

)M >
T A
1 if 7 <0.

Then, using Holder’s inequality, we get

(1 — )" | Wy(z)] < ¢ max{1, (1 —z)"}x* Y, |lw(Dg)®],
< e max{1, (1 — 2)"} |w(Dg)™||,,

where ¢ is the conjugate exponent to p. At the last estimate above we have
again taken into account that s — v —1> —1/¢g=1/p— 1.

Since y; > —1/pif 1 < p < o0, and y; > 0 if p = oo, then the L,-norm on
[1/2,1] of max{1, (1 —z)7} is finite and we deduce that
(2.17) 1L =207 2o /2,1) < ¢ [lw(Dg) ],
Inequalities (2.15)-(2.17) imply

lw W]l < [lw¥all, < cllw(Dg)®,.

12



By symmetry, we get the analogue of the last estimates for the terms
1
(1 _a;)—s+i/ (1= )Y (Dg)® (u)du, i=0,1.
Thus, we establish that

< cllw(Dg)p, s=2
p

)

| Ka(oru) (D) (u) du

and

< cllw(Dg) |y, s> 1.
p

|  £4(0) (Dg) ) (u) du

Now, we complete the proof of inequalities (2.12) for r = 1 by Lemma 2.3. Then
(2.13) follows from (2.11). The proposition is established for r = 1.

We proceed by induction on 7, so let us assume that (2.12)-(2.13) are valid
for some r. Then applying (2.12) with Dg in place of g, we arrive at

(2.18) (D)9, < cllw(D™ 1)y 5= a1
On the other hand, by what we have already shown in the case r = 1, we have
(2.19) [wg" T, < cllw(Dg)V |, §'=0,1.

Let us note that jj;, = 0 because j + s > 2 for j > j,.
Now, (2.18)-(2.19) yield

lwg"* Ny < cllw D™+ g)Dp, =G, + 1.

Thus (2.12) is verified for r + 1 in place of r.
To complete the proof of (2.13), we need to show that

lwp? +2gEr =2, < ¢ (D" g) ).

In view of (2.11) with 2r + s in place of s, that will follow from the inequalities

(2.20) [wp? (Dg) ™+, < c[w(D"+ g) |,
and
(2.21) [wp® I+, < e lw(D™H )P, j=0,1.

Inequality (2.20) follows from (2.13) with Dg in place of g. To establish (2.21)
we first apply (2.12) with r = 1, we?" in place of w, and 2r + s in place of s
and thus get

(2.22) lwp? g2 ||, < ¢ flwp? (Dg) B+ |y, j =0,1.

Inequalities (2.20) and (2.22) imply (2.21). O
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3 Auxiliary identities concerning the Bernstein
operator

In this section we shall present some of the basic properties of the Bernstein
operator, which we shall use.

Direct computation yields the following formulas for the derivatives of the
polynomials p,, i, kK =0,...,n (see e.g. [4, Chapter 10, (2.1)]):

(3.1) p;z,k(x) =npn—1k-1(2) = Pn_1,x(7)]
and
(3.2) Prge(@) = 972 (2)(k = nx)pp,k(2),

where we have set for convenience p,, , =0 if £ <0 or k > n.
For a sequence {ax }rez we set Aay = ar, — ag—1. Now, if we put pg(n,z) =
Dk (), then iterating (3.1) we get

(3.3) pff;é(x) = (—1)8(717!5)! A’pr(n—s,z).

Similarly, using (3.2), it is verified by induction that (cf. [8, (9.4.8)])

S

Pok(@) = o @ (@)Y _(k—na) Y gugale) (@)’

J=0 0<i<(s—j)/2
where ¢, ;,;(z) are polynomials, whose coefficients are independent of n. Rear-
ranging the summands, we get

s—21

(34 @) = @ pasle) D (06%(@) D gesi(@)(k - na).
0<i<s/2 j=0
We shall often use the quantities

n

T () = Z(k —nx) p ().

k=0

It is known (see [4, Chapter 10, Theorem 1.1]) that

(3.5) The(z) = Z tep(x) (ngp2(ac))p, leN,

1<p<e/2

where t; ,(x) are polynomials, whose coefficients are independent of n.
In particular (see e.g. [4, p. 304] and [25, p. 14]),

Tholx)=1, Tphi(x)=0, T,o(z)= ng02(:10)7
a2

1
3.6
(3 Tos(2) = (1= 22)n¢®(x),  Toalz) = 309" (2) + ne?(2)(1 - 6¢p*(2)).

14



Identity (3.5) implies (see also [8, Lemma 9.4.4]) that

ne?(z), ne?(z)
(ne?(2))™, np?(z)

IV IA

1
(3.7) 0 < Thom(x) < c{ 1’

Let @ > 0. We fix m € N such that 2m/a > 1. Then Hoélder’s inequality, (3.7)
and the identity Y.;_; pnk(z) =1 imply

IA

L,

n 1’ 9

= 2 ()%, ne*(x)

We shall need the analogue of T;, ; associated with the differentiated Bern-
stein polynomial. We set

v

Tome(w) =Y (k —na) 'l (2).

The following formula, similar to (3.5), holds.

Lemma 3.1. Let ¢,n,s € N. Then

Ts,nl(-'lf') = Z fs,@,p(x) nf +n’ Z ts,&p(x) (n¢2<x))p s

1<p<(l—s)/2
where ts ,(x) and ts () are polynomials, whose coefficients are independent
of n.

Above we follow the usual convention that an empty sum is considered to
be equal to 0.

Proof of Lemma 3.1. Let £ > 2. We apply (3.4). Then we sum on k, use (3.5)
and finally reorder the summands to get

s—21

Ts,nvz(l') =n’ Z (mp2($))i_s Z qs,j,i(x) Tn7j+g(l’)
=0

0<i<s/2

=n® Z Z tsi0,p() (n(pQ(x))Hpﬂ ,

0<i<s/2 1<p<(s+0—2i)/2

where we have set

s—21

tsip(x) = > Gs,5,i (%) tj4e,0(2).

j=max{0,2p—L}

Let us note that t, ;¢ ,(z) are polynomials, whose coefficients are independent
of n.

15



Consequently,

Ts’,n,@(z> =n’ Z ts,(,p(x) (nwz(x))p

1-s<p<(-s)/2

with some polynomials ¢, ¢ ,(z), whose coefficients are independent of n. To get
the assertion of the lemma for ¢ > 2, we need only take into account that the
left-hand side of the last identity is a polynomial in z; hence so is 7 (x)ts.,,(z)
for each negative p. Here we also use that ¢, ,(x) are independent of n.
Minor changes in the above argument establish the lemma for £ = 1 too. [

We proceed to several identities concerning the derivatives of the error of the
Bernstein operators. We shall use them to establish Jackson- and Voronovskaya-
type estimates. We denote the set of the algebraic polynomials of degree at most
J by m;.

Lemma 3.2. Lets € N, f € C[0,1], f € AC;11(0,1) and 9?2 52 € L[0,1].
Then

(3.9) (Bnf(z)— f(gg))(s) _ %Asmf(s)(x) + %Bs,n(m)f(s-‘rl)(l')

1 k/n k s+1
Form e [ (Eeu) ewa se o,

n

where
s—2 s—1
As,n = Z as.v n7V7 Bs,n(x) = Z bs,u(x) niya
v=0 v=0

and as,, and by, (x) are respectively constants and linear functions, which are
independent of n.

Above we again use the usual convention that an empty sum is zero. Note
that the order of the derivatives on the right of (3.9) is at least max{2, s}.

Proof of Lemma 3.2. Let us make two observations that will justify our usage
of Taylor’s expansions, integration by parts and induction on s below.
First, if f € AC7T1(0,1) and 2?2 f(+2) ¢ L[0,1] for some o € N, then

(3.10) @27 ftD e L]o,1].

That follows from Proposition 2.1 with p =1, g=f, j=0c+1, m = o+ 2,
wy = ©?7 and wy = 2712,
Further, using the representation

1 1 1/2
u"“f("“)(u) = oot f(a+1) (2> — (o + 1)/ Uaf(o+1)(v)dv

1/2
— / LD (0) dv, we (0,1),

16



we deduce that lim, ;o0 uT!f(@FD (u) exists as a finite limit. Moreover, if we
assume that it is not 0, then we shall get that v |f@+1) (u)| > C/u for u € (0,6)
with some positive constants C' and §, which contradicts 27 f(?+1) ¢ L[0,1].
Consequently,

(3.11) uggriou”"‘lf(”"'l)(u) =0.

By symmetry, we get

(3.12) lim (1 —u)7+ () = 0.

u—1—-0

Let us proceed to the proof of the lemma. We shall establish it by means of
induction on s. To check it for s = 1 we note that by (3.10) with o = 1 we have
@2 f" € L]0,1] and we can expand f(t) at z € (0,1) by Taylor’s formula to get

t
F(8) = F@) + (t — o) f'(2) + / (t—w)f"(u)du, te0,1].

T

Then we apply the operator B,, to both sides of the above identity, take into
account that it preserves the linear functions and arrive at

B9 B~ )= Y es) | (5 e

We differentiate (3.13), integrate by parts as we take into account (3.11)-(3.12)
with o = 1 and use (3.2) and (3.6) to derive

1 " kin (g
(Bnf(z) = f(®) = —=Tn(z)f"(x) + k() — —u) f"(u)du
; S vl [ (5 -)

2n2
n k/n k‘ 2
+2k2=0p;z,k(33)/x (n_ ) J" (u) du
1 2x 17 1 - ’ k/n k 2 "
— L @y [ (S a)

Thus the lemma is verified for s = 1.
Next, let us assume that the assertion of the lemma is true for some s and
let f € C[0,1], f € AC:T2(0,1) and @?+4 f(s+3) € L[0,1]. Then by (3.10) with

o = s+1 we have p>*t2 f(512) ¢ L[0,1]. Therefore, by the induction hypothesis,
formula (3.9) is valid for that s. We differentiate it and integrate by parts using

17



(3.11)-(3.12) with o = s + 1. Thus we arrive at
(Bt (@) = 5@ = L (A Bl () 140

2 Bu(a) ()

1 - (s) k = (s+2)
- (S i 1)! kz_:opn,k(x) <n - :C) f (x)

(3.14)
1 N (s1) k 2 (s+2)
; P (@) ( R
(s+ 2)! — n
1 n . k/n k s+2 .
toam e [ (h ) e
" k=0 z

According to the induction hypothesis the expression As11,, = Asn +B§7n(m) is

of the form Zi;lo as+1,, 1~ Y with some constants a1, which are independent
of n.

Let us denote by By 1.,(2) the factor of f(+2)(x)/n in the expansion (3.14).
From the induction hypothesis and Lemma 3.1 with ¢ = s 4 1 it follows that it
is of the form

(3.15) Bst1n(z) = Z bsy1(z)n™",
v=0

where bs11,,(x) are polynomials, whose coefficients are independent of n. To
show that they are of degree 1, we set in (3.14) f(z) = 2°T2. We get

Ast1n (s +2)! .t (s +2)!
n n

(Buf (@) = flz)HY) =

Since B,, f € msy2, we deduce that Bsyi , € m1; hence by, € m; because their
coefficients are independent of n.
This completes the proof of the lemma. O

Bs—&-l,n(m)-

Lemma 3.3. Lets € N, f € C[0,1], f € ACEF2(0,1) and p* 4 f53) € L[0,1].
Then

1

() N B
(an(ﬂﬁ) — f(z) — % Df(x)) =~ Agnf@(2) + % Byn(2) f6H) ()

l & (542) 1 - (s) Mk e (5+3)
o G+ gy Sl [ ()

z € (0,1),

where

s—3 s—1
Avs,n = Z ds,l/ n_”a Es,n(x) = Z BS,V(x) n—u’ 6s,n(x) = Z ES,V(x) nY
v=0 v=0



and Qs y, BS’V(IE) and ¢, (x) are polynomials of degree respectively 0, 1 and 2,
whose coefficients are independent of n.

Let us note that the order of the derivatives on the right of the formula in
the lemma is at least max{3, s}.

Proof of Lemma 3.3. We verify the lemma just similarly to the previous one.
To check it for s = 1 we apply (3.10) with ¢ = 2 and get p*f"” € L[0,1].
Then

1

(t—x)2f”(x)+f/ (t—u)f" (u)du, t€]0,1].

£(0) = f(@)+ (=)' (@) + 5 ;

2

We apply the operator B,, to both sides of the above identity, take into account
that it preserves the linear functions and also that T}, o(z) = ne?(z) (see (3.6))
and arrive at

k/n 2
(316) Buf(x) ~ [(2) — 5 Di(a ank )| <’“ u) 79 (u) du.

n

We set

1

(3.17) Vaf (@) = Baf(z) = f(@) = 5- Df(x).

We differentiate (3.16), integrate by parts, taking into account (3.11)-(3.12) with
o =2, and apply (3.2). Thus we arrive at

Vel (&) = — 55 Toa() SO ank [ (R ) s
_1(s02(x)
6n? n

Tn4 *3Tn2 >f

k/n 3
4)
3,zpnk (- u) o
To complete the proof for s = 1 we apply (3.6), which yields

o *(x)

- Tha(x) — 3T, 2(x) = 1 — 6¢*(z).

Next, let us assume that the lemma is valid for some s. Let f € C[0,1],
f € ACER3(0,1) and ?+6 f(5+4 ¢ L[0,1]. Then by (3.10) with 0 = s + 2 we
have @?s+4 f(s+3) ¢ L[0,1]; hence the formula of the lemma is true for that s.
We differentiate it and integrate by parts as we use (3.11)-(3.12) with o = s+ 2.
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Thus we arrive at
1 /~ ~
Va)HD = — (Ao + Bl (@) £ (@)

+ o (Bun(@) + OLu@) F2()

t g (Conle) + Do) £ (a)

1 N (s+1) in(k e (s+4)
" k=0 x

(3.18)

where we have set

_ ’/l2 n A s+3\ /
Dy p(z) = (s +3)! (przi(l“) (: _$> > .

k=0

The induction hypothesis implies that the factors of f&+1) (x) and f6+2) () are
of the stated form. To establish that for the factor of f(**3)(z), we use Lemma
3.1 with £ = s + 3 to deduce that

ﬁsn(m) = Z dyp(x)n™"
v=0

with some polynomials ciw, whose coefficients do not depend on n. Conse-
quently, if we set

Cs+1,n(x) = C’S,n(x) + DS n($)7

s

then

S
Cs—i—l,n(x) = Z &s+1,u(1‘) n-"
v=0
with some polynomials ¢;41,,,, whose coefficients do not depend on n. To prove
that they are of degree 2, we set f(x) = 2°%3 in (3.18) and argue as in the proof
of Lemma, 3.2. O

4 Basic estimates for the simultaneous approx-
imation by B, and B,

In this section we shall establish the basic inequalities which imply the charac-
terization of the error of the simultaneous approximation by means of B;.,,. We
use techniques, which have already become standard for this set of problems
(see [8, Chapters 9 and 10]). To establish the converse estimate we apply the
general method given in [7, Theorem 3.2]. At the end we shall be able to prove
Theorem 1.1.

We begin with the following basic estimates concerning the boundedness of
the weighted L,-norms of (B, f)*) and (B, f)).
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Proposition 4.1. Let 1 <p < oo, r,s € N and w = w(y,71) be given by (1.3)
as

“1<vym<s—1 if p=1,
~1/p<v,m<s—1/p if 1<p<oo,
0<7,m<s if p=o0

Then for all f € C[0,1] such that f € AC;*(0,1) and wf®) € L,[0,1], and all
n € N there hold:

(a) w(Bnf) Dy < cllwfO
(b) Hw(Br,nf)(s)Hp < Cwa(s)Hp'

Proof. Let us establish assertion (a). The inequality is trivial for n < s. For
n > s it is known (see [28], or [4, Chapter 10, (2.3)], or [8, p. 125]) that

(4.1) (Bu ) (@) ) i/n £() pocent

where th(;v) = f(x+h)— f(z), x €[0,1 — h], and XZ = Z}h(zifl); hence

S

Xif(m) = Z(—l)z(j)f(x + (s —14)h), z€][0,1—sh].

=0
Formula (4.1) can be established by means of (3.3) and Abel’s transform.
It is also known that (see e.g. [4, p. 45])
% S
R f(z) = hs/ M) f ) (z + hu)du, = € [0,1— sh],
0

where M, is the s-fold convolution of the characteristic function of [0, 1] with
itself. Hence, by Holder’s inequality, we arrive at

— k Wp n,k
(42 ’ im <n)‘ < 2w Olppesm.pry/my k=0, m—s,

where

s(no—k)

(4.3) Wy =1 || =

qlk/n,(k+s)/n]
and ¢ is the conjugate exponent to p.

Relations (4.1)-(4.2) yield

(4.4)  |w(z)(Bof)P(2)] < cw(x pr,nkpnsk @) 10 S i/, ()
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We shall show that the L,-norm of the right-hand side of (4.4) is bounded above
by ¢ ||wf®|,. In view of the Riesz-Thorin interpolation theorem, we need only
do that for p =1 and p = co. Also, due to symmetry it is sufficient to consider
only the summands for &k = 0,...,[(n — s)/2] on the right-hand side of (4.4).

Indeed, for w(z) = w(l — ), f(z) = f(1 — =), and Wy , &, defined by (4.3) with
w in place of w, we have

Wpnn—s—k = Wy [0y = 0F ],

||wf(8) ||p[(n—s—k)/n,(n—k:)/n] = wa(s)Hp[k/n,(k-l—s)/n]v

as for the first relation above we have taken into account that Mg (s—u) = M(u).
Consequently, with y = 1 — z we have

(4.6) Yo Wk Pros k(@) (Wl pprsm k) m)
(n—s)/2<k<n-—s

= Z wp,n,kpn—s,k(y) ||wf(5)|‘p[k/n,(k+s)/n]-
0<k<(n—s)/2

Thus it is sufficient to consider only the summands for £ = 0,...,[(n —s)/2] on
the right-hand side of (4.4).
It is known that

0 < My(u) < clu(s —u)]*', 0<u<s.

Hence (a) follows for n = s. Let n > s. We have

U < e a1
and
W <cn®k7 welk/n,(k+s)/n|, 1<k<(n—s)/2;

hence, under the assumptions on 7y, we get

Yo
(4.7) w”’”’kgcnl/p<kj-1> , 0<k<(n—2s9)/2

Let p = co. Inequality (4.7) and Hoélder’s inequality imply

[(n—s)/2] n—s n \7°
Z woo,n,kpn—s,k(x) § CZ <k‘ + 1> pn—s,k(w)
(4 8) k=0 k=0
. n—s s Yo/s
n
<e (Z () pn_s,k(x)) .
k=0
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There holds (see [8, (10.2.4)])

n n S
4. —_— < - 1].
(4.9) Z(k+1) Pni(z) <cz™®, z€(0,1]
k=0
Consequently,
[(n—s)/2]
(4.10) w(zx) Z Woonk Pn—s,k(2) < ¢, x€]0,1].
k=0

Now, (4.4), (4.6) and (4.10) imply (a) for p = co and n > s.
For p = 1 we use instead the estimate (see [8, (10.2.6)])

1 Yo
k+1
/mwpn,k(w)d:mc( + ) , k=0,...,n,
0 n

n
which implies

k+1
n

1 Yo
(4.11) / w(@)pn_sp(z)de < < ( ) . 0<k<(n—s)/2.
0 n
Now, (a) for p =1 and n > s follows from (4.4), (4.6) and (4.7).
Assertion (b) follows from (a) by iteration. O

Now, we shall establish Jackson-type estimates for the operators (B, f)(s)
and (B,.,,f)(®). We shall use the following technical result.

Lemma 4.2. Let a, 3,5 € R be such that 0 < a, 8 < 8. Set v = min{«, 8}.
Then for x,t € (0,1) and u between x and t there holds

§
B Ll NP TR ek N
ue(l —w)f — xo(1 —x)8

Proof. For u between t and x such that x,t € (0,1) we have the inequalities:

t—ul _|Jt—a] [t—ul _ |t—2z
4.12 < < .
( ) v ~ oz  l-uw T 1—z

The first one is checked directly and the second one follows from it by symmetry.
Next, we shall show that under the same conditions on z, t and u we have

t—ul ey lt—al

4.13 e < 2l >0.

1) TER) R Ty T

To establish that we raise each of the inequalities in (4.12) to the power of u
and sum them up. Thus we arrive at

at+ (1 — )
[2(1 —z)]»

n — )
LUt (1 —u) <t —

SRNT(ED
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To get (4.13), it remains to observe that min{1,2!7#} < a# + (1 — 2)* <
max{1,2'=#} for z € [0,1].
Further, we set 4 = max{«, 5} and

M@{% .

l—z, B>a.

Now, to prove the lemma we need only multiply the inequalities:

|t —ul? 1) |t — |
(414) pi—wp =7 Bi-ap
t—ul\" (a7
(4.15) < o) ) . ( o) >
and
(4.16) It —ul’™Y < |t —x)°7.

Inequality (4.14) is (4.13) with p =~ > 0, (4.15) follows from (4.12) and v < 4,
and (4.16) from 4 < 4.
O

Proposition 4.3. Let 1 < p < oo, s € N and w = w(vp,71) be given by (1.3).
Set s = max{2,s}. If =1/p < vo,71 < s, then for all f € C[0,1] such that
feACETH0,1) and wf) we? f6F2) € L,[0,1], and all n € N there holds

loc

(417 lwBaf = NPy < = (IefOll, + g2, ).

For p = oo we may allow voy1 = 0, while still assuming 0 < v9,71 < s, and
have

S C Sl S S
(418) Jlw(Baf = HPloo £ = (Jwf oo + [ f oo + [l F 2o )

provided that wf+1) € L,,[0,1] too.

Remark 4.4. Let us note that (4.17) is, in general, not true in the case s > 2,
Yoy1 = 0 and p = co. To avoid certain technical details we shall show that
for 70 = 71 = 0. Let f()(z) = zlogz. Then f&) ?f+2) ¢ L [0,1] but
fEtD & Lo [0,1]. If (4.17) was true for s > 2, 79 = 7, = 0 and p = oo, then
the last assertion of Theorem 1.1 and Theorem 1.3, both with » = 1, would
imply K1(f®),n 1) = O(n™1); hence fG+1) € L [0,1] (see [4, Chapter 2,
Theorem 9.3 and Chapter 6, Theorem 2.4]), which is a contradiction. Let us
explicitly note that the fact that (4.17) is not generally valid in the case p = oo
and g1 = 0 is not used in the proofs of Theorems 1.1 and 1.3 (see also Remark
1.7).
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Proof of Proposition 4.3. The proof is based on Lemma 3.2. We use Hélder’s
inequality and we?f(*+2) € L,[0,1] to derive ¢2s+2f(s+2) ¢ L]0, 1]; and hence
the lemma is applicable.

We shall prove that if 1 < p < oo and —1/p < 79,71 < 8, or p = ©
and 0 < 79,71 < s, then for all f € C[0,1] such that f € AClsotl(O,l) and
wfC) wfEt) we? f6+2) ¢ 1,]0,1], and all n € N there holds

S C S/ S S
(419)  Jw(Baf = Nl < = (I fp + 0O, + w42, ).

That contains, in particular, (4.18), and estimate (4.17) follows from (4.19) and
the inequality

fwof DY < ¢ (Jwf Sl + wg? 2,

which is established by means of Proposition 2.1 with g = f(s/), j=s—8§+41,
m=s—5 42, w =w and wy = w?.

Let us set
1 n ) k/n k s+1 ,
Rond @) = i ork@) [ (E-u) o du
" k=0 ©
We shall show that
C S S
(4.20) lwRanfllp < = (g0 + wg?f<+2]),)

which verifies (4.19) in view of Lemma 3.2.
Let F(u) = |Jw(u)@?(u)fC?) (u)| and let Mp(z) be its Hardy-Littlewood
maximal function defined by

Mp(z) = sup
t€(0,1]

1 t
t—x/w F(u)du

As is known, if 1 < p < oo, then
(4.21) IMEllp < ¢ Fllp-

In order to simplify our argument, we shall consider two cases for the domain
of x.

Case 1. Let np?(z) > 1. We make use of (3.4) and Lemma 4.2 with § = s+1,
a=7+1and =7 +1 to get

(4.22)  |w(z) Ronf()l

s—21 n

(ne? @) YD puk(@)lk — nal 2 Mp(a).

0<i<s/2 =0 k=0

<
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Further, we apply estimate (3.8) and get

) s—2i n
(4.23) Z (n@z(x))%kl Z ank(xﬂk — nx|*TIT2
0<i<s/2 7=0 k=0
5§—21 o
ce T 5 ()@ <
0<i<s/2 j=0

as at the last inequality we have taken into account that ng?(z) > 1 and 2i +
7—s5<0.
Now, (4.21)-(4.23) imply

(4-24> ||wRS,nf||p(In) < ||w902f(s+2)||p’

c
n
where I, = {z € [0,1] : np?(x) > 1}.

Case 2. Let np?(x) < 1. Due to symmetry, we may also assume that
x < 1/2. Therefore, z < 2/n. By means of (3.3) and Abel’s transform we
derive for n > s the relation (cf. (4.1))

1 nl = k
$,n = 7 v -\ A s, x \ n—s )
R 0) = G G 2 B (5 s

where we have set
t
Teu(t) = / (t —u)* T (0) du.

Consequently,

< S
(425) (@) Ronf(@)] < cn® ggﬁ?ﬁsg

w@) s (50| paanto)

Just as in Case 1 we estimate 7, ,(t) by means of Lemma 4.2 and get

s+2

k+i Mp(2).

— T

(4.26) ‘w(x) T <kzl>‘ < cw‘Q(m)‘

Next, we observe that for k > 1 andi=0,...,s wehave k +i+1 > 2 > nx.
Therefore for n > s there holds

n—s k 44 542 z n—s—1
Z n -z pn—s,k(ﬂj) < Rpas | Z |]€+Z+1 —nx\”Qpn_s_l,k(x)
k=1 k=0
cx n—s—1
< e <1 + (k+i+1-— mc)s“pnsl’k(x))
k=1
cr n—s—1
< oy <1 + (k+s+1-— nI)S+2pn_3_1,k(gj)> )
k=1
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Further, we use the binomial formula to represent (k + s+ 1 — nx)**t? in the
form

(k+s+1—nx)™? = ([k —(n—s—1z]+[(s+1)(1- x)])Hz

s+2
= Z (S + 2) [k—(n—s—1z)[(s+1)(1 — )52

i=o N Y
Consequently,
"z:f k+ i st2
- pn—s,k(x)
=t! "
cx s+2 n—s—1
= s+1 1+ Z Z |k - (n -5 1)x‘Jpnfsfl,k(1')
" =0 k=1
cx
< =7
- ns+1’

where at the last estimate, we applied (3.8). Consequently, by (4.26) we get

-— k+i c ‘
Z w(T) Ts ( - > Pr—s,k(x) < pywe] Mp(z), i=0,...,s;
k=1
hence by (4.21) we arrive at
— k+1i c ,
(4.27) kzwrs,o — ) Pk <7 I1Flp =05,
=1

p(1},)

where I/, = {z € [0,1/2] : np?(x) < 1}.
It remains to estimate the terms for k = 0 in (4.25). First, we observe that
by (4.26) with k =i =0 we have

C
w(@)rs (0)] < ca™ Mp(z) < —5 Mp(2);

hence
c
(4-28> ||wrs,0(0)||p(17’,,) < Py ”F”p
To estimate w(z)rs.(i/n) for i = 1,...,s, we expand (i/n — u)**! by the

binomial formula and get

i caro S| i ;

(4.29) ‘w(m)rs . () ’ <= / (nu)? £ (u) dul .
T\ n nstl
j=0 @

Further, taking into account that in the case under consideration we have nx <
2, we get for i = 2,...,s and n > s but not i = n = s the inequality

i ¢ s/(s+1) (s42)

S
wrs (D)< 2o [ 101
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In order to estimate the L,-norm of w(x)rs ,(i/n) for 79 > —1/p, we apply
Hardy’s inequality (2.4) with s/(s+ 1) in place of 1/2 as the upper bound in
the integrals. Thus we arrive at

(4.30) ers,o (;)

forvo>—-1/p,1<p<o0,i=2,...,sand n > s but not i =n =s.

For 79 > —1/p, i =1, n > s but not n = s = 1 we split the interval I, into
two intervals. On [0,1/n] (note that n > 2), the same considerations as above
yield

(4.31) ers,o (;)

Let us denote the right end of the interval I/ by z,. We have x,, < 2/n. Then
for z € [1/n,x,] there hold

Cc

(1) = nstl 11l
p(I},

< —— |1 Flp-
ploa/m W

/ FED () du < en™t [ F(u)du < ca™ Mp(x).
1/n 1/n

Consequently (with the appropriate modification for p = c0),

o " P 1/p
(/ (ac / f<s+2><u>du> dx) < Ml < Pl
1/n 1/n

as at the second step we have applied (4.21). Thus, in view of (4.29), we have
established

1 c
(1.32) e (3)] <t
Combining (4.31) and (4.32), we get
(4.33) wr 1 — || F||
. 5,0 n p(I1) = pstl p

for v > —1/p, 1 < p < o0.
Forp=o00,7 =0,i=1,...,s and n > s but not i = n = s we apply (4.29)
to derive

(4.34)
i (3] 5

ns+1

s+1

s+1

/ f s+2) du
/ £ (w) du
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For the first term on the right above we have

i/n ;
/ f(s+2)(u) du| < |f(s+1)(;z:)| + 'f(s+1) (Z>‘

(4.35) n

< 2[£ M oo, st < €l fOT o

We estimate the second term on the right of (4.34) in the following way:

i/n c c
@36) | [ ulf ) du] < S I ooy < S g5

Combining (4.34)-(4.36) we deduce that

7 c R s
(4.37) wrae |~ < — (s oo + g 42 )
W/ lloo(ryy M

fory=0,i=1,...,s and n > s except i =n = s.

It remains to estimate the L,-norm of w(z)rs 4(i/n) on I, for i =n=s. It
is enough to do so for the function z7r, (1) on [0,1/2]. To this end we split
the integral in 7, ,(1) by means of the intermediate point 1/2 and consider the
two quantities separately. To the first one we apply Hardy’s inequality (2.4)
and get (with the appropriate modification for p = 00)

1/2 P 1/p
/ dx
0

1/2 P p
<c (/ ‘m"‘”’l(l — )1 — x)s_'“f(erQ)(m)‘ dx)
0

< || Flp-

1/2
a7 / (1 —w)* T2 (0) du
T

(4.38)

For the other one we simply have (with the appropriate modification for p = oo)
1
0 / (1 —w)* T 2 (4) du
1

1/2 p 1/p
/ dz
0 /2
1/2 1 P 1/p
<c / x° / F(u)du| dz
0 1/2

< el < | Fllp,
where at the last step we have applied Holder’s inequality.
Relations (4.38)-(4.39) show that

(4.39)

(4.40) lwrs,o(Wllpo,/21 < ¢l Flp-
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To summarize, (4.28), (4.30), (4.33), (4.37) and (4.40) yield

(4.41) Hw Towo (;)

for i =0,...,s, n > s and a weight w satisfying the assumptions in assertion

(4.19). Let us explicitly note that (4.37) is used only if 7o = 0 and p = co. So

the term |w V|, in (4.41) is redundant except when vy = 0 and p = oo.
Now, (4.25), (4.27) and (4.41) imply

c S S
< =7 (lwf el + e £+, )

p(17)

c S S
(4.42) lwRendllpiryy < = (Dl + g 52 )

Finally, estimates (4.24) and (4.42) yield (4.20). Thus (4.19) is verified. O

Remark 4.5. It seems that the assertions of the proposition continue to hold
for 70,71 < s+ 1 —1/p (and unchanged lower bounds). However, the proof is
much more technical. What is explicitly established above is quite enough in
view of the restrictions on w in the other propositions (especially Proposition
4.1).

Remark 4.6. The assertion of Proposition 4.3 remains valid for p = 1 too.
However, the proof is much more complicated. To get an idea of how it can be
carried out, the interested reader can refer to e.g. [8, pp. 145-147].

Corollary 4.7. Let 1 <p < oo, r,s € N and w = w(vyo,7v1) be given by (1.3).
Set s’ = max{2,s}. If =1/p < vo,71 < s, then for all f € C[0,1] such that
fe ACH710,1) and wfC) we? f@r+9) ¢ L,00,1], and all n € N there
holds c /

lo(Branf = NPy < = (gl + o™ FE+],.)

For p = oo we may allow voy1 = 0, while still assuming 0 < 9,71 < s, and
have

C /
lw(Branf = N lloe < = (oo + 0 f oo + g™ 2] o)

provided that wf" %) € Lo[0,1] too.

Proof. We shall prove that if 1 < p < oo and —1/p < 79,71 < s, or p = ©
and 0 < 79,71 < s, then for all f € C[0,1] such that f € ACZ"*71(0,1) and
wfC) wfts) we fr+s) e 1,[0,1], and all n € N there holds

S c Sl TS T TS
(443) [w(Brnf = 1)y < — (Iwflly + o f 9, + llug? F2+9]),)

That already contains the second assertion of the corollary; to get the first one
we apply

(4.44) £, < ¢ (Juf Ol + g £+,
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which follows from Proposition 2.1 with ¢ = f(¢), j =r+s—s', m = 2r+s—s/,
wy = w and wy = we?".

To establish (4.43) for s > 2 we use Proposition 4.3 to derive by induction
on r the estimate

r i+r

(4.45) lwl(Ba =1y A9y < 230 3 g™ FH .

i=0 j=2i

In order to estimate above the terms with ¢ = 0 on the right side of the last
relation, we apply (2.10) with g = f(®) and m = r to get for j =0,...,r

(4.46) w5, < ¢ (Juf Ol + [ f 1)

whereas to estimate above the terms with ¢ > 0, we apply Proposition 2.1 with
g=f®, m=2r w =we* and wy = we>" to get for j = 2i,...i+7r

(4.47) lw® £, < e (Jwf @y + e FE+ )

Now, (4.43) for s > 2 follows from (4.45)-(4.47).
To prove (4.43) for s = 1 we first observe that Proposition 4.3 and what we
have already established yield

lw(Brnf = £llp < = (l0(Br—1f = £)'llp + 00* Brosinf = )" l1)
< = (sl + o f UV + fwp? =2,
o £l + o D + g D).
Next, to complete the proof in this case, we use that
e £+, < e (lof O D + g 52D, ) L= 1 -1,
and
lwe® £ lp < ¢ (s llp + lwg £, ).

which follow from Proposition 2.1 respectively with g = D m = r, w, =
we, wy = we® (or see (2.8)) and g = ", j =1, m = 2r — 1, w; = we?,
wy = we?". O

The upper estimate can be stated in a more concise form in terms of the

differential operator (d/dx)*D". This result follows directly from Proposition
2.4 and Corollary 4.7.

Corollary 4.8. Let 1 < p < oo, r,s € N and w = w(vyo,71) be given by (1.3)
as

—1/p<yo,m <s—1/p if 1<p<oo,
0<v0,m <s if p=o0.
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Then for all f € AC?™+571[0,1] such that wp?" f?7+3) € L,[0,1], and alln € N
there holds .
lwBrnf = 1) Pllp < - (D" ),

We proceed to Voronovskaya-type estimates.

Proposition 4.9. Let 1 < p < oo, s € N and w = w(vp,71) be given by (1.3).
Set s = max{3,s}. If—l/p <7v0,71 < s+ 1, then for all f € C[0,1] such that
f e ACE3(0,1) and wft) wet ) € L,[0,1], and all n € N there holds

loc

1 ()
w(Bas -1 -5 05)

C s s
< = (I f <y + gt 91, )
p

For p = 0o we may allow v9y1 = 0, while still assuming 0 < vo,71 < s+ 1, and
have

1 (s
w(Baf -1~ 5. D1 )
<

)
C S” S S

& (Moo + 0 £+ oo + g £+ )
provided that wf®+?) € L,,[0,1] too.

Proof. The proof is based on Lemma 3.3 and is similar to that of the previous
proposition.

Using ||wp? fT4)||,, < 0o, we get by Proposition 2.1 with g = f, j = s + 3,
m=s+4, w = ¢>t* and wy = we?* that > T4 f+3) ¢ L[0,1] and we can
apply Lemma 3.3.

We shall prove that if 1 < p < o0 and —1/p < v,71 < s+ 1, or p = ¢
and 0 < 49,71 < s+ 1, then for all f € C[0,1] such that f € AC:3(0,1) and
wfC) w2 wet fE+) ¢ 1,]0,1], and all n € N there holds

1 (s)
(4.48)  ||lw (an e 2an>

p
C s s s
< 5 (los & + o f S + gt £+ 01,)

That establishes the second assertion of the proposition; the first one follows
from (4.48) and

s @2y < e (sl + wpt FH91,)
which is established by Proposition 2.1 with ¢ = f&), j = s — s’ + 2, m =

5 — 8"+ 4, w; = w and wy = we.
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Let us set

N 1 n . k/n k s+2 )
Rsnf(z) = G12) ’;)piz(x)/m <n - u) £ (w) du.

‘We shall show that

~ C
(449) R flly < 5 (Jwf2p + wg? FH I, + ugt 79, ).

Then Lemma 3.3 implies

(4.50)
c s+2
lw (Vo) < 2 (Z lw f® ) + [lwg? FE+|, + ww“f(”“)lp) :
k=s""

where V,, f(x) is defined in (3.17). By (2.10) with g = f(*), j =1 and m = 2 we
have for s > 3

(ws1) a0, < e (el + fuf©2),)
and by (2.8) with g = f(*t2) j =1 and m = 2 we have
@s2) gt <o (Jufe Dl + gt 7).

Now, estimate (4.48) follows from (4.50)-(4.52).
It remains to prove (4.49). We consider two cases for the domain of x.
Case 1. Let np?(x) > 1. Holder’s inequality implies that since we?* f(s+4) ¢
L,[0, 1], then 2576 f(s+4) ¢ 1[0, 1]; hence (3.11)-(3.12) are valid for o = s + 2.
Using them we integrate by parts in Es,n f and represent it in the form

Es,nf(x) = gs,nf(x) + E/s,nf(x)7

where

n

unf@) = gy 2o rihe) (£ ) " )
s (54 3)! kzop”’k n

and

sk (x) = P k() ——u FE (W) du.
R (s+3)! n

" k=0 x
We shall show that

n s+3
s) k
Zpgl,k(f) <n - 3«”) =
k=0

(4.53)




and

(4:54) IRl < 5 llwg® SO,

where I, = {z € [0,1] : np?(x) > 1}. Then it will follow that
(455) RSl < = (lwgf O, + wgt 9], ).

Estimate (4.53) follows directly from Lemma 3.1 with ¢ = s + 3 and from
n~t < ¢?(z).

To establish (4.54) we set F(u) = |w(u)p*(u) fCT4 (u)| and denote by Mp(x)
its Hardy-Littlewood maximal function.

We make use of (3.4) and Lemma 4.2 with § = s +3, a = 7 + 2 and
B =7+ 2 to get

(4.56) [w(z) R, . f ()|
s—21 n

<5 S (@) TS pas(@)lk — nal M (a).

0<i<s/2 §=0 k=0

Further, we apply estimate (3.8) and get

s—2i n
@57) S (@) T pa(@) [k —
0<i<s/2 j=0 k=0
s—21 o
<e Y Y (@) <
0<i<s/2 j=0

Now, (4.21), (4.56) and (4.57) imply (4.54).

Case 2. Let ng?(x) < 1 and, because of the symmetry, we may also assume
that x < 1/2. Just as in the proof of Proposition 4.3, case 2, we represent Es,nf
in the form

~ 1 n! = k
Rs,nf(x) = Z Aj /nrs+1,m (TL) pn—s,k<x)

= o

and derive (cf. (4.25))

(458)  |w(z)Rsnf(z)| < cn® max

k+1
w(x)rsﬂ,x( - )’pns,k(x)-

Just similarly to (4.27) and (4.41) we establish the following estimates

-— k+i
Zwrerl,o n Pn—s,k

k=1

c
< oy lw? 3,

p(I},)
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1 c
omens (D) < i (s, 91,
o llpayy ™

for i =0,...,s and n > s. Actually the second estimate follows directly from
(4.41).
Consequently,
~ c
(459 wRenflary < =5 (wf 2y + g ], ).
Estimates (4.55) and (4.59) yield (4.49). Thus (4.48) is verified. O

Remark 4.10. In Proposition 4.9 we have assumed higher degree of smoothness
than usual — we?* f&T4) € L,[0, 1] rather than the weaker we?® f5+3) € L]0, 1].
However, the latter assumption yields an order of n=3/2 on the right in the
corresponding Voronovskaya-type estimate. It still can be used to prove the
converse inequality about simultaneous approximation by B,, but the order of
n~2 as in Proposition 4.9 seems more natural in this setting and is easier to

work with (see [19, Lemma 2.1]).

Corollary 4.11. Let 1 <p<oo, r,s € N and w = w(y,v1) be given by (1.3).
Set 8" =max{3,s}. If =1/p < v0,71 < s+ 1, then for all f € C[0,1] such that
f e ACETsH0,1) and wf")  wp? T2 fCrtst2) ¢ 1,10,1], and alln € N there
holds

_1\yr—1 (s)
w (Br,nf _po U (iy DTf)

< (I + g2 7442,

For p = 0o we may allow vyy1 = 0, while still assuming 0 < 9,71 < s+ 1, and
have

_1\yr—1 (s)
w (Bmf )i (;z)r DTf)

C 1"
< o (I o + gD o g2 s ).

provided that w5+t € L[0,1] too.

Proof. We shall establish that if 1 < p < co and —1/p < 79,71 < s+1,0rp =00
and 0 < 749,71 < s + 1, then for all f € C[0,1] such that f € ACZ"+ 5+1(0,1)

loc

and wf ") w frHst) qpp?r+2 f2rist2) ¢ 1, 10,1, and all n € N there holds

_1\r—1 (s)
w (Br,nf i (;i)r DTf)

(ol + £+ + g2 pre+2)), ).

(4.60)

— nr+1
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That verifies the second estimate in the corollary; to get the first one we also
use the inequality

g0, < e (o f ) + g2 £+, )

which follows from Proposition 2.1 with g = f¢), j=r+s—s"+1, m =
2r+s5—5"+2, w =w and wy = w2 2.
So, let us proceed to the proof of (4.60). We set

_1\r—1
‘/7“,nf = Br,nf - f - ((2173/)TDrf

For s > 3 we establish by induction on r that

r+1 i+r+1
s c  o(ids
(4.61) (Ve )y < —5 Do wpP U,
i=0 j=2i
To this end, we use the relation
S S 1 S
(4.62) (Vi) llp < (Vi Frn) ] + - 10DV ) I,

where F,., = (B, —I)"f, as we estimate ||w(V17nFr,n)(s) |, by means of Propo-
sition 4.9 and (4.45), and the term ||w(DV;.,, f)*)|, by (see (2.11))
(4'63) ||w(DVr,nf)(S)Hp

< e (I00Von )y + 10(Ven YD+ g (Ve )41, )

and the induction hypothesis.
Next, we estimate above the terms of (4.61) with ¢ = 0 by means of (2.10)
with g = f(®) and m=r+1toget for j =0,...,r+1

(4.64) w075l < e (o f, + g ++01,).

For the terms with i > 0, we apply Proposition 2.1 with g = f(®), m = 2r 4+ 2,
wy = we? and wy = w22 to get for j =2i,...,i+r+1

(465) g0y < e (Juf @, + fug? 2 D),
Now, estimate (4.60) for s > 3 follows from (4.61)-(4.65).
The proof in the case s = 2 is similar. We verify by induction on r that

r+1 i+r4+1

C y .
||w(Vr,nf)NHp < — Z Z Hw@Q f(J+2)||p7

=0 j=max{1,2¢}
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as besides (4.62), (4.63), Proposition 4.9 and (4.45) we also use (4.61). Then
we complete the proof by means of Proposition 2.1 just similarly as in the case
s> 3.

Finally, in the case s = 1 we deduce from (4.62) with s = 1 and r — 1 in
place of r, Proposition 4.9, Corollary 4.7, the estimate

[w(DVe1nf) [lp < ¢ (lw (Vi1 f)"lp + lwe® (Vi1 ) 1)
and what we have already established that

c T ™
lo (Ve f)llp < 7 (Ilwf(?’)llp +wf U+ e FP N, + [lwe? FH,

g2 FOHD] 4 [l fEI 4 g 2 ).

To complete the proof of (4.60) for s = 1 we need only take into account the
inequalities

e D, < e (wf Oy + g 22, =L =1,
and
e Oy < e (s @y + g 27 ), ).

which follow from Proposition 2.1 respectively with ¢ = f0+2) m =r+1, w; =
we, wy = w2 and g = fO), j =2, m = 2r, wy = wet, wy = w2, O

Similarly to Corollary 4.8 we get by Proposition 2.4 and Corollary 4.11 the
following Voronovskaya-type estimate.
Corollary 4.12. Let 1 <p < oo, r,s € N and w = w(vp,71) be given by (1.3)
as
—1/p<y,m <s—1/p if 1<p<oo,
0<v0,71<s if p=ooc.

Then for all f € AC*+5+1[0,1] such that wp? T2 f2r+s+2) ¢ [ [0,1], and all
n € N there holds

_1\r—1 (s)
(5t 1 C )

lo(D™ ).

S nr+1

The last several estimates, we shall need, are traditionally regarded to as
Bernstein-type inequalities.

Proposition 4.13. Let 1 < p < oo, £,7,s € N and w = w(vo,71) be given by
(1.3) as

—1/p <y, <s—1/p if 1<p<oo,
0<v0,m <s if p=o0.
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Then for all f € C[0,1] such that f € ACS1(0,1) and wf'®) € L,[0,1], and all
n € N there hold:

(a) we* (B )|, < enflwfO,;
(b) Hw@M(Br,nf)(%—i_s)Hp < cn€||wf(s)||p;
(c) HWQPQZ(BT,Nf)(ZHS)Hp < CneKﬂ,cp(f(s)v”_e)w,p'

Proof. Again we shall consider two cases for the domain of z.
Case 1. Let (n — s)p?(x) > 1. Differentiating (4.1) we get

(n

I = k
460 B = SR ()t

(2¢)
n—s,k

Next, we express p (z) by means of (3.4) and estimate ‘Xf/nf(k/n) by

(4.2). Thus we arrive at

¢ 2(L—1)

0@ @) (B @) < en 30 (npt)

X w(x) Y prs k(@) Wpn b [0 lpfio/m, (k) ) |[E — (00— 8)]?
k=0

(4.67) o
<en' Y (ng(x)
=0
X w(m) an—s,k(x) Wp,n,k ||wf(s)||p[k/n,(k+s)/n]|k —(n— 3)$‘ja
k=0

where at the last step we have used that ng?(z) > 1 and i — £ < —j5/2.

We have to estimate the weighted L,-norm of the right-hand side of the
last inequality. Moreover, due to the Riesz-Thorin interpolation theorem and
symmetry, it is sufficient to do that only for p = 1 and p = oo, and restrict the
range of summation on k to {0,...,[(n — s)/2]} (see (4.5)-(4.6) and note that
lk—(n—s)z|=n—s—k—(n—s)y| withy=1-2z).

For p = oo we apply Cauchy’s inequality to derive

[(n—s)/2]
(4.68) w(@) Y puop(®) Woo ik [0 llsotism (hs)/mi [k = (n = 5)af?
k=0

[(n—s)/2] 1/2

< |wi@) Y whoapa-si(@) (Tns,25(@)"? lwf ) |-
k=0
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Further, just as in (4.10) we see that

[((n—s)/2]
(4.69) w? () Z W2 ok Pr—si(x) < ¢, x€[0,1].
k=0
Also, (3.7) yields
_i/2
(470 (@) 7 Ty @) P <o (- 9)e%(@) 2 1

Relations (4.67)-(4.70) imply
(4.71) ™ (B f)*oo(r, -y < enwf® oo,

where, to recall, I,, = {z € [0,1] : np?(z) > 1}.
For p = 1 we fix m € N such that ay; > —1 for ¢ = 0,1, where a =
2m/(2m — 1), and apply Holder’s inequality to get

Wi nk /I w(2) pr—s k() (nch(ac))ij/2 |k — (n — s)z|'dz

n—s

1/a

4 < <w;ﬁn,k /O (@) d:c)

; 1/(2m)
x < /1 (ng®(@)) "™ (k= (n — 8)2)*™ pp_s k() dx) .

Estimate (4.11) with w® in place of w yields

1 avo
k+1
/ wa(x)pn_s,k(ac)dx§0< + > , 0<EkE<(n—1s9)/2;
0 n n
hence by (4.7) with p = 1 we get
1
(4.73) w?nk/ w*(@)pp—s(r)dr < en®t, 0< k< (n—s)/2.
0

Also, [8, Lemma 9.4.5] implies

/ (n<p2(x))7“ (k —nx)? p, x(z) dr < %, 1 e Ny

I,

Therefore

@)y [ () " (0= s (e)de < L
I, _s

Inequalities (4.72)-(4.74) imply for j =0,...,2¢ and k = 0,...,[(n — s)/2] the
estimates

(4.75) wl’n’k/I w(x) Pr—s,k () (n<p2(a:))7j/2 |k — (n — s)zlldr < c.

n—s
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Relations (4.67) and (4.75) yield

(4.76) [we (B )T |y(r,, .y < entllwf@ .

n—s

Case 2. Let (n — s)p?(z) <1 and n > 2¢ + s. Differentiating ¢ times (4.1)
with £ 4 s in place of s, we get

n—~_~— s
(an><2‘+s><x>: Z Regeg ( )pfflz_s,m

(n—1£—5s)
Consequently,

(477) (B )P (@)

n—~—0—s

¢ TL!
<cn® max ——— E
v=0,...£ (n — s)!
k=0

_>i/7lf(k+y>‘l P, @)

Just as in Case 1 we estimate ‘Al/nf((k + V)/n)‘ by means of (4.2) and express
pglzz_s’k( ) by means of (3.4). Thus for each v =0,...,¢ we have

n! 20 "= s k+v
(n_s)!w(x)gz (z) kZ:O 1/nf( n >’|pn - ()]
0—27 ) n—~—0—s
Sc > Y (@) w@) Y po-r-snla)
0<i</2 =0 =0

(4.78) - .
X wp n,k+v wa B Hp [(k+v)/n, (k+u+s)/n]‘k - (n —{— s)xlj

nfs

anﬂsk

X Wp,nJ+v wa( pithetw) sttty ) B = (0= €= s)a?,

7=0

where at the last estimate we have taken into account that ny?(z) < c.

We proceed as in Case 1. Again due to symmetry it is sufficient to restrict
the range of summation on k to {0,...,[(n — £ — s)/2]}, as now we have with
k=n—{—s—kand v=/{—v (cf. (4.5)-(4.6)) the relations

(4 79) Wy n kv = Wp,n,k+os

10 ity /sy m) = N o) m, (h5) /-

Let us note that we still have

Yo
(4.80) Wy s < cnt/P <k:11> , 0<k<(n—L-5)/2,
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for v =0,...,¢. Consequently, for p = co there holds

[((n—£=s5)/2]

w?(x) Z wgo,n,k+u pnféfs,k(x) < ¢, TE [Oa 1]
k=0

Also, (3.7) implies
Tn—é—s,Qj(l‘) <eg¢ (TL - 8)902(1:) <L

Now, just similarly to Case 1, p = oo we derive from (4.77), (4.78), the
symmetry on k, and the last two estimates above the inequality

(4.81) Il (B f) P ooy, < enfllwf oo,

where I/ = {z € [0,1] : np?*(x) < 1}.
For p =1 we use (cf. (4.73))

1
wf‘,n,k+l,/0 W (L) pp—p—s k(x) da < en® 1l 0<k< (n—1~0—3)/2,

for v =0,...,¢, which follows from (4.80) just as in Case 1.
Also, (3.7) implies

/ Pk () (k — na)* do < E, p € No.
I n

1"
n

Just similarly to Case 1, p =1 we derive from (4.77), (4.78), the symmetry on
k, and the last two estimates above the inequality

(4.82) [we® (Bu f)* i1y < en’llwf]s.
Estimates (4.71), (4.76), (4.81) and (4.82) yield
[w® (Bn /)|, < enllwf @,

for p =1 and p = oo and assertion (a) follows from the Riesz-Thorin interpola-
tion theorem.

Assertion (b) follows from (a) and Proposition 4.1 since B, is a linear
combination of iterates of B,,.

Finally, to prove (c) we apply (b) and Proposition 4.1 to derive for any
g € AC2T71(0,1) the estimate

g (B )Nl < e (£ = @)+~ w9 +]),)

Taking an infimum on g we get (c). O

We shall also need the following almost trivial analogue of the last proposi-
tion in the case p = co.
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Proposition 4.14. Let {,r,s € N and w = w(yp,71) be given by (1.3) as
0 < 0,71 < 5. Then for all f € C[0,1] such that f € ACS1(0,1) and wf®) €
L[0,1], and all n € N there hold:

(a) lw(Bnf) ) oo < enllwf ) oo;
(0) (B f) ) oo < enfflwf |

Proof. To establish (a) we apply (4.1) with £ + s in place of s and (4.2). Thus

we get
(6+s) n! s _>€+s
B @) < gy 3 (B8t (§)poeseante)
n—~_—s
<en'®® e S5 |Bijut () pactont@
n—~_0—s
<en’ max, 50 wacirn pactonal@) 0] O

To complete the proof we need only recall (4.80) with p = oo, (4.8)-(4.9) and
use the symmetry on k, see (4.79).
Assertion (b) follows from (a) just as in the previous proposition. O

Further, we shall state two analogues of the above Bernstein-type inequalities
in terms of the differential operator (D"g)*. They directly follow from them and
the embedding inequalities in Section 2.

Corollary 4.15. Let 1 <p < oo, r,s € N and w = w(vp,71) be given by (1.3)
as

—1/p<v,m<s—1/p if 1<p<oo,
0<v0,71 <s if p=oo.

Then for all f € C[0,1] such that f € ACS*(0,1) and wf®) € L,[0,1], and all
n € N there holds
||w(DTBT,nf)(s)Hp < Cnr”wf(s)”z)'

Proof. Tt can be established by induction on r that (cf. [18, p. 24])

r4+1
Dg_ QZQTz 2g()+230 q’f"l‘ zg(H_T)
1=2 1=2

where ¢, ;,Gr; € m;. Hence we derive that

r+s
(4.83) (D"g) (s)—qug<>+Zw Grysrsi g,

i=s’ =1
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where s’ = max{2, s} and ¢, ; are polynomials. Hence

r+s o
[w(D"g)lp <> fwg®lp+ D wp*g T,
i=s’ =1

The embedding inequality (2.10) yields for i = ',...,7r+ s
lwg@llp < ¢ (gl + g™+,
< (g™l + g1, )

Similarly, by means of (2.8) we get for i =1,...,r

g g+, < o (g™, + g g +],)

Consequently,
(480 w09y < e (g™l + wg I, + e g2+, )
(1.85) < ¢ (gl + g™, + g g2+,
and the middle term can be omitted except when p = oo and ~py1 = 0 (see
(4.44)).

Now, the assertion of the corollary follows from (4.85) with g = B, ,,f and
Propositions 4.1, 4.13(b) and 4.14(b) with £ = r. O

Corollary 4.16. Let 1 <p < oo, r,s € N and w = w(vp,71) be given by (1.3)
as

—1/p<vo,m<s—1/p if 1<p<oo,
0<y0,71 <s if p=oo.

Then for all f € C[0,1) such that f € AC?*-1[0,1] and wy® fCr+)
L,[0,1], and all n € N there holds

lw(D™* B )l < enllw(D” ).

Proof. Just as in the previous proof, we apply (4.84) with r 4+ 1 in place of r
and g = B, ., f, Proposition 4.1, Proposition 4.13(b) with £ = 1, w?" in place
of w, and 2r + s in place of s, and Proposition 4.14(b) with £ =1 and r + s in
place of s to derive the estimate

(D7 Bo )l < e ([ f )y g 4+ g (20
Note that the term ||w(B,,f)" 51|, appears only in the case p = oo and

Yov1 = 0.
Now, the assertion of the corollary follows from Proposition 2.4. O
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The estimates verified in this section enable us to prove Theorem 1.1.

Proof of Theorem 1.1. The direct estimate follows from Proposition 4.1(b) and
Corollary 4.8 via a standard argument (see e.g. [7, Theorem 3.4]). Namely, for
any g € C?"4[0,1] we have

[w(Brnf = )y < lw(f — gl + [[w(Brng — 9) |,
+ ||w(Br,n(f - g))(s)”p

S S 1 T S
< (It = 6l + (D)1, ).
Taking an infimum on g € C?"5[0, 1], we arrive at

[w(Brwf — £)lp < cKro(f,07 ) p-

To establish the converse estimate we apply [7, Theorem 3.2] with the oper-

ator @, = B, on the space
X ={feCo,1]: fe AC: 1 0,1),wf™ € L,[0,1]}

with a semi-norm || f||x = [Jwf®®||,. Let us note that [7, Theorem 3.2] continues
to hold for a semi-norm || o || x since in its proof the property that distinguishes
a norm from a semi-norm is not used. Let also Y = C?"*%[0,1] and Z =
Cv27"—&-s—i-2[07 1]_

Proposition 4.1(b) implies that @, is a bounded operator on X, so that [7,
(3.3)] holds.

By virtue of Corollary 4.12, we have for ®(f) = |[w(D" ' f))|, and f € Z

c

which shows that [7, (3.4)] is valid with (—1)""1D" in place of D, A\(n) = (2n)~"
and A (n) = ¢cn~ "1, where the constant c is the one from Corollary 4.12.
Further, we set g = B, f for f € X and apply Corollary 4.16 to obtain

O(Qf) = ©(Brng) < cnfw(D7g)P |, = cn |w(D By f) -

Hence [7, (3.5)] is established with m = 2 and ¢ = 1.
Finally, Corollary 4.15 yields for f € X

(D7 Qu )Ny < en”[lwf ]y,

which is [7, (3.6)].
Now, [7, Theorem 3.2] implies the converse estimate in Theorem 1.1. O
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5 Relations between K-functionals

In this section we shall verify the assertions of Theorems 1.2 and 1.3 as well as
of Remark 1.4. First, we shall present a couple of auxiliary inequalities between
K-functionals.

It is known that in the case w = 1 in the definition of K, ,(f,t), the
infimum can be equivalently taken on C™[0,1]. That is evident from the proof
of [8, Theorem 2.1.1] (see also [6, p. 110]). That equivalence probably holds
for any Jacobi weight w. For our purposes weaker relations will suffice. They
are given in the lemma below. Using them one can derive the above mentioned
equivalence under the conditions of the lemma, but we shall not establish that
here.

Lemma 5.1. Let 1 < p < o0, 7,5 € N, and w = w(y9,71) be given by (1.3)
with —1/p < v9,m < s —1/p. Then for all wf € Ly[0,1] and 0 < t <1 there
holds

: _ . (s) 2r (2r+s)
G0t Ll = o)+ g gCr ) |
< c(Korp(fit)wp +twflp), s>2,

and

. o 2r (2r+1)
62 it el =)l + g g |
<c (K2T’tp(f7 t)w,p + Kl(fa t)uhp) :

Proof. For a given function f such that wf € L,[0,1] with y9,71 < s — 1/p,
s € N, we set

1 N s—1
fs(x) = G- /1/2(x w)® 7 f(u)du, x€][0,1].
Hélder’s inequality implies that ©?*=2f € L[0,1]. Hence f,(x) is well-defined
and finite at © = 0 and « = 1; moreover, f, € C[0, 1]. The continuity of fs(z) at
every interior point for any s as well as at x = 0,1 for s = 1 is clear. To see that
fs(z) is continuous at = 0,1 for s > 2 we can apply Lebesgue’s dominated
convergence theorem.

Now, we are ready to verify the inequalities in the lemma. We set n =
[til/ "I+ 1 and g; = B, fs. In view of the above remarks, g; is well defined and
clearly g, € C?"*2[0,1]. To verify (5.1) and (5.2) it is enough to show that

(5.3) lw(f = gi)lp < ¢ (Ko (F )y + tllwflly) . s> 2,
w(f — gi)Hp < e (Karg(fs)wp + Ki(f, D)w,p)

r (2r+s
(5.5) tlwe g I, < ¢ Kopo(f, s 8 > 1.
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Let G € AC?"71(0,1) with wG, wp? G € L,[0,1] be arbitrarily fixed. Then
Gs € C[0,1]. Let s > 2. Applying Proposition 4.1(b), Corollary 4.7 and the
trivial estimate

(5.6) [wGllp < llw(f = G)lp + [[wfllp,

we get
lw(f = o)y < lw(f = @llp + 0(BrnGs = Go)
+ [wBrn(fs = G) @y
< clu(f = )llp + = (WG + fwg® GE+],)
< (lwlf = G)llp + t o Gy + ¢ wfll,)

We take an infimum on G and arrive at (5.3).
For s = 1 by means of a similar argument we arrive at

61wl =gl < e (lu(f = @llp + g G, + ¢ [lwGl, )

Next, we estimate the last term on the right above by means of Proposition 2.1
with j =1, m = 2r, w; = w and wy = wp?". Thus we get

[l < e (G, + g G, ).
Consequently, for an arbitrary real o we have
lwlp < ¢ (Jw(G = a)ll, + we G2, ).
etting Eo(f)wp = Inlyer ||W(f — @)||p, We arrive at the estimate
Setting Eo(f)w,p = inf I » i h i
(58) G, < e (llw(f = Ol + tlwp G2, ) + ot o/ )y

For wf € L,[0,1], 70,71 > —1/p,1 <p<ocoryy,m >0,p=occand 0 <t <1
we have

(5.9) tE)(fwp < cEK1(fit)w,p-
That easily follows from the estimate
w/ g'(t)dt
1/2
where g € AC},.(0,1).

Combining (5.7)-(5.9) we arrive at (5.4).
Finally, to verify (5.5) we apply Proposition 4.13(c) with £ = r to get

Eo(9)wp < llwlg —9(1/2)]l, = < cllwg'llp,

P

twe? g < etn” Kon o (f) 07wy < ¢ Korp (fs D
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Let us proceed now to the proof of Theorems 1.2 and 1.3.

Proof of Theorems 1.2 and 1.3. Let —1/p < v0,71 < s —1/p, 1 < p < o0 or
0 <70,y <8, p=o00. Let g € C?*5[0,1]. Proposition 2.4 yields

(5.10) lwfllp < llw(f = g"N)p + cllw(D"g)Dl,, s> 2,
(5.11) lwg" |, < cllw(Dg)p, j=1r s>1,
and

(5.12) [wp g ||, < cllw(D"g) P, s> 1.

Taking an infimum on g € C?"[0,1] in (5.10) we get for 0 <t <1
twfly < cKrs(f,Dwp, 22

Next, since g(*) € ACI1(0,1) for j = 1,7, we derive from (5.11) that

loc
K () < e (Jf = gy + 0D ,) 521,
Taking an infimum on g € C?"*+5[0, 1] we arrive at
Ki(f ) wp <cKys(fi)wp, j=1,r, s>1
Just similarly, using that g(*) € AC2"~1(0,1) and (5.12), we establish that

KQT,SD(fa t)w,p S CKnS(fv t)uupa S 2 1.

Thus we have shown that K, s(f,t), , estimates above the quantities on the
right-hand side of the relations in Theorems 1.2 and 1.3.

Let us proceed to the reverse inequalities. Let —1/p < 79,71 < s — 1/p,
1 <p<oo. Let g€ C?*5[0,1]. By (4.84) (see also (4.44)), we have

(5.13) (D7)l < e (g™ llp + lwg® g} ),

where s’ = max{2,s}. Hence, using (5.6) with ¢(*) in place of G, we get for
s > 2 the estimate

(D)l < ¢ (o(f = )l + o g2 ) + ol ) -

Consequently, for s > 2 we have

KealdOhup < it {0l =gl e+, )+, )
< c(Karp(f, )wp +twfllp) -

Here we have taken into account (5.1).
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Similarly, relations (5.13) with s = 1, (5.8) with ¢’ in place of G, (5.9) and
(5.2) yield
KT'J(f? t)w,p S c (KQT,ga(fa t)w,p + Kl (f7 t)w,p) .

This completes the proof of Theorem 1.2.

To establish the upper estimate of K, s(f,t)1 00 in Theorem 1.3 we use the
quasi-interpolant Q(f) = Qr(f) constructed in the proof of [4, Chapter 6,
Theorem 6.2] but with 2r in place of r and for the interval [0,1] instead of
[—1,1]. It has the properties (see [4, p. 191]):

[f = Qe < cwir(f, t)oo

and

2 0* QU oo < cwl (ft)oos

where ¢ = 1/m, m € N and m > mg with some fixed mg € N. Likewise, by
means of [4, Chapter 5, Proposition 4.6 and Chapter 6, Theorem 4.2] we get

QN e < et Dy (f,)oc, = L7,

for t = 1/m, m € N and m > mg. Hence, taking into account the inequalities
Wj(fit)oo < ¢ Kj(f,1 )00 and w2 (f, t)oo < ¢ Kop o (f, 1" ), we arrive at

Hf - Q(f)”oo < CKQr,w(fv t2r)o<>a
(5.14) 2 10* QUN) P e < ¢ Koro (£, o0,
QN oo < e K (fit* oo, G =17,
for t =1/m, m € N and m > my.
Now, the upper estimate of K, s(f, )10 for all ¢ € (0,1] follows from (4.84)

with p = co, w = 1 and ¢® = Q(f), (5.6) with Q(f) in place of G, or [4,
Chapter 5, Theorem 4.4] (if s > 2), and the basic property of the K-functionals

(5.15) K(f,t1) < max {1, il} K(f,ts),
2

where K(f,t) stands for any of the considered here K-functionals.
Let us briefly show the validity of Remark 1.4. In view of what already has
been established, it is enough to demonstrate that

Kl,l(fu t)w,oo S & (K2,ga(f7 t)w,oo + Kl(f7 t)w,oo)

for 79 > 0 and 73 = 0. To this end we shall apply a well-known patching
technique (see e.g. [4, p. 176]). By (2.6) with p = oo, 3/4 instead of 1/2, ¢’ in
place of g, 71,0 = 70,720 =7 + 1, j = 1 and m = 2, we get

Yo+1

X" 9" loofo,3/4) < € (IX7°9 [loc10,3/4) + IX° 9" |c[0,3/4]) -
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Then, just as above, we derive that

X" 9" llsof0,3/4]
<c(IX(f = 9")loofo,3/4) +1 HXVOHQI”||oo[0,3/4]) +cK1(f,t)w,00-

Using the last inequality and (5.2) with » = 1, we deduce that there exists
g: € C3[0,3/4] such that

(5.16)  [IX°(f — 32)lloojo,3/4) + 211X 77 loofo,3/4) + 21X TG Nl oofo,3/4)
S & (KQ,LP(f7 tZ)w,oo + Kl(f7 tz)w,oo) .

Further, let @( f) = @f( f) be the quasi-interpolant considered above for
r = 1 and modified for the interval [1/5,1]. We set ¢(z) = v/(x —1/5)(1 — x)
and denote by K(f,t)s(s) the modification of the K-functional K(f,t)s, in
which the sup-norm is taken on the interval J instead of [0, 1]. Then (cf. (5.14))
we have

1 = QN oot an) < I1f = QUF)lsor/s.1]
< CKQ,@(fv 252)00[1/5,1] < CKQ,AP(f? tz)w,oov

(5.17) 1e* Q) oot /4, < e 1GPQU) " Noofa/s,1
< Ko (£, 1) oo/50) < ¢ Ko (£, w oo
E1QUY oot /e < 1R lloopay.
< Ky (fi ) oo/m) < € K1(f, 1) w00

for t =1/m, m € N and m > my with some fixed my € N.

Let the function g, € C3[0,1] be such that g} = (1 — ¥)g, + Y Q(f), where
€ C°(R), ¥(xz) =0 for x < 1/4 and ¢(z) =1 for > 3/4. It can be shown
by (4.84) with r = s =1 and p = oo, (5.16) and (5.17) that (see [4, p. 176])

||w(f - gi/t)”OO + t2||w(Dgt)/||OO <c (KQ,QG(.ﬂ tZ)w,oo + Kl(fu t2)w,oo)

fort =1/m, m € N and m > myg. In view of property (5.15) that completes the
proof of Remark 1.4. O

Let us explicitly note that the characterization of the weighted simultane-
ous approximation by B, in terms of the K-functionals Ko ,(f,t)w,, and
K;(f,t)w,p can be directly derived from Proposition 4.1, Corollaries 4.7 and
4.11, Propositions 4.13(b) and 4.14(b) by means of [7, Theorems 3.2 and 3.4].

At the end we include a few remarks about the proof of Corollaries 1.5 and
1.6.

Proof of Corollaries 1.5 and 1.6. As it is shown in [8, Theorem 6.1.1], there ex-
ists to such that Koy o (f,t* )w,p < cwl (f,t)wp and K;(f,t7)wp < cwj(fit)wp
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for 0 < t < tg. Hence the assertions of the corollaries follow for n > ng with
some ng € N from Theorems 1.1-1.3. For n < ng we apply Proposition 4.1 to
get

&
(5.18) lw(Braf = )Pl < e 1w f O,

which completes the proof for s > 2. For s = 1 we use that B, ,, f preserves the
linear functions to deduce from (5.18) the estimate

c
lwBrnf = )l < — Eo(fVuwpr 1 < no.

Then we apply (5.9) with f’ in place of f and the relation Ki(f',t)w, <
cwi(f',t)wyp, 0 <t < 1. O
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