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1 Introduction

The approximation by trigonometric polynomials is well investigated. The rate of conver-
gence in uniform and integral norm was described by the classical modulus of smoothness
due to D. Jackson, S. N. Bernstein, A. Zygmund and S. B. Stechkin (see for example
[10]). This result was extended to any Banach space of 2m-periodic functions for which
translation is continuous isometry by H. S. Shapiro and Z. Ditzian ([16] and [5]).

Let B be a homogeneous Banach space of 2m-periodic real-valued functions. We
recall that B is a homogeneous Banach space if

(LY (fC+alls = 1Ols, [1F(+h) = fO)lls — 0as h—0and [|f|z, <C[|f]s,

where ¢ € R and C is a constant independent of f. We denote by T;, the set of all
trigonometric polynomials of degree at most n and put

(1.2) EX(f)s=_nf ||f ~ s

T€T,N

for the best trigonometric approximation, as the trigonometric polynomials are dense in



B. Tt was shown by the authors mentioned above that for f € B we have

Erj;(f)B < Crwr(f; n_l)B7
we(fit)p < Cot” Y (k+ 1) EL(f)B, 0 <t <t

0<k<1/t
where w,.(f;t)p is the classical modulus of smoothness defined as follows

wr(fit)p = sup [[ALflg,
0<h<t
T

1) = S0 () ) ot /2= ),

k=0

In the case of best algebraic approximation the rate of convergence has just recently
been described through appropriate moduli of smoothness. Ditzian and Totik solved
that problem in [7, Ch. 7] by means of a modulus with a varying step. Ivanov proposed
n [8] another solution through an integral modulus of smoothness. A summary on other
achievements in that area can be found in [7, Ch. 13].

Let B denote Lyj[—m, 7], 1 <p < oo, or C*[—m, 7], where

L;*)[ ] - {f R—R: f(J?—F 277) f(x) a.e., f|[7ﬂ',7‘r] € Lp[_ﬂ-ﬂr]}
C*[—Wﬂ]:{fec( ) flz+2m) = f(z)}.

It is interesting to construct a modulus-like function w! (f;t)p associated with best
trigonometric approximation such that for f € B we have

(1.3) Wit p=0<= feT

(here and further f € T,_; in L,-spaces means that f coincides a.e. with a trigonometric
polynomial of degree at most r — 1) and w! (f;¢)p characterizes the best trigonometric
approximation like the classical modulus does. Thus, this new modulus of smoothness
describes more precisely (in the sense of (1.3)) the rate of convergence of best trigono-
metric approximation than the classical one. The definition of this new modulus, as
we should expect, is more complicated. We shall show that the modulus of smoothness
defined by

(1.4) wr (f;t)p == sup ||A2’” e flle =12,
0<h<

where

For(foa) = fl) + /0 Ka () — 1) dt

and
r—1 ('r‘ 1)

R I e e P DR R

j=1 1<l <--<lj<r—1

satisfies (1.3) and the following theorem.



Theorem 1.1. Let f € B, where B = Ly[-n,7], 1 <p < 00, or B = C*[—~m,7|. Then

(1.5) EN(f)p < Crwl (fin N, n>r—1,
and
T 2r—1 2r—2 T 1
(1.6) wl (fit)p < Cyt Y. +D)TE(flr, 0<t< -
r—1<k<1/t "

Let us observe that although F,._if is not generally a 2m-periodic function
Ai"_l}}_l f is. Unlike the various moduli which describe the best algebraic approx-
imation w! (f;t)p is based on finite differences only of an odd order. Thus w!(f;t)p
is connected with the (2r — 1)th finite difference not the rth one. This is due to the
dimensions of the spaces T,._1 and II,_1, respectively. To state our next main result we
define the K-functional

(17) KI(fit)m = inf {If = gllo -+ Drlln}.
where we have put B = {g€ B:g,¢,...,¢¢ Y € AC*[—n,7],¢9"® € B}, AC*[—m, 7]
being the set of all 2r-periodic absolutely continuous functions, D,.g = D,_1--- D14’

and Djg = ¢" + j%g. We write ¢(f;t) ~ (f;t) if and only if there exists a constant
C > 0 independent of f and ¢ such that C~1p(f;t) < ¥(f;t) < Cp(f;t). We shall prove

Theorem 1.2. For f € B, where B = Ly[-m, 7], 1 <p < o0, or B = C*[~7, 7], we
have
Kl (fit)p ~ ! (fit)p-

Hence

Theorem 1.3. Let f € B, where B = Ly[-m,7|, 1 <p < 0o, or B = C*[—~m,7|. Then
E,(f)p < CK(fit)p, n>r—1,

and

1
o

KN(fit)p <Gt > (k+ 1) 2E[(f)p, 0<t<
r—1<k<1/t

Analogous problem can be posed in connection to the interpolation by trigonometric
polynomials. G. P. Nevai proved in [12] the following generalization of a result of S. M.
Nikolskii

2w
fio——

F@) = talf o) < 27w (fi gy

) (@) + O, (fin ™)),

where t,,(f, ) € T, interpolates f € C[—m, 7] in the equidistant nodes & = (x_,,, ..., z,),
xp = 2knw/(2n+1), k= —n,...,n, and A\, (Z) is the Lebesgue constant for trigonometric



Lagrange interpolation. Having verified (1.5), the well-known Lebesgue inequality for
bounded linear operators that preserves trigonometric polynomials yields

(@) = ta(f,2)| £ G+ A@) wy (fin™ oo

for any set of interpolation nodes Z.

The contents of the paper are organized as follows. We investigate the rate of approx-
imation of a certain modified Riesz operator in Section 2. Next we introduce operators
that preserve the trigonometric polynomials of a given degree and characterize their
rate of approximation in Section 3. In the next section we define the modulus w! (f;t)p
for L, and C spaces of 2m-periodic functions and prove its properties. In Section 5 we
characterize the rate of best trigonometric approximation in L, and C' norm through
it. In the same section we point out a characterization of the rate of best trigonometric
approximation in any homogeneous Banach space by an appropriate K-functional.

2 A modified Riesz operator

Let B be a Banach space of 2m-periodic functions such that

(2.1) If(+a)ls=Iflz and |fllz, <Clfls,

where a € R and C' is a constant independent of f.
We define the differential operators

(2.2) Dijg=g¢"+j%9, j=12,...

for g € B2, where we have put B = {g € B:g,¢,...,g"" Y € AC*|—n,7],9'®) € B}
and AC*[—m, 7] is the set of all 2m-periodic absolutely continuous functions. We also
define the K-functional

(2.3) Kj(fit)s = gien;{\\f —glls + | Djglls}, t>0.

Let Ay (z) = Ar(f, ) be the k" term in the Fourier expansion of f:

a
Ao(z) = 3
Ap(x) = apcoskx + by sinkz, k=1,2,...,
ak:ak(f):l ft)cosktdt, k=0,1,2,...,
™ —T
1 T
b =br(f) = — f@)sinktdt, k=1,2,....
L

In this section we consider the approximation behaviour of the following modification
of the typical Riesz means:

n-l k2 — 52
(2.4) R;n(f,x) = Z<1 - _jz)Ak(as), n>j, j=12....
k=0



Theorem 2.1. For a Banach space B satisfying (2.1), the K-functional K;(f;t)p and
the Riesz means R; ,(f,x), we have

If = Rjnfle ~ Kin(f;in DB, n>j.

Proof. We follow the proof of similar results of Ditzian and Ivanov in [6] and of Ditzian
in [4]. The statement of the theorem follows from the relations

(255) IRjnfllz <Ml fls, f€B,n>j

(2.6) D;iRjng=R;nDjg forge B?,n > j,

and

(2.7) DjRjnf = (5* = n*)Rju(f — Rjnf), n > j.

First we deal with (2.5). We observe that

Jnf* Z( *7Ak>

k=

But it was shown in [6] by means of an assertion in [9] that the operators

R, f = nzl(1 - szAk)
k=0

are uniformly bounded in n. Consequently, this holds for R; . f as well.

Next (2.6) follows from (d/dz)A(g,z) = Ar(¢’,z), k=0,1,2,..., for g € BL.

It remains to verify (2.7). We shall prove just a little bit more general result which
we shall need later, namely we have

(28) D; R] nf (7/ -n )Rj,n(f - Ri,nf)a n> Za]
We have

2

DiRj.f = Z 2 — k?) (1—’“7])@

n—1 . . — .
) k _]2 k2—22 k2_92
(2 2 _ _ _ —
= (n?—i )(];)(1 n2_j2)(1 ) A= (1 n2_j2)Ak>
= (i =n*)Rjn(f — Rinf).
This establishes (2.8) and hence (2.7).

(a) THE DIRECT RESULT
The fact that the trigonometric polynomials are dense in B, (2.5) and the relations

k2 —
lim Ry fy = lim (1- = )fk = fr,

n—oo

If = RjnfllB < 1Rjn(f =75+ ||f—THB + 7= Rjntlls,



where fi(z) = coskzx or fi(x) =sinkz and 7 € B is a trigonometric polynomial, imply
(2.9) Jim [|f = Rjnfllz = 0.
For any g € B? we have

(2.10) If = Rinfllz < (M; + DIf —9gllz + g — Rjnglls.

To estimate the second term we write, using (2.5) and (2.9),

g — Rjnglls < |Rjmg — B39l +1lg — R2,.9llB

(2.11) ) o |2 2
< [|Rjng — Rj,ngHB + Z ||Rj,m9 - Rj,m+1g||B-

Next (2.6) and (2.7) yield

MA
(2.12) IRjng — R} 9l < - _Jjg IDjgllB-
Since R; mR;; = Rj i R;m, we have
IR? 9 — RS pi19llB <RS00 — Rjmi1RjmgllB + IR 119 — RjmRjmir9l 5.

As we established (2.8) we verify the relations

2m +1
R} ,.9— Rjm1Rjmg = : —~D;R;m
e (e (R DR
2m +1
R?,m—i—lg - Rj,ij,m+1g = - [( DjRj,m+1g

17— 7 )
which together with (2.5) and (2.6) yield

o0

oo
1
S IR 09— B gz < CilDiglls Y —
m=n

m=n

s
< S 1,005
This and (2.12) imply from (2.11)
C; . 2
(2.13) lg = Bjnglls < —511Diglls. n>j, g € B

Finally, (2.10) and the inequality above yield the direct estimate

If = Rjuflls < CiE;(fin™ )b,

(b) THE CONVERSE RESULT
Relations (2.5) and (2.7) yield

ID;Rjnfllp < Cin?|lf — RijnfllB



and therefore
K;(fin "B < Cillf — Rjnflls,

where () is a constant independent of f and n. This completes the proof of the theorem.
O

Remark 2.2. Let B = Ly[—m, 7], 1 < p < oo, the space of all 27-periodic functions f

such that i
1l = (/ FOP dt) < oo,

or B = C*[—m, 7], the space of all continuous 27-periodic functions with the sup-norm

[fllz = sup [f(z)].

z€[—m,m
Then it can be shown as in Section 4 that

(2.14) If = RjnfllB ~ Jup IARA; fllB, n > j,

<h<1l/n

where
A?F(z) = F(x +h) — 2F(x) + F(x — h)

and
(2.15) Ai(fa) = f@) + 7 [ (&= Df@Odt 2 R
0
In passing let us note that A, f is not 2m-periodic for every f € B but A% A, f is.

3 Operators that preserve the trigonometric polyno-
mials of a given degree

In this section we consider the linear operator L,_;,, : B = T,_1, r,n € N, 1 <r <mn,
defined by

r—1 r—1
(1)  Lean=I-]JT-Rjn)=> (-1) > Rjom -+ Rj,
i=0 i=0 0<jo< - <js<r—1

where [ is the identity and R} ,, is given in (2.4). We shall characterize the approximation
behaviour of L;_, by means of the K-functional

(3:2) K (fit)p = gé%ﬁr{llf —glz +t|Dglls}, ¢ >0,

where D] = D,_1---Dg and D;, j = 0,...,r — 1, are given in (2.2). The following
theorem holds.



Theorem 3.1. For a Banach space B satisfying (2.1) we have
Hf - Lr—l,nf”B ~ Kvl"(fa nil)Ba
where L,_1,, and K| (f;t)p are given in (3.1) and (3.2), respectively.

Proof. We follow the same steps as in the proof of Theorem 2.1.
(a) THE DIRECT RESULT
First let us note that due to (2.5) for j =0, ..., —1 the operator L,_1 , is bounded:

(3.3) [Lr—1nfllB < CrllfllB, feB, nzr

Next, as (d/dx)Ax(g,2) = Ax(g',7), k=0,1,2,... for g € B!, we have for n > j
(3.4) DiR;ng = RjnDig, g€ B>

Besides, Theorem 2.1 yields

.
(3.5) lg — Rjnglz < n%IIngllB, g€ B

Therefore, applying consecutively (3.4) and (3.5) for j = 0,...,r — 1, we get for g € B*"
andn >r

r—1
lo= Le-sls = | T = R0
=0 B
c r—1
0
< —|Do [J(7 - Rj,n)gH
=1 B
c r—1
0
= - H([ - Rj,n)DO.g
ness B
Jj=1
Co...Cpr—
< =Dy - Doglls.
n
Thus we have got
3.6 —L < G D! B? n>
( . ) Hg T—l,ng”B = nQTH rg||B7 g e , =T,

where C. depends only on r. Now inequalities (3.3) and (3.6) yield
Hf - erl,anB < CrKrl‘(f;n_l)B~

(b) THE CONVERSE RESULT
The converse inequality follows from (2.8) and (3.3) as in the proof of Theorem 2.1.
We also use that R; ,R; , = R; ,Rj, and the relation (3.4). For f € B and n > r, we



have

r—1
DyLi—ynf =Dy Yy (=1) > Rjom - Ry, nf
1=0 0<jo<---<ji<r—1

r—1
= D;—l Z(_l)z Z Rjoﬂl' ..Rj'i—lm,DT'_leianf
=0

0<jo<-<j;<r—1

r—1
=((r=1*=n*)D;_1 Y (-1) > Rjgm - Rjn(I = Re—10) f
=0

0<jo<---<ji<r—1

3
|
—
—
3
|
—

T—

) DEIIND SRR | (T 7
=0

0<jo<--<ji<r—1 =0

I
o
S

So we have shown that, for f € B and n > r,

r—1

(3.7) DiLyanf = (TL0* = 1®)Lrn(f = Ly ).

1=0
Hence, as in the proof of the converse inequality in Theorem 2.1, we get
K (f.n N < Collf = Loy f B
Thus the proof of Theorem 3.1 is completed. O
Remark 3.2. As f € T,_; implies D, f =0, we have L,_1 ,,f = f for f € T,_1, n > r.

4 A new periodic modulus of smoothness

Let [a,b] be an arbitrary finite subinterval of the real line such that 0 € [a,b]. We
write X = XJa,b] for any of the function spaces Ly[a,b], 1 < p < oo, or Cla,b] and
X" = X"[a,b] for the Sobolev spaces W[a,b], 1 < p < oo, or C"[a,b]. We also write B
for Li[—m, 7], 1 < p < oo, or C*[—m, 7], where, we recall,
L;[fﬂ'aﬂ-} = {f R—R: f(:l? + 27‘-) = f(x) a.c., f|[—7r,7r] € Lp[fﬂ-vﬂ']}v
Cl=m 7] ={f € CR) : f(z +2m) = f(z)}.
We write B" for Wy"[-m, 7], 1 < p < oo or C*"[~, 7], where
Wyrl=mal = {f € Ljl=mn]: f, f',.... f7) € AC*[=m, 7], £ € Ly[=m, 7]},
C*[—m, 7] = {f € C*[-m,n]: f¥) € C*[-m,n], s =1,...,7}.

We define the convolutional operator known as Duhamel’s convolution ® : Lq[a, b] x
Lafa, b — La[a,b],

(4.1) f @) = fz — t)g(t) dr.



It is easy to verify that it possesses the properties:
L feg=g®f;
2. f@(g+h)=f®g+fah
3. fe(geh)=(feg)®h
First we shall consider the linear bounded operator A; : X — X defined by

(12) A0 = f@)+ 7 [ - 0i0d j=1.2..
If we put, for f € X,
1 ‘ a—1
(4.3) To(f,x) == @/0 (x —t)* f(t)dt, =€ la,b], a>0,

where I'(«) is the gamma-function, then A; can be represented in the form
(4.4) Aj =1+ j°T,,
I being the identity. Hence, it follows that A; A, = AR A;.
Proposition 4.1. The bounded linear operator A; is invertible and
A ga) =gla) 5 [ sinjle - gt at.
0
Hence
A7 gy = [ sinjte - (1)
y g,x—jobmjx g
for g € X2 with g(0) = ¢’(0) = 0.
Proof. By definition we have
Aif=f+ifa®f, el =uz,
and let
Bijg=g9—jp;®g, ¢j(x)=sinjz.

We have to show that A;B; = B;A; = I, where [ is the identity. Using the properties
of ® we get

Aj(Bjg) = Bjg+ j*e1 ® Bjg =g+ (j°e1 — jo; — jPe1 ® ;) ® g
and

Bi(Ajf)=A;f —jo; ® Ajf = f+ (jPe1 — jo; — jPer @ ;) @ f.

10



But since
xT
jler ® p;(x) = j3/ (z —t)sinjtdt = j2x — jsinja = jzel(x) —jpj(x),
0

we get that j%e; — jo; — j%e1 ® ¢; = 0 and hence, A;B; = B;A; = 1.
The second statement of the proposition follows from the first one by integration by
parts. O

Next we define the bounded linear operator F,. : X — X by
(4.5) Fr=A1---A,.
The following representation of F,. holds true.
Proposition 4.2. The operator F, can be represented in the form
(4.6) Fr=T+ iay)IQj, aV = N ()2
j=1 1<l <<l <r

where Iy, are defined in (4.3). Hence, for every f € X,

(4.7) Fif.0) = f@)+ [ Kt f (e — 1) dt,
where

r ol .
(4.8) Ko (t) = Z ﬁﬁ%L

Proof. We shall prove the assertion by induction. The representation (4.6) is trivial for
r = 1. Let us assume that

r—1
Fr1=1+ Za§r71)12j.

J=1

Then we have, using also (4.4) and the fact that 7,7 = T4,

r—1
‘7:7" = ]:rflAr = (I+ Zagril)zzj)(l + 7‘21-2)

=1

r—1 r—1
=14y a) Ty + P Tyt Y0 T T

=1 =1
r—1

=T+ @™+, + Z(ay_l) + r2a§r__11))12j + 24" VT,
=2

11



To finish the proof we only need to observe that

r—1
A = 3 = )
j=1

Q§T_1) +r2a§7“_—11) _ Z (ll"'lj)2+rz Z (ll"'lj—l)2
1<l <---<l;<r—-1 1<l <---<lj1<r—1
= Z (Iy---1;)> + Z (Iy -+ L_q7)?
1<h < <lj<r—1 1<hi<--<lj_1<r

Z (lh '“lj)z :ay)

1§l1<"'<lj§’r‘

and
rzay:ll) =[(r —1)?*? = ()2 =al",

hence

Fr.=1+ Zay)bj.
j=1

The representation (4.7) follows immediately from (4.6) and the definition of Zy; in
(4.3). O

Next we point out some properties of the kernel K,.(t) defined in (4.8).

Proposition 4.3. The following recursion relation for the kernel KC,.(t) holds:

Icr(t) = }CT—l(t) + T2 /t(t - S)Icr—l(s) ds + tha
0
Ka(t) = t.

We also have

t
1
K! = D, Ky—1 and KC,(t) = / (t = 8)DrKyoa(s)ds + cr(r +1)(2r + 1)t
0

hence
r—1 r—1 t 1
K = Z(j +1)2K; and K,(t) = Z(j + 1)2/ (t—s)Kj(s)ds+ —r(r+1)(2r + 1)t
i=1 i=1 0 6

Remark 4.4. If we put K,.(t) = tC,.(£) the recursion relation above can be rewritten as

12



Proof of Proposition 4.3. We only have to verify the first part of the statement in the
proposition above. Using the notation (4.1), (4.2) and (4.7) can be written respectively
as

(4.9) Af=f+rie®f, elz)=x
and
(4.10) Fef=f+K.®f.

Then, from the definition of 7, (see (4.5)) and the properties of ®, follow
Frf =FraArf =Arf + K1 ® Arf
=f+(Krmr +r’er ® Kooy +1%e1) @ f.

Comparing (4.7) and the above, we conclude that

(K =K1 — 1?1 @ Kp g —12e1) @ f =0
for any f € X. Hence, it easily follows that

Kr —Kro1 =121 ® K,y —1r2e; = 0,

which is exactly the first recursion relation in Proposition 4.3. O

Remark 4.5. We put

T T

Poa) = [[2 +7%) = o + 3 a2

j=1 j=1

and S,(z,t) = P.(z)e**. We also put ﬁrg = D,_1---Dig’ for ¢ € X?>"~1, where
D;, j =1,...,r — 1, are defined in (2.2). Let us note that D, = P,_;(d/dx)d/dzx.
Obviously,

ST+1 (CC,t) = (1‘2 + (’I“ + 1)2)ST(x’t),
Sy (z,t) = (2% 4 1)e”".

It is easy to verify the relation

1 9 2r—1
K (t) = 7(27“ ~1)! (ar> Sp(z,t)

This also implies the statement of Proposition 4.3.

x=0

Next we consider the inverse operator of F,., F. ! = A;l -+ A7l The properties

stated in the next proposition were pointed to the author by K. G. Ivanov.

Proposition 4.6. For Aj_1 : X — X, the inverse operator of Aj, we have

13



(CL) A—lA—l o j2 A—l 4 kz
k 75 j2 — k27 k2 —

ng;Zl’ k # j;

(b) A7t AT = Z J IT(;_) Aj_l, where w,(x) = H(x2 — k?);

w

(c) F, g, ) / L, (t)g(z —t)dt,

where
(4.11) Z

Proof. To verify (a) we use that Aj_ g=g—jp; ®g, where ¢;(z) = sin jz, and write

sm jt.

AT AT g = AT g — ko ® ATl
=g—Jjpi®g—kor®g+kjp; ®pr®g.

Then, as ¢; ® ¢, = (k* — j%) " (ke; — jor), we get
-2 -2 2

—14-1. J k? J k
AL A g_<j2—k2+k2—j2)g_ — 2P ® 9~ 15 kwk®g

j2 ) k2
m(g—]% ®g) + m(ﬂ — kor ® g).

Thus (a) is established.
We prove (b) by induction in r but first we need to observe that

r j2'r71
(4.12) :
= wr )
The equality follows from the fact that the left-hand side is the divided difference of
the function f(z) = 2> ! at the points —r,...,—1,1,...,7. Now the assertion in (b)
follows easily by induction. Indeed, for r = 1 it is trivial. Let us assume that
r—1
Aeat =2y I
— Wr— 1
Jj=1

Then, using the induction hypothesis and (a), we have

1 <« 14-1
A7t AT = _AT1AT
' = wp_q () 7T
r—1  .op_3 -2 2
J J -1 r -1
—2 ( Aty T4 )
i \Fo i ot
r—1 or—1 r—1  .op_3 2
J -1 J r -1
=2 - A0+ 2 A
w0 =) S =2

14



Next we just observe that w’.(j) = w’._;(j)(j% — r?) and

r—1 3 2 r—1 or—3 )
o5 S =2y o (1- 51)
j:1 w’l‘ 1 j j:l wr—l(]) .7 -r
r—1 .op_1 2r—1
= (1 - J Nz ) - T, 5
= wr9) wr.(4)

where at the last two steps we have used (4.12). Therefore
— 27"71 2r—1

T s2r—1
ATt 2l __art=2Y" L __ 4t
' Z amt 2 wi(7)

Assertion (c) follows immediately from (b) , Proposition 4.1 and (4.12). The proof is
complete. O

Similarly to Proposition 4.3 one can show

Proposition 4.7. The kernel L,.(t), defined in (4.11), satisfies the recursion relation

Lt)=Lr1(t)— 7 /t sinr(t — $)Lr—1(t) ds + rsinrt
L1(t) =sint. i
Next we introduce the differential operator
(4.13) Dyg=D,_1---Dig, geX*
where Dj, j=1,...,r — 1, are defined in (2.2). The following fact is known.
Proposition 4.8. We have Erg =0, g€ X¥ ! ifand only if g € T,_1.
Proposition 4.9. For F,, defined in (4.5), and D,, defined in (4.13), we have
(a) (Frg)®+V) = Dyprg, g€ X2+,
(b) For € Uy, 7 € T);
(¢) F,PP e Ty, Pelly,.
Proof. To show (a) we only have to observe that
(4.14) (4;9)" = Djg, geX®
and (D;g)’ = D;g’. Using that we have
(Frg) @+ = (A, Fo_1g) 2+ = (D, Fr_1g) @D
= D, (Fr_19)* Y

=D, Dlg/ = 5r+lg~
Assertions (b) and (c) follow immediately from (a) and Proposition 4.8. O
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The next observation is due to K. G. Ivanov.

Proposition 4.10. For F,, defined in (4.5), and its inverse F1, we have:
N
(a) If T € TN, N >r, then F.(1,2) = P(z) + Z (ay cos kx + by sin kx), where P €
k=r+1
II5, and ai, b € R depend on T and r.
(b) If P € lly, N > 2r, then F, 1 (P,z) = P(x) + 7(x), where P € Uy_o, and T € T,
depend on P and n.

Proof. The validity of (a) follows from Proposition 4.9, (a) and (b) and
(4.15) D, coskx = (r* — k?*) coskx and D, sinkx = (r* — k?)sin k.

Assertion (b) follows from Proposition 4.9, (a) and (¢) and the observation that for any
P, € Il there exists Qs+1 € 541 such that D,1Qs11 = Ps. To prove the latter it is
enough to show that there exists g5 € II; such that D;¢s(x) = 2°, s =0,1,... We can
put go(z) = 572 for s = 0 and

[s/2]

gs(@) = > (=152 V(s — 1) (s — 20 + 1)z~

1=0

for s > 0. O

After these preliminaries we can formulate and prove the main result of the section.
First we introduce the bounded linear operator F,._1 : B — B, r > 2, by

(416) ﬁr—l(f;x) = Frfl(fvx)+P27‘72(f7x)v

where F,_; is defined in (4.5) and Pa,_o(f,z) = — Zir 2 ag(z + )% /k! is the unique
algebraic polynomial of degree 2r — 2 whose coeflicients ay = ay(f) depend on f and
are the solution of the linear system

2r—2

(271_)]6 T
> k= Kea(®)f(n—tydt
2kri12 (27T)k_1 T ,
(4.17) (i — 1)!ak = Ki_1@)f(r—t)dt
k=2 -
o= [ K& @) f(r — ) dt.

The algebraic polynomial Ps,._of is constructed so that we may have (.iz}_lf)(s)(—ﬂ) =
(Froaf)® (), s = 0,1,...,2r — 3, for any f € B*> 3. Indeed, one easily shows by
induction that

d 2j ,
) Fralfix) = f*(a +§ j/c<2l D(0)£#772 ()
(4.18) (dsc)

* / K () f(x —t)dt, fe BY,
0
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2j+1 .
() Fea(fin) = s +§jic<” Y(0)f#) (a)
(4.19) .

+/ K&V (@) fw —t)dt, fe BYH,
0

where we have used (4.7) and the fact that the kernel K,_;1(¢) is an odd algebraic
polynomial and therefore IC?_]{(O) = 0. Consequently, if f € B?'=3, then (4.17) is
equivalent to (.%T_lf)(s)(—w) = (.%T_lf)(s)(ﬂ), s = 0,1,...,2r — 3. Let us observe
that for s > 2r — 3 the last integral summand in (4.18) and (4.19), which is the only
generally non-periodic term, vanishes. Then, if f € B*, (4.17) implies (F,_1 f)®) (=) =
(Fr_1f)®(x) for any s € N. What we actually do here can be expressed in another
way. According to (4.6) we have

r—1
fr—l =1+ Z aéT‘_l)IQj, ay_l) = Z (ll o lj)2,
j=1 1Sl1<"'<lj§’r‘71

where Zy; f is defined in (4.3). But Zy; f is not periodic for every f € B. It is necessary
to use an integral operator that preserves the periodicity. We put

(4.20) / £ dtf— f()

Thus defined S is a bounded linear operator S : B — B, moreover, if f € B® then
Sf e BTl We put S; = :5’17 J = 1,2,... for the iterations of the linear operator
S. We have S; f = Z;f + P;f, where P;f € II; and P;(f,0) = 0. Now, if we put

Qar—af = Y11 al" "V Py;f € Tyys (then Qar—2(f,0) = 0), we shall have
B r—1 r—1 B
Foorf+Quraf =+ a" VT + 3 al By f
j=1 j=1

r—1
=+ a " (Toif + Py f)

j=1
r—1

= f —+ Zag-r_l)Sij.
j=1

Hence, if f € B* then F,_1f + Qa._of € B*. Thus, observing that P, o(f,7) =
Qar—o(f, ) *Zi:f ar(f)mk k!, we get the following important property of the operator
fr_li

(4.21) Fr_1g € B® for any g € B®, s € N.

Another substantial property of F,_1 follows immediately from Proposition 4.9, (a). We
have

(4.22) (Forg)®D = Dog, g€ B2,

17



For consistency, we put Fo = I (Ko = 0) and Py = 0 and then _7?0 = I. We shall also
need the following properties of the operator F,._1:

Proposition 4.11. For .7?T_1 we have
(CL) ﬁr—l(Tr—l) = HO = To.
(b) ker Fr_y is (2r — 2)-dimensional subspace of Ty_.

Proof. First, we show that fr,lf = const for any f € T,_1. Indeed, let f € T,_;.
Then, as we have proved in Proposition 4.9 (b), F._1f € Is,_5. Hence this holds for
.7-"T,1f as well. On the other hand, .7-'T,1f is 2m-periodic. Therefore fr,lf = const
for any f € T,_1. Also one can easily see that F,_;(eg, —m) > 0. Thus (a) is verified.
Next fr,lf = 0 implies F,_1f € Ila._o (see the definition of ]?r,l in (4.16)), hence
Proposition 4.9 (c) yields f € T,._;. Thus ker]t},l C T,_1. Part (a) of the proposition
under consideration implies that for any f € T;._1 there exists a constant ¢ = ¢(f) such
that }trfl(f + ¢) = 0. Hence dim ker Fp_q = 21 — 2. O

We introduce the following modulus of smoothness for a function f € B and ¢ > 0:
(423) wz—‘(fvt)B :w2r—1(ﬁ"r—1f;t)37 T:172a"'7

where wo,_1(F;t)p is the classical periodic modulus of smoothness of order 2r — 1,
namely,

wor—1(Fit)p = sup |AF 7 F| g,
0<h<t

8r = 0 (V) s @2,

k=0
Let us note that Airflfr,lf € B for any f € B and

(424) w?(f7t)B = Ssup ||A}21T_1~7-—T—1f||37 r= 1727 e
0<h<t

In the definition of w! (f;t)p the quantity Airflfr_lf(x) depends only on the values
of f in a neighbourhood of x whose diameter diminishes with h. The point 0 in the
integration limits of the integral operator used in the definition of F,_; has been chosen
only for convenience — any other value can be fixed and the definition of w! (f;t)p is
invariant of this choice.

If f € T, then F,._1 f is an algebraic polynomial of degree 2r — 2 (Proposition 4.9,
(b)) and then AF" "' F,_; f() = 0, hence w! (f;t)p = 0. And vice versa, if w! (f;t)p = 0
then A} "' F,_; f(x) = 0 for x € [-7,7]. Consequently, F,_1f is an algebraic polyno-
mial of degree 2r — 2 and then f € T}._; (Proposition 4.9, (c)). So wl(f;t)p = 0 if and
only if f € T}._1.

Next we define the K-functional

(4.25) K (fi)p = inf {7 ~glls +1"*|Drgll s}
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for f € B, t >0 and D, defined in (4.13). We shall use the notation K¢(F;t)p for the
classical K-functional

(4.26) KS(F;t)g = Giggs{up —G|lp +t°|GY| 5.}

The following equivalence result holds.

Theorem 4.12. For f € B, where B = Ly[-m,7], 1 <p < oo, or B = C*[~7, 7], we
have B

K;“T(fat)B ~ Kgrfl(frflf;t)Bﬁ
where K (f;t)p and KS,_(F;t)p are defined in (4.25) and (4.26), respectively.

Proof. To show that there exists a positive constant C,., independent of f and ¢, such
that KS,_1(Fr—1f;t)p < C.KX(f;t)p, we just write for G = F,._1g € B>~ provided
that g € B2~ 1,

Kgrfl(ﬁ'rflf§t)3 = Geiéli—l{||ﬁr71f — GHB + t27'—1||G(27'—1)||B}

< inf {IF-1f = Fooaglls + [ Drglln}

geB2r—1

: T 2r—11 71
< nt {IFallIf = glls + £ Drglla}

S CrKg(fvt)B

The verifying of the converse inequality takes more effort. We assume that r > 2,
since for r = 1 the assertion is trivial. Let hy,..., hop_o, h; € Tp_1,i=1,...,2r — 2, be
linearly independent elements of ker F,._;. The matrix

T 2r—3,2r—2
M= ( K& () hy(m — t) dt)

s=0,k=1

—T

is of maximal rank (namely, 2r — 2). Indeed, assuming the contrary, we get that there
exists b € ker F,_y, h # 0, such that I ngi)l(t)h(ﬂ —t)dt=0for s=0,1,...,2r — 3.
Consequently, Ps,._oh = 0, hence F,._1h = 0, and then h = 0. So the assumption is
wrong and M is of maximal rank. Then the linear system

2r—2

(4.27) Z/ /cfjl(t)hk(w—t)dt.ck:—/ K& (6 f(r—t)dt, s=0,1,...,2r 3
k=1"Y"T

—T
has a (unique) solution for any f € B. Thus, for any f € B, there exists a trigonometric
polynomial h = h(f) = c1hy + -+ + cap—2ho,—_o € ker F,._1 of degree at most r — 1 such

that Pa,—o(f + h) = 0. Then we have F,_1f = F._1(f + h) = Fr_1(f + h). So we
can consider without loss of generality only functions f such that Ps,._of = 0 and then

‘%T—l(fa JT) = ]:T—l(fa JT)
We define the linear operator £._1 : B — B by

(4.28) E1(Fx) = F 1 (F x) + Qon(F2), x € [—m, 7,

r—
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where Q- (F, ) is an algebraic polynomial of the form Qs (F,z) = Zill Br(z+m)F /!,
depending on F', such that £._1F € B?® for any F' € B® for s =0,1,...,2r — 1. The
coefficients {0y} are the solution of a linear system similar to (4.17). More precisely, the
system is

2r .
(2;)k Bo= [ Lr1(t)F(r —t)dt
k=1 ’ -7
2r or)k—1 T
(4.29) ((l:) 1),ﬁk = L. (t)F(r—t)dt
k=2 ’ -
27 By = /” EiQJll_l)(t)F(ﬂ —t)dt.

As in the case of the definition of Ps._of, this is equivalent to (€r,1F)(S)(—7r) =
(&1 F)®)(7), s = 0,1,...,2r — 1, for any F € B> ! (L,_1(t) is an odd function
alike K1, (4.11)) and &,_1G € B® for any G € B®, s =0,1,...,2r — 1. Next we write

Er—l(fr—lf) = f;jl(fr—lf) + QQT(fr—lf)
= f + QQT']:r—lf'

Let us consider the operator Qg F,_1 : By — Ila,., where By = {f € B : Py,_of =0}
and Iy, is normed by the uniform norm over the interval [—m, w]. Obviously the operator
Q2r : B — Iy, is bounded, hence Q2,F,_1 is bounded too. Let Bj = By N B®. The set
B§ is dense in By. Indeed, By = {f + h(f) : f € B} and B§ = {g + h(g) : g € B*},
where h : B — T,_1, is defined by (4.27). Let T,._; be normed with the same norm as
B. Then Crammer’s formulae yield

(4.30)

lek| < Cp max
s=0,2r—3

/ K& (O f(r—t)dt|, k=1,...,2r—2,

where C,. is a positive constant independent of f. Consequently,
lex| < Crllflle, < CollfllB, k=1,...,2r =2

Hence

Al < Cr max |eg| < Crl fll5,
k=1,2k—2

where C,. is a positive constant independent of f. So h: B — T,_1 is a bounded linear
operator and for f € B and g € B®, we have

I +0(f) = (g + Rl < If = glls + [1h(f = 9)llz <A +[RDIf = 9l 5

As B? is dense in B, then the above implies that so is B in By. Having verified that,
let g € Bgrfl. Then F,_1g € B> ~! and then &,_1(F,_19) € B> ~!. Therefore, bearing
in mind the definition of Q2. and (4.30), we conclude that Q2,F,_19 = 0 for every
g e Bg’“_l. But as BS"_l is dense in By and the operator Qo F,_1 is bounded, we get

20



QorFr—1 = 0 in Byg. Thus we have shown that &._1F,._1f = f for f € By. Now let
G € B>~!. Then g = &._1G € B?>"~'. We have
If—9glls =E1Fr-1f —E-1GlB

(4.31)
< &-alllFr-1f = GllB.

Further we need to estimate ||D,.g| 5. We have

D,g= (%)2“155719 = (%)27,_1-7:7"7151"7167'

d\2r—1 -1 g o
- (%) -7:1"71(‘7:7‘_1 + Q2r )
d \2r—1
_ (2r—1) Bl
G + (dl‘> fr71Q2rG~
We observe that F,._1 Q-G is an algebraic polynomial of degree at most (2r—3)42r+1 =

4r — 2 and then, obviously, there exists a constant C,. which depends on r but not on G
such that

(1.32) ()" A

< O max [By].
B k=1,2r
Next, since {0} is the solution of the linear system (4.29), then there exists a constant
C which depends on r but not on G such that
s

£9) ()G (r —t)dt

—T

(4.33) |Bk] < C, max
s=0,2r—1

, k=1,...,2r

Relation (4.11) shows the kernel £,_1(¢) is a trigonometric polynomial such that
ao(L,—1) = 0. For every trigonometric polynomial 7' with ag(7) = 0 and any G € B?"~!
an integration by parts yields the relation

/ Tt)G(t)dt = — / SHGE =V (t) dt,
where S is a trigonometric polynomial such that S?*—1) = T'. Consequently,

(4.34) 1Bk < CH|GP V|, <CIGP Vg, k=1,...,2r

Inequalities (4.32) and (4.34) imply

< GG g

H (%)2%1};71@27«6' .

and then
(4.35) IDrglls < Co|GP V15

To finish the proof we only have to observe that (4.31) and (4.35) imply that for any
G € B? ! there exists g € B?>"~! such that

If = glls + M Drglls < Cr(1F—1f = Gllp + 2 HGE V]| ).
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Now taking infimum first over ¢ € B?>"~! and then over G € B?"~!, we get
K[ (fit)p < CvK5,_y(Fro1 fit),
where C,. depends on r but not on f and ¢. This completes the proof of the theorem. [J

Now Theorem 1.2 follows from Theorem 4.12, the definition of w! (f;t)p and the
well-known characterization

K{(Fit)p ~ws(F;t)p, I € B.
Remark 4.13. In a similar way it is shown that for any [ € N we have

inf {Hf - g”B + t2r+l_1‘|(d/dx)lﬁrg||3} ~ W2r+l71(j}r’71f§t)B

geB2r+i-1

Actually the proof is shorter as we do not need ag(L,—1) =0 for [ > 0.

Moduli which contain integrals of f have been defined before. In Section 1 we de-
scribed briefly the modulus of Ivanov. The modulus wj"(f;t), of Ditzian and Totik (see
[7, Ch.2, Sec.2.2]) also is an integral modulus of smoothness. Potapov (see [14] and
[15]) and Butzer, Stens and Wehrens (see [2], [3] and also [1] and the references cited in
those papers) introduce moduli based on generalized translation and integral transforms.
However, the modulus w! (f;t)p is different in construction and is based on a different
idea. It is actually the classmal periodic modulus of smoothness taken not on f but on
its image under a certain linear mapping. This linear mapping is closely connected with
the differential operator which characterizes the approximating space T_1.

It is easy to verify, using the definition of w;, T(f;t)p and some properties of the

operator .7-"7 1, that wI'(f;t)p possesses the properties:

wl'(f+g:t)s <wl(fit)g +wl(g;t)p for f,g € B;

—_

wl(cfit)s = |c|wl(fit)p, cis a constant;
(fit)p <wi (fit)p, t <t

(f;t)p — 0 as t — 0;

wi(fit)p <A+ (r= 1)) w4 (fit)s, 722

wi(f;t)p <2||fllz and wi'(f;t) < tl|f'|lB, f € B! (W (f;t)p coincides with the
ordinary modulus of continuity);

7. Wl (M) < A+ 1)l (f51) B
8. wl'(fit)p <t?wl |(Dy_1f;t), f€ B r>2

9. Marchaud inequality

Wy
T
Wy
T
Wr

.C”.U‘t“.w!\”

c wT e
S (fit)p < Gy (/ ralfinls g, ||f||B>, O<t<e
t
where c is any fixed positive constant.
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Only the proof of relations 5, 8 and 9 need somewhat more considerations. We shall
derive 9 later as a corollary from the relation between EI (f)p and w! (f;t)p.

Proof of Property 5. We have for f € B

ﬁr—l(fax) = fr—l(fax) + P2r—2(f7x)
= Ar—l(fT‘—va .13) + P27'—2(f7 Jf)

= ,,Q(f,x)+(r—1)2/_x (x —t)Fp_o(f,t)dt + Por_o(f, )

= T—Q(f7x) +P2T—4(f7$)
r 1

+ (7" - 1)2 (/ (aj - t)]:T72<f7 t) dt + W(P2r72(fa$) - P2'r74(fa 37)))

= ~r72(fa $) + (7" - 1)2E(fa $),
where we have denoted by FE ~( f, z) the term in the parentheses above. For any f €
B?®, s € N, we have Fr_ of, F r— 1f € B*. Tlierefora for any f € B®, s € N, we
have Ef € B% and then (d/dl‘) Ef = fr_gf + PQT_4f S BSﬁQ, where PQT_4f e lly_y
depends on f. Let r > 3. By definition P,,_4f is the unique algebraic polynomial of
degree at most 2r — 4 up to an additive constant such that F,._of + Py, 4f € B?"5 for
any f € B?~5. This and the above for s > 2r — 3 imply (d/dz)? Ef Fr_of 4 const,

r > 3. For r = 2 we have (d/dx)? Ef = f + const = Fof + const. Now, using some
well-known properties of the classical modulus of smoothness, we get

wl (f,t)p = war—1(Fro1 fit)p < wore1(Freafit)p + (r — 1)2wa,1(Ef; )5
< dwor—3(Freafit)p + (r — 1)2Pwo,_3(Froafit) s
= (44 (r = 1D)*)w_(f; )5
O]

Proof of Property 8. Similar considerations make up the proof of this property. Straight-
forward calculations and the fact that K/ ; = D,_1K,_5 (see Proposition 4.3) yield for
fe€B?andr >3

d N2~
(4) Frlhi0) = Deafl@) + [ Komalie = 0D (00t + Para( )
- 7‘72( rflfax)+P27‘74(f7$)a
where 132T74f € Ilp,_4 depends on f. Now, as in the proof of Property 5, we get that

2 _
(%) Froaf = F _oD,_1f +const, feB?* r>3.

If r = 2 we just get (d/dz)?Fy(f,z) = (d/dz)?A,(f,z) + const = D1 f(x) + const =
Fy(D1f,x) + const. Hence, in both cases we have
Wl (f.t)B = war 1 (Fro1 f30)p < tPwar—s(Fr—2Dr fit)p
= t2er—1(DT'—1f§ t)B-
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We also get the following theorem as a direct corollary from the properties of the
classical modulus of smoothness and the operators F,_; and D,..

Theorem 4.14. For w!'(f;t)p, where B = Ly[-m, 7], 1 <p < oo, or B=C*[-7, 7],
we have:

(i) If B = Li[-m,7], 1 < p < oo, then w! (fit)p = o(t* ') implies that f is
equivalent to a trigonometric polynomial of degree at most r —1 and f is equivalent
to a trigonometric polynomial of degree at most r — 1 implies wX (f;t)p = 0. If
B = C*[—m, 7], then wl(f;t)p = o(t*~1) implies f € Tr_1 and f € T,_1 implies
wi (fit)p =

(i) For B = Li[-m, @], 1 < p < oo, and B = C*[—m, 7], we have w](f;t)p =
Ot* 1) if and only if f € Wy* ~![—m, 7], 1 <p < o0.

(iii) For B = Li[—m, 7|, we have wl(f;t)p = Ot =) if and only if f*=3) ¢
AC*[—m, 7] and f@r=2) 45 equivalent to a function of bounded variation.
5 Best trigonometric approximation

Now we can prove our main result concerning the rate of best trigonometric approxima-
tion in Ly[-m, 7], 1 <p < oo, and C*[~m,7].

Proof of Theorem 1.1. First we deal with (1.5). Clearly, for n > r — 1,

EX(f)p <|If = Licin flB
<G K (f;(n+1)"")p <C.K(f;in B
< Crwor(Froafin g < Crwor 1 (Froaf;n Y5

= TWZ(f;n_l)Bv

where we have used Theorem 3.1 and Remark 4.13 for [ = 1.
We prove (1.6) using some classical methods (see for example [10, Ch. 4, Sec. 4] and
[7, Ch.7]). First we observe that the following Bernstein-type inequality holds:

(5.1) IDrglle <27~ 'n* Higlis, g € Ta.

Indeed, using the classical Bernstein inequality

lg'lls < nllglls, g € Tn
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and the definition of D; (see (2.2)), we get for g € T),

I1Drgllz < 1(Dr—19)"ll + (r = 1)1 Drrgll
< (n*+ (r = 1)*) [ Droagls

r—1
< 1@ +2)g'lls
1
r—1

<

[\]

n* " Hlgll5.

Let Q; € T, j = 0,1,2,..., is such that EJT(f)B = ||f — Q,l|B; let also | = max{k :
28 < 1/t} and s = min{k : 28 > r — 1} (we suppose that 0 < ¢ < 1/r). We have, for
t>0,

(52 WI(fiD)p < CKI(fi)p < Co(llf — Qulls + 21| D Qu5)-
Using the representation 57,@21 = 2;18 ET(QQ;CH — Qo) + ET(QQS —Q,—1) and (5.1),
we get the estimate
1DrQat |5 < Y IIDr(Qaxr — Qo) + 1 Dr(Q2s — Q1) 5
k=s
-1
<2ty 2GR Qys — Quell g + 27127 |Qas — Q|
k=s
-1
S 2’)"71 Z2(2T71)(}€+1) (Eg;e (f)B + E;+l (f)B)
k=s

+27 12D (EL(f)p + B (f)B)
!
<27y 2@ VDEL (£)p + 2B (f) .
k=s
Next, as EL (f)p < 27F+1 Z§i2k—1+1 El(f)B, k=s+1,...,1, we have

2k

l l
Z 2(27“—1)(k+1)£;g;c (f)B < 22(27"—1)(16+1)2—k+1 Z E]T(f)B
k=s j
ok

k=s+1
l
Sob2 3 DA Y ET()y <00t S (4 )BT
k=s+1 j=2k-141 J=2041

This estimate and the trivial ones 27 HZr=D(s+1) < 94r=1(95 4 1)2r=2 apd 2r+r=—1s <

247“71,,427”72 1mply
l 9l
2TZ2(27’71)(]€+1)E27;(']0)B + 2T+(2T71)SE31_1(JL‘)B S 257‘72 Z (] + 1)2T72EJT(f)B
k=s j=r—1
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Thus, for 0 <t < 1/r, we have

(5.3) IDr1Qulls <Cr Y. (k+ 1) 2Bl (f)s.
r—1<k<1/t

Now (5.2) and (5.3) yield (1.6). O

Theorem 1.2 and Theorem 1.1 immediately yield Theorem 1.3. From Theorem 1.1,
using again some classical methods, we get the following.

Corollary 5.1 (Marchaud inequality). For f € B, where B = Ly[-m,7], 1 <p <
00, or B =C*[-m,7|, and wl (f;t)p defined in (4.23), we have

c , T .
(it < Cutr ( A ||f|B>, 0<t<e
t

where ¢ is any fixed positive constant.

Proof. Using (1.5) and (1.6) we have for 0 <t < 1/r

wr (i) s SO0 Y (k+ 1) 2EL(f)5

r—1<k<1/t
<O (N e+ (ke + EL(s)
r<k<l/t
c, T .
< 021 (/ Mdﬁ ||fB>_
t usr

O

Remark 5.2. By means of considerations similar to those used in the proof of the
results stated in Theorem 1.1 we can easily get the following generalization of (1.5) and
(1.6):

EX(f)p < Criw(Froaf;n Vg, n>r—1,

and

~ 1
w(Fafit)p < Cuat Y (k+D)TEL(f)p, 0<t< -, 1>2r -1,
r—1<k<1/t "
where F,_1f is defined in (4.16) and B = Ly[-m 7], 1 <p<ooor B=C-m,mn]

Remark 5.3. Let L, : B — B, where B = Ly[-7, 7], 1 <p < oo, or B = C*[~,7],
be a bounded linear operator that preserves the trigonometric polynomials of degree n.
Then the well-known Lebesgue inequality

If = Lnflls < (L+ | Lalls)Ex (F) 5

26



and (1.5) imply
(5.4) If = Lafllz < Co(1+ | LullB)wy (fin B, n>r—1.

In particular, for the partial sums of Fourier expansion S, (f,z) = Y ;_, Ax(f,z) we
have

(5-5) If = Sufllp < Co(L+ 18ullB) wy (fin™ g, n=r—1.

For B = Lj[—m, 7], 1 < p < 00, as it is known .S, [|, < constp?/(p — 1), and then (5.5)
reads
1f = Sufllp < Crpwy (fin™)p, n =7 = 1.

For B = Li[—m,n] and B = C*[—m, 1] Fejer’s inequality
4
[Dnllr < — Inn + const,
™
where D,, is Dirichlet’s kernel, yields for p =1 and p =
1f = Sufllp < Crnnwy (fin™ 1y, n=r—1.

For other estimates in uniform norm the interested reader can refer to [11] and [13].

At the end of this section we shall discuss briefly another K-functional, which de-
scribes the rate of best trigonometric approximation in any homogeneous Banach space
B. We define the K-functional

(5.6) K (fiyp=__imf {lIlf —glls + " Drgls},
geB2r—1

where g is the conjugate function of g (one can refer to [10, Ch.7, Sec.4] and [6] for

its definition). Next we define the trigonometric operator L;_; , : B — T,,_1, 7,n €
N, 1 <r <n,
r—1
(5.7) Ly =1~ =0u) [TU =R,
j=1
where o, (f,z) = Y324 (1 — £) Ax(z) is the Fejer operator. Ditzian and Ivanov general-

ized the Alexits-Zamanski saturation theorem in [6]. They proved

If —onfllz ~ KL (f;n )5,

where KT (f;t)p is defined in (5.6). Using this result, Theorem 2.1 and the method,
demonstrated in Section 3, we prove

Theorem 5.4. For a Banach space B satisfying (2.1) we have
If = Lyy s ~ K (fin™Y)s,

where KX (f:t)p and L,._, ,, are given in (5.6) and (5.7), respectively.

N
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As an immediate corollary we get the following properties of IN(TT (f;t)B.

Corollary 5.5. There exists a constant C, which depends on r > 2 but not on f € B
or 0 <t <1 such that

(a) KX (f;t)p < KX ((f;t)B;
_ 1T it
(b) K(fit)p < Ct (/ %du+ £l |;
t
(¢) Kf (f;0)p < O Ky (D1 fit)5, | € B,
Proof. The proof of (a) and (b) follows step by step the one given by Ditzian in [4] of
a similar statement. An analogous argument implies (c) as well. Using Theorem 5.4,
the commutativity of the operators R;, for different j and R;, and o, and also (3.4),
which holds for o, too, we get for f € B% and r > 2
Kl (fin e < Coll(T = Li_y ) flls = |(T = Ree1,0)(I = Ly_p0) f 18
< Crn72HDr71(I - L/r—2,n)f||B
=Con™?||(I = Ly _5,)Dr—1 fl| B
< C,.n_QI?TT_l(DT._lf;n_l)B.

To get the assertion for any 0 < ¢t < 1 we just have to put n = [1/t] and use that then
1/(n+1)<t<1/n. O

As at the beginning of this section, making use at a certain step of the Bernstein
inequality, extended to any homogeneous Banach space by Ditzian in [5], we get the
following characterization of the rate of best trigonometric approximation in any homo-
geneous Banach space B.

Theorem 5.6. Let f € B. Then

Elf)s < C.EKX(fit)p, n>r— 1,

and

1

, .

K (fip <Gt > (k+ D) 2Bl (f)p. 0<t <
r—1<k<1/t
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