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On estimating the rate of best trigonometric
approximation by a modulus of smoothness
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Abstract
Best trigonometric approximation in L,, 1 < p < oo, is characterized
by a modulus of smoothness, which is equivalent to zero if the function
is a trigonometric polynomial of a given degree. The characterization is
just similar to the one given by the classical modulus of smoothness. The
modulus possesses properties similar to those of the classical one.
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1 Introduction

Let L,(T), 1 < p < o0, be the space of the 27-periodic functions with finite L,-
norm on the circle T and T,, denote the set of the trigonometric polynomials of
degree at most n. The best trigonometric approximation of a function f € L,(T)
is given by
T .
EL(f)y = it S =7l

where we have denoted by || - ||, the L,-norm on T.
The rate of best trigonometric approximation of f € L,(T) can be nicely
estimated by the classical moduli of smoothness of order r € N, defined by

(1.1) wr(fit)p = sup [|ALfllps
0<h<t

where the centred finite difference of order » € N of f is given by

r

1) = Y () 1o+ /2= 1),

k=0
D. Jackson, S. N. Bernstein, A. Zygmund and S. B. Stechkin showed that (see
for example [5, Ch. 7])
Erj;(f)p < er(fanil)pa

(1.2) wrft)y <et N (k+ 1) EL(f), 0<t<to
0<k<1/t
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Above and in what follows we denote by ¢ positive constants, which do not
depend on the functions in the relations, nor on n € N or 0 < t < ty; they may
differ at each occurrence.

Thus the behaviour of the modulus of smoothness reveals to a great extent
how fast the sequence of the trigonometric polynomials of best L,-approximation
converges to the function. However, there is one discrepancy — EL(f), is zero
always when f is a trigonometric polynomial of degree n, whereas w,(f,t), is
zero only if f is a constant, or to put it otherwise, EL(f), does not change
its value when a trigonometric polynomial of degree n is added to the approxi-
mated function, whereas w,(f,t), does except when this polynomial is of degree
0. Naturally arises the problem of defining another modulus of smoothness,
which describes the rate of best approximation by trigonometric polynomials in
L, like the classical one in (1.2) but in addition is equivalent to zero when the
function is a trigonometric polynomial of a given degree. In [6] one solution to
this problem was given. In this paper we shall discuss another definition of such
a modulus.

Shevaldin defined in [13] (see also [12]) a finite difference operator whose ker-
nel coincides with that of a linear differential operator with constant coefficients.
In particular, the differential operator whose kernel is the set of trigonometric
polynomials of degree r — 1 is

2

Dr:Dr—l"’D1%7 Dj:%

where I is the identity. We can define a finite difference for f € L,(T) which is
identically zero only if f € T,._1 (see [13]) by

(1.3) Arnf@)=Ar_1g - AupQAo f(2),

+ 521,

where
A],hf(x) :f(l'ﬁ’h)*zCOS]hf(I’)‘Ff(I*h), ]:17277

and Ao pf(z) = Anf(z) = f(x+h/2) — f(x—h/2) is the classical centred finite
difference of first order. (Note that a more general finite difference operator is
defined in Shevaldin [14].) Now, let us set

oL (£, = sup |3l
<h<t

Note that &T (f,t), coincides with the classical modulus of continuity defined
in (1.1) with r = 1.

We have

w?(fat)pzo — feTr—l'

The latter follows from the equivalence in Theorem 4.2 below and the fact that
D, f=0if and only if f € T,._1.

We shall establish the following characterization of EI (f), by the trigono-
metric modulus of smoothness &I (f,),,.



Theorem 1.1. Let f € Lp(']I‘), 1<p< o andr eN. Then

Ez(f)pgca)zﬂ(fanil)pa nZT*L

and

1
o

f (ft)y <t N (k+ 1) 2E{(f)y, 0<t<
r—1<k<1/t

Relations (1.2) and Theorem 1.1 show that both wa,_1(f,t), and @I (f,t),
give the same big O rate for the best trigonometric approximation, but the
O-constant in the estimate with &X' (f,t), (or the modulus defined in [6]) can
be substantially smaller for a particular function (see Remark 4.5). However,
this is not true in general — the smallest constant ¢ in the first inequality of
Theorem 1.1 in Lo(T) is at least as large, roughly speaking, as the one in the
classical estimate with wo,_1(f,t), (see Remark 4.6).

Let us note that the Jackson-type estimate of Theorem 1.1 was estab-
lished for the Hilbert space La(T) by Babenko, Chernykh and Shevaldin [2]
as estimates for the best constant on the right side were also given, and for
p = 00, r = 2 by Shevaldin [15]. Our proof is based on a different approach and
treats the general case.

The contents of the paper are organized as follows. In Section 2 we discuss
properties of the finite differences A, ;. In Section 3 we establish that @ (f,t),
has very similar properties like the classical modulus of smoothness. Finally, in
Section 4 we give a proof of Theorem 1.1.

2 The explicit form of A, f(z)

The definition of the finite difference Er,h in (1.3) implies that there exist real
numbers ¢, ¢(h), £ =0,1,...,2r —1, which depend on the step h (continuously)
such that

. Sy ( 20r —0) —1 >
Arnf(z) ; (~Dfere(h) f (2 +=—5—h).
We set for technical convenience ¢, ¢(h) =0 for £ <0 or £ > 2r — 1.
Lemma 2.1. The coefficients ¢, ¢(h) satisfy the recursion relation:
(a) ¢rr10(h) =cre(h)+2cosrh-cro—1(h) + crpo—2(h), €=0,1,...,2r+1,
(b) €ro(h) = ermm () = 1.

Proof. The assertion follows by induction on r directly from

£r+1,hf(x) = Anh(ﬁhhf) (z)



Using the lemma above we prove by induction the following properties of
Cng(h).

Proposition 2.2. The coefficients ¢, ¢(h), £ =0,1,...,2r —1, r € N, h € R,
satisfy the assertions:

(i) As a function of h, cye(h) is an even trigonometric polynomial of exact
degree £(2r — 1 —£)/2;

(11) Cr,l(h) - Cr,2rflfl(h);

i) Jecatl < (777 1)

@) a0 = (1),

Proof. Assertion (i) is trivial for » = 1. Assume that it is true for some r € N.
Then Lemma 2.1 implies that ¢,41,¢(h) is an even trigonometric polynomial for
each ¢ = 0,1,...,2r + 1. Further, by (b) of Lemma 2.1 we have ¢,4+1,0(h) =
¢r+1,2r+1(h) = 1. Next, for £ = 1,...,2r the induction hypothesis gives that
the degrees of ¢, ¢_2(h) and ¢, ¢(h) are less than ¢(2r +1 — ¢)/2, whereas the
exact degree of ¢, o—1(h) is (¢ — 1)(2r — ¢)/2. Now, relation (a) of Lemma 2.1
implies that ¢,41¢(h) is of exact degree r+ (£ —1)(2r —£)/2 =£(2r+1—1¢)/2.
To establish (ii) we first observe that since A; _5 f(z) = Aj » f(x) for j € Ny,
then ET,_hf(x) = ﬁhhf(z). Also, as we have already noted, ¢, ¢(—h) = ¢, ¢(h).
Hence we infer that for any continuous function f and real h there holds

2r—1

g (=1)ere(h) f <2(7“2€)1 h)




S e f (==,

£=0

as at the last step we have substituted £ with 2r — 1 —£. Consequently, for every
continuous function f and real h we have

2r—1
S (=1 ene(h) — enae1e(B)] f (“‘j)‘l h) o,

£=0

Hence (ii) follows.
Assertions (iii) and (iv) follow by induction on r as we take into consideration
Lemma 2.1, relation (ii) and the trivial identities

() )

and
2r —1 I 2r —1 n 2r—1\  (2r+1
¢ (-1 (-2 ) l
ford =2,...,7. U
Let us set
k .
h
smj—7 keN,
Pu(h) =95 2
1 k=0.

The next assertion contains the explicit form of the coefficients ¢, ¢(h).

Proposition 2.3. For {=0,1,...,2r—1,r € N and h € R we have

_ Pya(h)
cre(h) = pe(h)2PQT1_1—£(h)

as for h = 0 the right side is defined by continuity.

Proof. We use induction on r. Obviously for every r € Nand { =0or ¢ =2r—1
we have CrJrLo(h) = Cryo(h) = CT+1’2T+1(h) = CT’Qrfl(h) = ].
For ¢ =1 we have by Lemma 2.1, (a)-(b),

sin(2r —1)2 sin(2r +1)2
¢ry11(h) = cra(h) +2cosrh = (7,1)2 +2cosrh = (7h)2
Sin 2 Sin b
Let now ¢ = 2,...,2r — 1. Then, using relation (a) of Lemma 2.1, we get

¢rt1,6(h) = ¢re(h) 4+ 2¢,0—1(h) cosrh + ¢, p—2(h)



2 4 2cosrh +

Pay_1(h) (sin(2r Y sin(£ — 1)% )

" P (h)Pe—o(h) sin ¢4 sin(2r +1—10)%
B Py, 1(h) sin(2r — €)% + sin €% cosrh
Py_1(h)Ps,_o(h) sin (%
Ps,_1(h) sin(¢ — 1)2 +sin(2r + 1 — )2 cosrh
Py1(h)Par—_¢(h) sin(2r +1— )%

B Py, (h) cosll cos(2r+1—10)%
~ Py_1(h)Par_g(h) sinf% sin(2r +1 — E)%

B Py, (h) sin(2r + 1)2
"~ Pry(h)Par—o(h) sinflsin(2r+1— €)%
Pyria(h)

~ Py(h)Pari1-e(h)’

The case £ = 2r is symmetric to £ = 1 and the statement follows from the
equality ¢,41,2-(h) = ¢r41,1(h) (see assertion (ii) of Proposition 2.2). O

Remark 2.4. Let us mention that the formula of Proposition 2.3 can also be
verified by means of the relations given in [11, Remark 10.2].

The properties above and especially the last one show that the coefficients
¢re(h) are very similar to the classical binomial coefficients but unlike them
depend on one more parameter — h. B

Now we turn to integral representations of A;;, and A, ;. Let f * g denote
the convolution of the functions f,g € Li(T), defined by

fro@ = [ fe—notdy e
and f(k), k € Z, denote the Fourier coefficients of f € Ly (T), defined by

f(k):/Tf(x) e~ dy, kel

We omit the constant multipliers that are usually included in the definitions
of the convolution and the Fourier transform for convenience in the subsequent
considerations.

For 0 < h < 27 we define the 2m-periodic function By by setting for
x € [—m, 7]

Boy(z) = % z € [=h/2,h/2),
0, =€ l—mu]\[~h/2,h/2;

and for 7 € N and 0 < h < 7 we define the 2m-periodic function B; j by setting

for z € [—m, 7]
r .
Bjn(x) = ih? sin[j(h — |z])+].



Next, for r € Nand 0 < h < 27/(2r — 1) we define the 27-periodic function
BjT’h by setting
BZ:h(IL') =By * Bip*---x Br_1p(2).

The functions Bzh are trigonometric B-splines of order 2r — 1 and nodes at
jh/2,j=1—2r ..., 2r — 1. The trigonometric B-splines have been introduced
by Schoenberg [10] (see also [11, § 10.8]).

Let W7 (T), s € N, denote the Sobolev spaces of 2r-periodic functions, that
is,

Wi(T) ={g € Ly(T) : g,9,...,9" " € AC(T), ¢'¥) € L,(T)},

where AC(T) is the set of the 2m-periodic absolutely continuous functions. The

following representations of Aj;; and ﬁnh hold true.

Proposition 2.5. Let f € L,(T), 1 <p < oo and j € N. Then we have
(2.1) Ajnf(@) = h*Dj(Bjn * f)(x)
and hence if f € W}(T), then

(22) Aj’hf(x) = h2Bj’h * Djf(l')
Proof. Tt is sufficient to verify (2.1). We just have

1 h
WB s @) = - / sin (= o) =) dy

0 h
=§ / sinj<h+y>f<x—y>dy+} /O sinj(h — y) f(z — ) dy

—h
1 z+h 1 x
:f_/ Sinj(x—i—h—u)f(u)du—i—f/ sinj(h — 2+ u) f (u) du.
J Jz J Ja—n
Next, we consecutively calculate

d
h? 7 Din * f(z)

x+h x
:/ cosj(:erhfu)f(u)duf/ cosj(h—z+u)f(u)du
T z—h

and
d\2
h? (dx) Bjn* f(x)
x+h
:f(x—i—h)—cosjh-f(x)—j/ sinj(z +h —u)f(u)du
—cosjh- f(x)+ f(x —h) fj/w sinj(h —x 4 u) f(u)du
z—h
= Ajnf(x) = 2h*Bjn * f(2).
Hence relation (2.1) follows. O



Iterating (2.1) and taking into account the trivial fact that

d
Af(w) = h - (Bos s ),
we get the following assertion.
Proposition 2.6. Let f € L,(T), 1 <p < oo and r € N. Then we have
Arnf(x) = h* 71D, (BY) + ) (@)

and hence if f € W2 Y(T), then

Arnf(x) = h* 1Bl Dy f ().
Finally, let us also point out the representation of Er,h by a multiple integral:
h r—1

- h/2
Sttt [ [ [ i
- 2 ) =1

X flx—(yo+- - +yr—1))dyodys ... dy,_1.

3 Properties of &I (f,t),

The modulus @} (f,t), retains the properties of the classical one. They are the
following:

L&l (f +g.8)p <@ (f,8)p + @ (g.1), for f,g € Ly(T);

2. &T(

3. &T(f, )y <@T(f,t)p, t <t

4. oI (f,t), = 0ast — 0;

5' @Z—‘(f7t p
~T

)
fvt)p < 2Hf||p7 € LP(T)7 and ‘Dif(fat)p < t”f/Hp? [ € W;}(T)
(f,t)p coincides with the ordinary modulus of continuity);

cf,t)p = le| X (f,t)p, ¢ is a constant;

<AQT (f t)p, 7> 2

7.0 (f ), S A+ )OI (f 1), A > 05
8. W (f,t)p <t2&F |(Dr_1f,t)p, f€WET), r>2

9. The Marchaud inequality

@f(f,t)péct2rl</to’"“(f’)pd +||f||p> 0<t<t.
t



Only the proof of relations 7, 8 and 9 needs somewhat more considerations.

Proof of Property 7. Set for j € Z and h € R

Banfe) =1 (o) ey (2= 3).

Let m € N, as m > 2. In order to get a simple representation of Aj 5 by Ajp,
we shall avail ourselves of the following expression of A; 5 in terms of the finite
differences of first order defined above (cf. [12, 13]):

(3.1) Ajnf(@) = DjnA_jnf(2).
Note also that
(3.2) Aonf(z) = Donf(a).

Direct calculations verify the relation

N ~ h e h
Ajnyna f(@) = Djns f <$ + 21) +e A f (»’ﬂ - ;)
Setting hy = h and hy = (m — 1)h, we get

—~ ~ h TN m—1)h
Ajﬂnhf(x) = Aj,(mfl)hf (Z‘ + 2) + ew(m DhAj,hf (l‘ _ H) .

2
Iterating the latter, we arrive at
m—1
~ —20—1
I e S G )
Now, by means of (1.3) and (3.1)-(3.3), we derive the representation

m—1m—1

rmh Z Z Z exp ZhZ] 62] 1 *623

£Lo=0¢1,=0 lor_2=0

2r—2

~ 1
xArpflao+h <r—2> (m—1)-— Zéj
7=0

Consequently,

m—1m—1

18 mnfllp < D2 D7 Z 1A 7 nf 1y

£=0£=0  f2,_2=0
hence
(3:4) @y (fymt)p < m* a7 (f, 1),

Finally, the property under consideration follows directly from Property 3 and
(3.4) with m = [A] + 1, where [A] denotes the largest integer not greater than
A O



Proof of Property 8. By (1.3) and (2.2) we have

ﬁr,hf(x) = Arth(&rfl,hf)(x) = hQBrth * Drfl(z'rfl,hfxx)

(3.5) 2 A
=h"B,_1h * Ap_1 (D1 f)(2).

Also, we have for j € N

Lo 2 (Mo
1Bialh = 55 [ Jsinith—le)ldo = 5 [ |sinjth o] da

(3.6) ) o
SW Oj(hfx)dzzl.
Now, (3.5), (3.6) and Young’s inequality imply the property. O

Property 9 follows from Theorem 1.1 by a standard argument (see e.g. [5,
p. 210]).

Let us also mention the following properties of the modulus @! (f,t),, which
can be verified by means of Theorem 4.2 below and [6, Theorems 1.2 and 4.14].

Theorem 3.1. Let f € L,(T), 1 <p < oo and r € N. We have
(i) @F (f,t)p = o(t* ") if and only if f € T,—1;
(ii) If 1 <p < oo, then X' (f,t), = Ot? 1) if and only if f € Wg’"il('ﬂ');

(iii) @F(f,t)1 = Ot* =1 if and only if f € W™ 3(T) and f?7=2) is equivalent
to a function of bounded variation.

4 Proof of the characterization of EI(f),
by @T(fu t)p
For f € L,(T) and ¢ > 0 we define the K-functional

(4.1) KT (f0), = inf {If = glly + 2" Drgl, )}
QGWP7 (T)

The following characterization of EI(f), in terms of K (f,t), was estab-
lished in [6].

Theorem 4.1. Let f € L,(T), 1 <p < oo andr € N. Then

EX(f)p <cKI(f,n™h),, n>r—1,

and

KN (ft)p <ct™ ™' Y (k+ 1) 2Bl (f)p, 0<t<

r—1<k<1/t

S|

10



Thus to verify Theorem 1.1, it is sufficient to prove that the K-functional
(4.1) and the modulus @ (f,t), are equivalent, that is, their ratio is bounded
between two positive constants, which are independent of f and ¢. We shall
denote that by KL (f,t), ~ @I (f,t)p.

Theorem 4.2. For f € L,(T), 1 <p<oo,r €N and 0 <t <ty we have
K?(f, t)p ~ QrT(f, t)p~
For the proof we need the following auxiliary result.

Lemma 4.3. Let r € N and q1,qa,...,q2r—1 be different prime numbers. Set
go=1. For 0 <t <7/(2r) and x > 2 we have

2r—1 r—1 .
_ 1 o0 V(@ + 1))
4r—2 2 m
x E — sin® Y——= > ¢ > 0.
m=0 qm —];[ 2
— j=1—r
Proof. Suppose that the assertion is not valid. Then, since the expression on
the left hand-side above is a positive continuous function of (x,t), there exist

sequences {x, }>° ; and {t,,}22; and integers j,, € [1—r,r—1], m =0,1,...,2r—
1, such that
(4.2) nhﬁn;o Ty = 00,
(4.3) 0<t,<mw/(4r), neN,
and
(4.4) lim z, sin\/Gm(Tn + Jmtn) =0, m=0,1,...,2r — 1.
n—oo

Since there are 2r — 1 integers in the interval [1 —r,r — 1] and the j,,’s are 2r in
number, then at least two of them are equal. Assume that j,,, = j,,» = j and
set Yn = \/Gm/(Tn + jtn) and ¢ = ¢ /¢y Then as we take into account (4.2),
(4.3) and (4.4) with m = m’ and m = m”, we deduce that

lim gy, = oo,
n—oo

lim y,siny, =0
n—oo

and
nl;rr;o Yn Sinyn+/q = 0.

These relations imply that there exist two sequences of positive integers {k, }22 ;
and {¢,}>2; and two sequences of real numbers {£,}5° ; and {7, }>2; such that

b,
4.5 yn:knﬂ+€n:7+nn7
(4.5) NG

11



n—oo n—so0
(4.7) nl;rréoi—n =4

and

(4.8) nhﬂn;o knen = nl;rréo knnn = 0.

Then, since /g is irrational, gk2 # ¢2 for all n € N and by (4.5)-(4.8) we arrive
at the contradiction:

< |qk% - €$z| = (knv/q + ln)kn/q — ln] = kn O(kgl) =o(1).
Thus the validity of the lemma is verified. O

Remark 4.4. For r = 1 it is sufficient to take only two summands in the
formulation of the lemma. However, this is not valid for » > 2. Indeed, let
\/q be an irrational. Then, as is known (see e.g. [8, Ch. 11]), there exist two
sequence of positive integers {k, }°2; and {£,,}°2 ;, tending to infinity, such that

Ly 1
0<\/§_k7<k727 n € N.

Set
zn:knﬁJrkaaoo as n — oo
and
7Tkn kn - En
tn:M%O as n — oo.
knr/q
Then
lim x, sin(x, + jt,) = j7,
n— o0
lim z,sin\/q(z, —t,) =0
n—oo
and

|y, sin\/q(zy, + jtn)] <c, meN.

However, it seems that we can do with three summands in the case » > 2, but in
our opinion this demands more complicated considerations, which is superfluous
in the context of this paper. A similar argument shows that the power of x in
the formulation of the lemma cannot be decreased. Also, it is clear that no one
of the irrational multipliers in the argument of the sines can be replaced with a
rational one.

12



We proceed to the proof of Theorem 4.2.
Proof of Theorem 4.2. Properties 1, 5, 6 and 8 imply for any g € Wg’"_l(ﬂ‘)
<27 (| = gllp + 1| Drglly)
Hence, taking the infimum on g € W2"~!(T) we get the inequality
(D?(fv t)P S 22T_1K7T(fa t)P’

To establish the converse estimate, we shall construct for f € L,(T) and 0 <
t < m/(2r) a function g, € W2"~!(T) such that

(4.9) I = gellp < @ (f, )
and
(4.10) 2 Dygellp < c@F (£,),,

where ¢ is a constant whose value does not depend on f or 0 < ¢ < 7w/(2r).
Inequalities (4.9)-(4.10) imply immediately

(4.11) KI(f,t), <cal(ft),, 0<t<m/(2r).

For to > m/(2r) this relation is extended to 0 < ¢t < ¢y by means of

2rt t t
KI(ft)y < —2 KT (f,—) <ecal (f —
s 27’t() p 27’to p

S err(fa t)pa

as at the second estimate we have applied (4.11) and at the last one Property 3
of the modulus.

So, let 0 < t < w/(2r). We define the kernel A, ; € L1(T) in such a way that
we have

2r—1 1
(412)  Apg s fx) =a, Y _ (-1 / (Iyl(X = Y1) erelty) f(z — Lty) dy
=1 -1
with a, = (2s, + 1)!/(2[s,!]?) and s, = 16r — 5. Note that 0 < t < 7/(2r)
implies (2r — 1)t < 7 and hence such a 2m-periodic kernel A, ; exists. We set
gt = Apyx f. Then

1

(@) — () = ay / (911 = 1) By f( — (2r — 1)y/2) dy,

-1

and hence, applying the generalized Minkowski inequality, we conclude that
(4.9) is satisfied with ¢ = 1.

13



Further, we shall show that there exist functions C,; € Li(T) for 0 < ¢t <
7/(2r), such that

2r—1
(4.13) Arg=Crax Y By s B
m=0
where g = 1 and ¢, m = 1,2,...,2r — 1, are different prime numbers, and
(4.14) ICrells <¢, 0<t<m/(2r).
Then Proposition 2.6 implies
N 2r—1 N
tQT_lDTgt(gc) =Cpy* Z q},{Q_TBz:t\/q—m * (tw/qm)QT_lDr(BZ:t\/q—m * f)(x)
m=0
2r—1

=Cpy % Z CI},L/Q_TBZ:t\/an * ﬁr,tmf(xﬁ
m=0

hence, in view of (3.6) and (4.14), we get (4.10) by means of Young’s inequality.

Thus, it remains to verify that there exist kernels C,.; € L1 (T) with (4.13)-
(4.14). To this end, we shall apply Fourier transform methods. The Fourier
coefficients of B;; are

_/B\O’t(k) _ Sini(ijk)7

o nlgk+ ) sinfy k — )
= _ sinf3 J)] sin[5(k —j )
Bl = =105 s0-p 0 770

They are calculated either directly, or, more easily, by taking the Fourier trans-
form of both sides of (2.1).
Relations (4.15) yield

r—1 — . ;
(4.16) Bft(k)=£[03mt(’f):‘ﬂ Tiktg)

j=1-r

On the other hand, by applying the Fourier transform on both sides of (4.12),
we get

N
3
~
)y
~
>

2r—1 1
1

() =ar 3° (-0 [ (Il 1) enaltwle ) dys

{=1

2r—1 1

A\r,t(k‘) = a, Z (_1)4—1/ (|y|(1 _ |y|))STcT,g(ty)€_ikety dy
—

(4.17) o 1
=2a, »_ (-1 / (y(1 =) cru(ty) cos(klty) dy.
(=1 0



Above we have also taken into consideration that ¢, ,(h) are even functions. We
set for 0 <t < m/(2r)

Ak
v(k) = 55 +(0) , kel

> (BL k)

m=0

Now, in view of (4.16)-(4.17), in order to show that there exist kernels C,, €
Li(T) with (4.13)-(4.14), it remains to establish that v.(k), k € Z, are the
Fourier coefficients of summable 27-periodic functions with norms, which are
uniformly bounded on 0 < t < 7/(2r). For this purpose, it is sufficient to show
that the functions v(k), 0 < t < 7w/(2r), satisfy the following conditions (see
e.g. [3, Corollary 6.3.9]):

(a) v are even functions on Z for each 0 < ¢ < 7/(2r),

(b) limg_ 00 ve(k) = 0 for each 0 < t < 7/(2r),

(c) The quantities
i Elv (k4 1) — 2v.(k) + v (k — 1)]
k=1

are uniformly bounded for 0 < ¢ < 7/(2r).
Property (a) is clearly fulfilled. To establish the other two, we observe that
vi(k) = w(tk), k>0

with
r—1
23_4Tar (.T—"t_])z
j=1-r
wy () = o o
221 1 1—[1 . 9 Qm(x+tj)
— sin” ~———
m=0 Im ;21"
2r—1 1
x Y (-t / (y(1 —y)) " cre(ty) cos(Lyz) dy.
=1 0

Integration by parts gives for x > 1, ¢=1,...,2r — 1 and 0 < ¢t < 7/(2r)

/0 (y(l — y))srcng(ty) cos(lyx) dy’

(4.18) 1

/0 1 ((y(l - y))s"cr,z(ty)) o sin(lyz) dy‘

15



Similarly, we have for x > 1, ¢=1,...,2r—1and 0 <t < 7/(2r)

! S
(4.19) [ 0= )" ety sintene g <
and
(4.20) /O > (y(l — y))sv'cr’g(ty) cos(lyx) dy’ < x: .

Now, (4.18) and Lemma 4.3 imply (b).
Finally, to verify (c), we observe that u; € W2 (Ry) as, moreover, by the
estimate

dl
@27«—1 )—’ =T =%

m= 0 =1—

for 0 <t < 7/(2r) and [ = 0,1,2 together with (4.18)-(4.20) and Lemma 4.3,
we get for all 0 < t < 7/(2r) that

”u:tlHoo[O,?)] <c
and
" C
”ut Hoo[t(k—l),t(k+1)] < W’ k> [1/t].

Consequently, for all 0 < ¢ < 7/(2r) we have

Z klvg(k + 1) — 2v(k) +v(k — 1) < Z k2 [|uf [l ot k=1, t(e41))

k=1 k=1
(1/1]
< |4 oofo,3) Zk+t2 )
k=[1/t]+1
(1/1]
<ct22k+ct ! Z k2 <e.
k=[1/t]+1
This completes the proof of the theorem. O

Remark 4.5. Relations (1.2) and Theorem 1.1 show that wo,_1(f,t), and
@F(f,t), describe the best trigonometric approximation in terms of big O rates
equally well. However, as we observed earlier, the constants in the two O-
estimates can differ considerably. Let us, for simplicity, consider only the case

16



r = 2. Below ¢y, ¢, ... denote positive absolute constants. A trivial example is
given by f(z) = sinz. Then

atd <ws(fit)y, <eotd, 0<t<I1,

whereas &7 (f,t), = 0.
As another example, let us consider the functions fs(z) = sin[(1 + 6)z] for
6 € (0,1]. Then for all 6 € (0,1] we have

e3t? <wy(fs,t)y <catd, 0<t <1,
whereas by properties 6 and 8 we get
oF (f5,t)p < 5 (148)> = 1) 13 < s 01,

Remark 4.6. As for the best constants in the Jackson estimates with the
moduli wa,—1(f,t), and &I (f,t),, respectively, the latter is not better than the
former. Chernykh [4] proved for p = 2 that

El_(f)2 1

sup - 7
FELa(TI\To Wi (f;27m/n)2 (2m)

m

where n > m. This result has quite recently been extended in a certain sense to
the other L,-spaces by Foucart, Kryakin and Shadrin [7]. On the other hand, a
result by Babenko [1] implies with m = 2r — 1

sup Er_(f)2 > 1 S 1
FEL2(T)\Tr—1 (;JZ(f, 27T/TL)2 - m - \/(Zm) '
w Sz VO

hel0,27/n] =0

The second inequality above is derived by Proposition 2.2(iii) and the known

identity
m 2
m 2m
> (7) - (o)
=0

which, for example, follows from the Vandermonde convolution formula (e. g.
[9, Ch. 1, (3)]). It is reasonable to expect that this relation remains true for
p # 2 as well.

Acknowledgment. It was Prof. Borislav Bojanov who brought the finite
differences (1.3) to the notice of the first author. We are very thankful to the
referee whose remarks and comments improved and enhanced the exposition.
Particularly, Remark 4.6 is almost entirely due to him/her.
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