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A Characterization of Weighted Lp

Approximations by the Gamma and the
Post-Widder Operators

Borislav R. Draganov and Kamen G. Ivanov

We present a characterization of the approximation errors of the Post-
Widder and the Gamma operators in Lp[0,∞), 1 ≤ p ≤ ∞, with a weight
xγ for any real γ. Two types of characteristics are used – weighted K-
functionals of the approximated function itself and the classical fixed step
moduli of smoothness taken on a simple modification of it.

1. Introduction

The Post-Widder operator is given by

Ps(f, x) =
1

Γ(s)

∫ ∞

0

f
(xv
s

)
e−vvs dv

v
,

where f is a measurable function defined on [0,∞), Γ denotes as usual the
Gamma function and s is a positive real parameter. This operator for integer
s is actually the Post-Widder real inversion formula for the Laplace transform.

The Gamma operator, introduced by A. Lupas and M. Müller [7], is given
by

Gs(f, x) =
1

Γ(s+ 1)

∫ ∞

0

f
(xs
v

)
e−vvs+1 dv

v
.

The two operators are closely related. If for real α we denote the power
function by χα(x) = xα for x > 0 and set τs(u) = s+1

s u then

Gs(f, x) = Ps+1(f ◦ χ−1 ◦ τs, χ−1(x)). (1)

Both operators have a simple action on the power functions. Direct application
of the definition of the Gamma function gives

Ps(χα) =
Γ(s+ α)
sαΓ(s)

χα, Gs(χα) =
sαΓ(s+ 1− α)

Γ(s+ 1)
χα.
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These formulae show that the two operators preserve the functions χ0(x) = 1
and χ1(x) = x.

Both operators were extensively studied. Here we only discuss results on
characterizing their rate of convergence in terms of proper K-functionals. In
view of (1) all results formulated below for one of the operators can easily be
proved for the other too.

For r ∈ N, 1 ≤ p ≤ ∞, γ ∈ R, D = d
dx and ϕ = χ we consider the weighted

K-functionals:

Kr
γ(f, tr)p = K(f, tr;Lp(χγ)[0,∞), ACr−1

loc , ϕrDr) =

inf
{
‖χγ(f − g)‖p + tr‖χγϕrDrg‖p : g ∈ ACr−1

loc

}
, (2)

defined for every f ∈ πr−1 + Lp(χγ)[0,∞) and t > 0, where πk denotes the
space of all algebraic polynomials of degree k. Note that the weight in the
second term in the right-hand side of (2) is χγ+r. We use two notations (ϕ and
χ) for one and the same function in order to underline the different role of the
two multipliers in the further discussion.

The direct theorem for the approximation error of the Gamma operator in
Lp, 1 ≤ p ≤ ∞, without weights is proved by Totik [10]:

‖f −Gs(f)‖p ≤ cK2
0 (f, s−1)p.

In the same article [10] a weak converse theorem of the form

K2
0 (f, s−1)p ≤ cs−1

(
s∑

k=2

‖f −Gk(f)‖p + ‖f‖p

)

is obtained. Here and in the sequel we denote by c positive numbers indepen-
dent of the functions f and the parameter s of the operators.

The book of Ditzian and Totik [2] extends the above direct result consid-
ering weights equivalent to w(x) = xγ0(1 + x)γ∞ with arbitrary real exponents
γ0, γ∞. The converse result for the same weights is given as a statement for
the equivalent rates of convergence in terms of weighted Ditzian-Totik moduli.

The question for the validity of strong converse theorems (in the terminology
of [1]) complementing the direct estimates remained open for a while. In 2002
Sangüesa [9] proved the strong converse theorem of type A for γ = 0, p = ∞,
namely

K2
0 (f, s−1)∞ ≤ c‖f − Ps(f)‖∞.

As far as we know this is the only strong converse theorem of type A for the
Post-Widder or the Gamma operators proved by now. As for strong converse
theorems of type B, two results were recently published. In [6] Guo, Liu, Qi
and Zhang proved that for γ = 0 and 1 ≤ p ≤ ∞ there is a constant m > 1
such that

K2
0 (f, n−1)p ≤ c ( ‖f −Gn(f)‖p + ‖f −Gmn(f)‖p) .
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The other result is a similar strong converse theorem of type B, proved by Qi
and Guo in [8] for −2 ≤ γ ≤ 0 and p = ∞.

In Section 2 we show that the approximation error of the Post-Widder and
the Gamma operators in Lp(χγ)[0,∞), γ ∈ R and 1 ≤ p ≤ ∞, is equivalent
to the K-functionals (2) with r = 2. In Section 3 we characterize the K-
functionals (2) in terms of the classical fixed-step moduli of smoothness acting
on a proper simple modification of the underlying function. In this way we
obtain a characterization of the approximation error of the Post-Widder and
the Gamma operators using the classical fixed-step moduli of smoothness.

2. Equivalence of approximation errors and weighted
K-functionals

In the following theorem we give a direct result complimented with a strong
converse statement of type A for the Post-Widder and the Gamma operator
for γ ∈ R and 1 ≤ p ≤ ∞.

Theorem 1. There are positive numbers N,M such that for every γ ∈ R,
s ≥ N(γ2 + 1), 1 ≤ p ≤ ∞ and f ∈ π1 + Lp(χγ)[0,∞) we have

‖χγ(f − Ps(f))‖p ≤
(

2 +M
γ2 + 1
s

)
K2

γ(f, (4s)−1)p (3)

and

K2
γ(f, (4s)−1)p ≤

(
κ+M

1√
s

+M
γ2 + 1
s

)
‖χγ(f − Ps(f))‖p (4)

with

κ =
21− 4

√
2

8− 2
√

2
= 2.966824...

The same inequalities are true if Ps is replaced by Gs.

Inequalities like (3) are well-known. For example, they are proved in [10]
and [2], but with bigger constants. The inverse inequality (4) seems to be new
(except γ = 0, p = ∞). It comes with a very small constant κ. Thus, the ratio
‖χγ(f −Ps(f))‖p /K

2
γ(f, (4s)−1)p is bounded between two numbers with ratio

less than 6 when s is big enough!
Theorem 1 remains true (up to the value of the constants) if the weight χγ

is replaced by any equivalent on [0,∞) weight.
The proof of Theorem 1 is based on the following inequalities.

Lemma 1. There are positive numbers N,M such that for every γ ∈ R,
s ≥ N(γ2 + 1) and 1 ≤ p ≤ ∞ we have

‖χγPs(f)‖p ≤
(

1 +M
1 + γ2

s

)
‖χγf‖p if f ∈ Lp(χγ);
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‖χγ (Ps(g)− g) ‖p ≤
1
s

(
1
2

+M
1 + γ2

s

)
‖χγϕ2D2g‖p if ϕ2D2g ∈ Lp(χγ);

∥∥∥∥χγ

(
Ps(g)− g − 1

2s
ϕ2D2g − 1

3s2
ϕ3D3g

)∥∥∥∥
p

≤ 1
s2

(
1
8

+M
1 + γ2

s

)∥∥χγϕ4D4g
∥∥

p
if ϕ4D4g ∈ Lp(χγ);

‖χγϕ2D2Ps(f)‖p ≤ s

(√
2 +M

1 + γ2

s

)
‖χγf‖p if f ∈ Lp(χγ);

‖χγϕ4D4Ps(g)‖p ≤ s

(√
2 +M

1 + γ2

s

)
‖χγϕ2D2g‖p if ϕ2D2g ∈ Lp(χγ);

‖χγϕ3D3Ps(g)‖p ≤
√
s

(
1 +M

1 + γ2

s

)
‖χγϕ2D2g‖p if ϕ2D2g ∈ Lp(χγ).

Following the main idea from [1] for establishing strong converse inequalities
of type A and using the above inequalities one gets

Lemma 2. There are positive numbers N,M such that for every γ ∈ R,
s ≥ N(γ2 + 1), 1 ≤ p ≤ ∞ and f ∈ π1 + Lp(χγ)[0,∞) we have

1
4s
‖χγϕ2D2P 2

s f‖p ≤
(

5
8− 2

√
2

+M
1√
s

+M
γ2 + 1
s

)
‖χγ(f − Psf)‖p.

This lemma is the main step in the proof of (4). The small constant (asymp-
totically less than 1) in the above lemma is obtained by virtue of the constant
1
8 in the third inequality of Lemma 1. This inequality represents a so-called
“generalized Voronovskaya” inequality in a more complicated form than usual.
The complication in the form leads us to the small constant in (4).

3. A characterization of the weighted K-functionals in
terms of the classical fixed-step moduli

We present two characterizations of the weighted K-functional Kr
γ(f, tr)p by

the classical fixed step moduli of smoothness. The proofs are based mainly
on several imbedding inequalities, among which those of Hardy, and some
combinatorial identities. We denote by exp the exponential function, i.e.
exp(x) = ex.

In this section we assume that f ∈ Lp(χγ)[0,∞). If f ∈ π1 + Lp(χγ)[0,∞)
as in Section 2 then in all theorems below f is to be replaced by f0 such that
f0 ∈ Lp(χγ) and f − f0 ∈ π1.
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Theorem 2. Let γ ∈ R, r ∈ N, 1 ≤ p ≤ ∞, 0 < t ≤ t0 and f ∈
Lp(χγ)[0,∞).

a) If γ 6= 1− r − 1/p, 2− r − 1/p, . . . ,−1− 1/p,−1/p, then

Kr
γ(f, tr)p ∼ ωr((χγ+1/pf) ◦ exp, t)p(R) + tr ‖(χγ+1/pf) ◦ exp ‖p(R).

b) If γ = 1− r − 1/p, 2− r − 1/p, . . . ,−1− 1/p,−1/p, then

Kr
γ(f, tr)p ∼ ωr((χγ+1/pf) ◦ exp, t)p(R) + tr−1ω1((χγ+1/pf) ◦ exp, t)p(R).

The first terms on the right-hand side of Theorem 2 are bigger than the
second ones for functions with small smoothness. With the following examples
we show that the second terms cannot be either dropped or replaced by higher
or lower order moduli. Let ψ ∈ Cr(R) be with a finite support. Set Fn(x) =
ψ(n−1x), n ∈ N. Then ωk(Fn, t)p(R) ∼ n−k+1/ptk and

ωr(Fn, t)p(R) + tr−kωk(Fn, t)p(R) ∼ n−k+1/ptr, k = 0, 1, . . . , r,

where ω0(F, t)p(R) means ‖F‖p(R). Hence, any two of the above quantities are
not equivalent with constants independent of n and t ∈ (0, 1].

The proof of Theorem 2 will be given in [3].
From Theorem 1 and Theorem 2 we immediately get

Corollary 1. Let γ ∈ R, 1 ≤ p ≤ ∞, f ∈ Lp(χγ)[0,∞) and s ≥ N(γ2 +1),
where N is from Theorem 1.

a) If γ 6= −1− 1/p,−1/p, then

‖χγ(f − Ps(f))‖p[0,∞) ∼ ‖χγ(f −Gs(f))‖p[0,∞)

∼ ω2((χγ+1/pf) ◦ exp, s−1/2)p(R) + s−1 ‖(χγ+1/pf) ◦ exp ‖p(R).

b) If γ = −1− 1/p,−1/p, then

‖χγ(f − Ps(f))‖p[0,∞) ∼ ‖χγ(f −Gs(f))‖p[0,∞)

∼ ω2((χγ+1/pf)◦exp, s−1/2)p(R) +s−1/2ω1((χγ+1/pf)◦exp, s−1/2)p(R).

In particular, for the case γ = 0, p = ∞ (considered by Sangüesa [9]) we
obtain

‖f − Ps(f)‖∞[0,∞) ∼ ω2(f ◦ exp, s−1/2)∞(R) + s−1/2ω1(f ◦ exp, s−1/2)∞(R).

In [5] we shall prove the following one-term characterization of the K-
functional under consideration.
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Theorem 3. Let γ ∈ R, r ∈ N, 1 ≤ p ≤ ∞, 0 < t ≤ t0 and f ∈
Lp(χγ)[0,∞). Set for x ∈ (−∞,∞)

(Bf)(x) = f(ex) +
r−1∑
i=1

(−1)i mr,i

(i− 1)!

∫ x

0

(x− y)i−1f(ey) dy

with coefficients mr,i given by

r−1∏
j=1

(z + j) = zr−1 +
r−1∑
i=1

mr,iz
r−i−1,

and

(AγF )(x) = e(γ+1/p)xF (x)

+
r∑

k=1

(−1)k

(
r

k

)
(γ + 1/p)k

(k − 1)!

∫ x

0

(x− y)k−1e(γ+1/p)yF (y) dy.

a) If γ 6= 1− r − 1/p, 2− r − 1/p, . . . ,−1− 1/p, then

Kr
γ(f, tr)p ∼ ωr(AγBf, t)p(R).

b) If γ = 1− r − 1/p, 2− r − 1/p, . . . ,−1− 1/p,−1/p, then

Kr
γ(f, tr)p ∼ ωr(B(χγ+1/pf), t)p(R).

Note that the statement in case a) is valid for γ = −1/p. The reason is
that AγBf = Bf = B(χγ+1/pf) when γ = −1/p. Thus, we have a one-type
characterization of the K-functional for γ > −1− 1/p. In particular, for γ = 0
it gives common characterizations for all 1 ≤ p ≤ ∞ unlike in Theorem 2.

Using the same ideas as in the proof of Theorems 2 and 3 we can characterize
the analogue of Kr

γ(f, tr)p on the finite interval [0, 1], given by

K̃r
γ(f, tr)p = K(f, tr;Lp(χγ)[0, 1], ACr−1

loc , ϕrDr) =

inf
{
‖χγ(f − g)‖p[0,1] + tr‖χγϕrDrg‖p[0,1] : g ∈ ACr−1

loc

}
,

for f ∈ πr−1+Lp(χγ)[0, 1] and t > 0. Here we shall consider the case γ ≥ −1/p.
Let us set for f ∈ Lp(χγ)[0, 1]

(Af)(x) = f(e−x)− L′r(
∫
f, e−x), 1 ≤ p ≤ ∞;

(Ãf)(x) = f(e−x)− Lr−1(f, e−x), p = ∞,

where Lr(F, x) is the Lagrange interpolation polynomial of degree r for the
function F on some fixed nodes 0 < x0 < x1 < · · · < xr ≤ 1, L′r(F, x)
is its derivative and

∫
f denotes any fixed antiderivative of f . We have the

characterization
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Theorem 4. Let γ ≥ −1/p, r ∈ N, 1 ≤ p ≤ ∞, 0 < t ≤ t0 and f ∈
Lp(χγ)[0, 1].

a) If γ > −1/p, then

K̃r
γ(f, tr)p ∼ ωr(exp−γ−1/p ·Af, t)p[0,∞) + tr‖ exp−γ−1/p ·Af‖p[0,∞).

b) If γ = −1/p, then

K̃r
γ(f, tr)p ∼ ωr(Af, t)p[0,∞) + tr−1ω1(Af, t)p[0,∞).

In the case p = ∞ the operator A can be replaced by the more simple Ã.

The two characterizations in Theorem 4 extend respectively to the cases
γ 6= 1 − r − 1/p, 2 − r − 1/p, . . . ,−1 − 1/p,−1/p and γ = 1 − r − 1/p, 2 −
r − 1/p, . . . ,−1 − 1/p,−1/p with appropriate modifications of A. Moreover,
the two terms in the right-hand side of the equivalences in Theorem 4 can be
reduced to a single modulus using an additional operator as in Theorem 3.
The same ideas can be applied for characterizing weighted K-functionals like
Kr

γ(f, tr)p on [1,∞).
Characterizations analogous to those in Theorem 2 and Theorem 4 for Lp

spaces with more general weights will be given in [4].
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