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ABSTRACT. We establish two-term strong converse estimates of the rate
of weighted simultaneous approximation by the Szasz-Mirakjan operator for
smooth functions in the supremum norm on the non-negative semi-axis. We
consider Jacobi-type weights. The estimates are stated in terms of appro-
priate moduli of smoothness or K-functionals.

1. Main results. The Szdsz-Mirakjan operator for a function f(z) de-
fined on [0, 00) is given by

n)

Spf(x) = Zf <%> snk(T),  Spi(z) = efnx( X n>1, x>0,
k=0 ’
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as n is not necessarily an integer.

Let C|0,00) denote the space of the continuous, not necessarily bounded,
functions on [0, 00), and L [0, c0) be the space of the essentially bounded Lebesgue
measurable function on [0, 00), equipped with the essential supremum norm || o]|.

We will consider simultaneous approximation by the Szasz-Mirakjan op-
erator in the essential supremum norm on [0, 00) with weights of the form

T Yo
(L1) w(z) = w0, Yooi @) = (1 H,) (14 2y,

Let r € Ny and 0 < 9 < 7 and v # r. We denote by N the set of the
positive integers. In [8, Theorem 1.2] we proved the direct estimate

lw(Suf = HPN < e Ko (707"
for all f € C[0,00) such that f € ACT-1(0,00) and wf(") € Ly[0,00), and all

loc
n > 1. Here and henceforward ¢ stands for a positive constant (not necessarily
the same at each occurrence), which is independent of the approximated function

f and the degree of the operator n. The K-functional I?T( f (T),t)w is defined by

Ko (£, ) = inf { (/0 = )| + thw(Dg) |
g € ACTT(0,00), wg™,w(Dg)" € Luc0, ) },

where Dg(z) := zg" (z), AC™[0,00) is the set of the functions which along with
their derivatives up to order m are absolutely continuous on [a, b] for every [a, b] C
[0, 00).

In the present paper, we will establish the following converse inequality.

Theorem 1.1. Let r € Ny and w = w(79,70) be given by (1.1) as
0 <59 <71 and Yoo # r. Then there exists R > 1 such that for all f € C[0,00)
with f € AC;’OZI(O, o0) and wf) e L+[0,00), and all k,n > 1 with k > Rn there
holds

Ro(£O,n 0 < e (lwSaf = HON -+ lw(Sef = HOIl).

S|

In particular,

(1m0 < e (IS = A+ [a(Saaf = HOL).
The constant ¢ > 0 is independent of f, k and n.

The rate of the simultaneous approximation by the Szasz-Mirakjan oper-
ator can be estimated by simpler function characteristics—moduli of smoothness.
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We will use the weighted Ditzian-Totik modulus of smoothness wi( fyt)w defined
in [5, p. 56] with ¢(z) := y/z and the weighted modulus of continuity

%
W(f,t)w = sup [[wALf],
0<h<t
where

—
Apf(z) = f(z+h) — f(x), z>0.
In [8, Theorem 1.1} it was established that

(12)  Jw(Suf = HON < e (@2 n 72y +w(fO )z,

with some ng > 1 for all f € C[0,00) such that f € ACT_'(0,00) and wf(" €
L+ [0,00) provided that 0 < vy < r, whereas 7 is arbitrary. Also, there was
shown that the second term on the right above is redundant if 0 < v9 < r and
Yoo > 0.

Here we will derive from Theorem 1.1 the following converse estimate.

Theorem 1.2. Let r € Ny and w = w(7,V0) be given by (1.1) as
0 <~y <7 and vy # r. Then there exist R,ny > 1 such that for all f € C[0,00)
with f € AC]; 1(0,00) and wf") € Ly[0,00) there hold
W2(FO, )y < e (lw(Suf = HONl+ fw(Saaf = HON) s 7= no,

and

W(FO ) < e (IS f = HOL+ w(Saaf - HO). 0> 1.
The constant ¢ > 0 is independent of f and n.

We say that the real-valued functions A(f,n) and B(f,n) are equivalent
and write A(f,n) ~ B(f,n) for f and n in specified domains iff there exists a
positive constant ¢ such that ¢ *B(f,n) < A(f,n) < ¢B(f,n) for all f and n in
the specified domains.

Theorems 1.1 and 1.2, [8, Theorems 1.1 and 1.2}, and properties of the K-
functionals and moduli (see [5, Theorem 6.1.1]) imply the following equivalences.

Corollary 1.3. Let r € Ny and w = w(Y0,70) be given by (1.1) as
0 <~y <7 and vy # r. Then there exist R,ny > 1 such that for all f € C[0, 00)
with f € ACT-1(0,00) and wf") € Loo]0,00), and all n > ng there hold

loc

w(Snf — )| + lw(Sraf — /) ~ K (f7,n7 1),
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~ wi(f(r)7 n*1/2)w + OJ(f(r)’ n Y.

In particular, the direct inequality (1.2) and Theorem 1.2 (or Corollary
1.3) readily imply a big O-characterization of the rate of the simultaneous ap-
proximation by the Szasz-Mirakjan operator.

Corollary 1.4. Let r € Ny and w = w(Y0,70) be given by (1.1) as
0 <90 <r and e #r. Let also f € C[0,00) be such that f € ACfozl(O,oo) and
wf(r) € Lo[0,00), and 0 < o < 1. Then

lw(Suf = P =0
= WA )0 =0*) and w(f"),t), =O(t%).
The approximation of f’ with (S, f) is closely related to the approxi-
mation by means of the Szasz-Mirakjan-Kantorovich operator. This operator is

defined for functions f(z), which are summable on every compact subinterval of
[0,00), by

k+1

n

Suf @)= Y sua@n [ fwdu, w0,
k=0 "
We set
T
F(x) ::/ fu)du, = >0.
0
Then, by virtue of (2.8) below,

Suf (@) = (S F) (2).

Now, Theorems 1.1 and 1.2 yield the following converse inequalities for the simul-
taneous approximation by the Szasz-Mirakjan-Kantorovich operator in weighted
Lo-spaces.

Theorem 1.5. Let r € Ny and w = w(Y9,7) be given by (1.1) as
0<v <r+1and v # r+ 1. Then there exists R > 1 such that for all f(x),
which are summable on every compact subinterval of [0,00), f € AC[OZI(O,OO)
and wf™ € Ly[0,00), and all n > 1 there holds

Kra(F0 07 < e (lwoBaf = DOl + [w(Sraf = HT]) -

Theorem 1.6. Let r € Ny and w = w(v,7V0) be given by (1.1), as
0<n70<r+1and~ys #1r+1. Then there exist R,ng > 1 such that for all f(x),
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which are summable on every compact subinterval of [0,00), f € ACZTOZI(O,OO)
and wf") € Lo [0,00) there hold

W20, < e ([w(Suf = HONl+ lw(Sraf = HDI) . 7= no,
and

W(FD 7 < e (Ju(Suf — HO + (S ~ HON) . n>1
The constant ¢ > 0 is independent of f and n.
Here the assumption f € AC?1(0,00) is to be ignored for » = 0. The

unweighted case, that is w = 1, for 17?6: 0 was considered in [10] in L,[0, 00),
1 < p < 0. Weaker converse results for r = 0, but for more general operators
in some instances, were obtained earlier in [5, Theorems 9.3.2 and 10.1.3] and
[14, 15].

The contents of the paper are organized as follows. In the next section we
establish a Voronovskaya-type estimate and several Bernstein-type inequalities
for the simultaneous approximation by the Szasz-Mirakjan operator in weighted
Loo-norm. Then, in the last section, we apply them to verify Theorem 1.1 and
by means of the method for proving converse inequalities, described in [4]. There
we also give a proof of Theorem 1.2.

2. Basic assertions. We begin with several notations and known aux-
iliary results.

Let ACY;.(0,00) denote the set of the functions which along with their
derivatives up to order m are absolutely continuous on [a,b] for every [a,b] C
(0, 00).

We set s, := 0 for k < 0. Direct computations yield the following two
formulas for the derivatives of s, (x), k € No:

(2.1) S (®) = n(spr—1(z) — spi(z))
and

. 1
(2.2) () = — (e =) (1),

For a sequence {ay }rez we define Aay, := ag—ay—1 and A"ay, := A(A™ Lay).
Set si(n, ) := sy x(x). Then iterating (2.1), we get

(2.3) s (x) = (—1)"n" ATsp(n, ).
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Likewise, using (2.2), we get by induction on r the formula (cf. [5, (9.4.9)])

r—21
(2.4) sO@) =2 sn(@) Y ()’ duig(k — na),
0<i<r/2 j=0

where d,.; ; are constants, whose value is independent of n and k.
For ¢ € Ny we set

(2.5) T,.o(z) = n'S, ((o—x ) i k— na)ls, i(@).

k=0
As is known (see [5, Lemma 9.5.5]), we have for £ > 1
Z dy,p(na)?
1<p<e/2

where dg , are constants, whose value is independent of n. We follow the con-
vention that an empty sum is identically 0. In particular, we have (see e.g. [12,

p. 94])

Tho(x) =1, Toi(z) =0, Tno(z)=Ths(x) = na,

(2.6) B )
T.4(z) = 3(nx)* + nx.
Identity (2.5) yields for m > 1

n, nr <1,

0<T,o(z)<c
< Tal®) < {(naz)z, nx > 1.

o0
Then, by means of Cauchy’s inequality and the identity Z spp(x) =1, we get

k=0
(e}
1 nr <1
2.7 —nz|'s <\/T, x) <cl’’ -
( ) kz:: ‘ nk ) n,%( )— {(naj)e/Q, ne>1.
We will also use the quantities
[o.¢]
Trne(x) = Z(k: — nx)zsg:gg(a:)
k=0

To recall the forward finite difference of f : [0,00) — R with step h > 0
is defined by Ahf( ) := f(x+h) — f(z), z > 0. We have the following formula
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for its rth iterate, X}; = Xh(X}TL_IL
- d ifT
AT f(z) = Z(—l) <Z>f(ac +(r—14h), x>0
=0

(o)
r T _>7' k:
(25) (Suf) (@) =" ST f (5> Sup(@), 720,
k=0
In [8, Proposition 3.1] it was shown that if » € N4 and w = w(v9, 7s0) is
given by (1.1) with 0 < 49 < r and 75 € R, then for all f € C[0,00) such that
f e ACT710,00) and wf™) € Log[0,00), and all n > 1 there holds

loc

(2.9) lw(Sn )| < ellwfO).

Next, we will establish a Voronovskaya-type inequality. A basic tool in
its proof is the following formula.

Lemma 2.1. Letr € Ni, v € R andn > 1. Let also f € C[0,00) be
such that @ f € Log[1,00), f € ACT3(0,00) and > +0 0+ e L[0,1]. Then

loc

(50f@) - 1) - o ﬁf(a:))(r)

2n
. S(T + 2, 7“) (7,+2)
“rineroe! @
2
4 (3’!” + )Jf S(T + 3, ’I”) f(r+3) (x)
12n?2 (r+1)(r+2)(r + 3)n3
1 o ) k/n /. 43 (r44)
+ ] Zosnk(m)/x - f (u)du, x> 0.
1 -
Here S(m,r) := —l ( ) r — i)™ are the Stirling numbers of the
0
second kind.
Proof. [7 Proposition 2.1] with p =1, g = f, j = r+ 2,r + 3,
m=r-+4, w = @23 and wy = >0 we get
(2.10) P20 e L[0,1], j=r+2,r+3.
Then (see e.g. [7, p. 106, (3.11)]) we have
(2.11) lim OV w) =0, o=r+1,r+2

u—040
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By [8, Lemma 2.2] (the lemma is applicable by virtue of (2.10) with
j =r+2), we have

(Suf(@) = £@)" = 5 f" V(@)
o0 k/n r+1
: )l & 37(:,3@(33)/93 (E - U> O () du, x> 0.

n

Next, we integrate by parts the integrals twice, as for the term with £k = 0 we
take into consideration (2.10) with j = r + 3 and (2.11). Thus we arrive at

(Snf(w) = f(x))(r) - % FrD(z) + m Trmryo(2) fH (2)
1 T
" (r+3)!nr+3 Tronris(@) fO+H) (z)

1 0 ") k/n L r+3 (r44)
+ (r +3)! ank(x)/ ol f (u)du, x> 0.
" k=0 z

We will show that

2)!
Trnr+2 =n" (T'ST‘-i-QT‘ (T—; ) nx>,

(T +3)!1(3r+2)
15 nm)

(2.12)

Trnr+3 =n" (T'ST+3

Then, since (Df)"(z) = rfU ™ (2) + zf0+?(2), we get the assertion of the
lemma.
By virtue of [8, Lemma 2.1] with ¢ = r + 2,7 4+ 3, we have

Tr,n,r—l—?(l‘) = nr(dl + dgnl‘)
and

Trnrt3(x) =n"(dz + danz),
where d;, i = 1,...,4 are constants whose value is independent of n (and z).
Clearly, SSZAL(O) = (=1)"*n" (2) for0 <k <r,and SSZAL(O) =0fork >r.

Therefore,

o0

dl = nirTr,n,rJrZ(O) = Z kTJFQSS:L(O)
k=0
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_ - _1\r—k r r+2
£ ()
k=0
=r!S(r+2,r).
Just similarly, we get
ds =r!S(r+3,r).

To calculate dp we use analogous considerations and also T}, ,41(z) =
n"(r+1)!7/2 (see [8, Lemma 2.1]) to obtain
do = n_r_lT;,n,r+2(x)
=-—n""(r+2)Tprs1(x) +n"
(r+2)!
=

Similarly, we have

r4+1,n,r4+2 ($)

dy = n_r_lTr/,n,r+3(x)
= _nir(r + 3)Tr,n,r+2 (J}) + nirilTr+1,n,r+3(~T)
=rl[(r+1)S(r+3,r+1)— (r+3)S(r+2,r)]
C(r+3)!(3r+2)

12
Above we have used that (see [11, Section 3.4])
2 2
e (1) ()
(2.13)
Cr(r+1)(r+2)3r +1)
B 24 ‘

This completes the proof of (2.12). O

Proposition 2.2. Let r € Ny and w = w(Y9,7Vs0) be given by (1.1) with
0 <7 <7 and v € R. Then for all f € C[0,00) such that f € AC!3(0, 00)

loc

and wf(r”),wf(r+3),w<p4f(r+4) € Ls[0,00) and all n > 1 there holds

1 ~ ()
w(Snf—f—%Df)

¢ T r r C r
< & (Ir ™20+ o 7490 4 g 5+ 91) 4 g 49,

The constant ¢ > 0 is independent of f and n.
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Remark 2.3. Let us note that wf"2) wfr+3), we 4 p(rtd) L0, 00)
implies wp 2 f(rt3) L[0,00). This can be shown by e.g. [9, Propos1t10n 4.1]
with p = o0, k = 1, r fixed to be equal to 2, g = ) and a = 1/2 (or see [6,
Lemma 1)), which yields

(2.14) [we? FUH | 2,00) < € (||wf(r+2)||[1/2,oo) + ||w(p4f(r+4)”[1/2,oo)) :
Here || o||{1/2,00) Stands for the essential supremum norm on the interval [1/2, co).

Proof of Proposition 2.2. Note that g02r+6f(r+4) € L[0,1]. We set

0= 3w (5,

k=0

where
t
(2.15) Pralt) = / (£ — u)™3 £+ (1) du,
x
In view of Lemma 2.1, we have
1 ~ (r)
w (Snf—f— —Df)
2n

C r r C r 53
< & (st 4 g 79N 4 -5 g ) + Bl

To complete the proof of the proposition, we will show that

~ c c
(2.16) |wRyp|| < e ||wf(r+3)|| + ~ ||w904f(r+4)\|'
We use that
[t — u|"T3
(2.17) |pra(t)] < ‘/ mo+2 T dul [[wgt FT+Y.

By Holder’s inequality we arrive at

u|r+3
(2.18) ‘/ qﬂo-l—? 14 u)Yee™0 du‘

‘ bt — ™3

1/p

t It — u|r+3 1/q
/:v (1 + u)Q(’Yoo*'YO) du ’

where we have set p := (r +3)/(70 + 2) and ¢ is its conjugate exponent.

" wuP(0+2)



Approximation by the Szasz-Mirakjan operator 271

It is quite straightforward to verify that

[t — ul |t — x|
<
U x

for u between = and t. Therefore,

t It — u|r+3 1/p It x‘ (r+4)/p

(2.19) ‘

= up('YO+2) xY0+2
Clearly, if u is between x and ¢, then
(L)' < (1L+2) +(1+8)

for any v € R. Consequently,
t r+3
t —
/ |t — ul du
2 (14 u)1(ree=0)
Combining (2.17)-(2.20), we arrive at the estimate

(2.21)  |w(@)pra(t)]

(1 + z)Ye770 |t_x‘r+4
< (1 ) et ) w0t 20

1/q It — |(r—|—4 /q It — |(r—|—4 /q
T (14 x)veem0 (14 t)ree— Yo

(2.20)

We consider two cases.
Case 1: nx > 1. Inequality (2.21) implies

r+4

(2.22) |w(z)Ryn(z)| < %Z s\ (@ '— —z|  [up Y

r+4 kO 70 Yoo "
@ [E o (14 5)7 T gt

To estimate the first sum above, we apply (2.4) and (2.7) to deduce

p_k
_|_
E%
Q
8
é
”Mw

1 & koo
=DM
k=0
c ‘ r—21 0o '
(223) < F Z (nq;)z_T—Q Z Z ‘k‘ _ nl“T+]+48n7k(.1‘)
0<i<r/2 §=0 k=0
r—21

IN

Z Z(nx)(ZifrJrj)/Z < %’

0<i<r/2 j=0
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where at the last inequality we have taken into consideration that 2i —r+ 35 <0
for all 7 and j in the specified range.

We estimate the other sum in (2.22) in a similar way, as we also use
Cauchy’s inequality on the sum on k in order to split |k — nz|" ™+ and (1 +
k/n)7°7 7= We have

(2.24)
(1 _|_ x)’Yoof’YO > (7’) k‘ r+4 k 0~eo
TZBnk(m)\ il 1—1—5
k=0
r—2i oo _
c(1+x)re=70 S i E\ Y0
<2 i—r o r+j+4 v
< = > (na) Z > |k — nal Lt~ Sn ()
0<i<r/2 j=0 k=0
r—21 e8]
c(1+ )10 i—r—2 i
< 2 Z (nz) Z Z |k — na 2t s, i ()
0<i<r/2 j=0 \ k=0
i k 2(70—"Y0)
X Z (1 + 5) Sp k().
k=0
By (2.7), we have
e . .
(2.25) Z |k — na:|2(r+3+4)5n7k(x) <c(nz) ™ nx>1.
k=0
It was shown in [5, p. 163] that
o0 k m
(2.26) > (1 + —> snp(@) <c(l+z)™, x>0, mecZ
k=0 n

(o)
Then by means of Holder’s inequality and the identity Z spk(z) = 1 we derive

k=0
(see [5, p. 162-163])

i k 2(70—"Yo0)

(2.27) > (1 + —> () < (1 +2)20077=) g >,
k=0 K

Combining (2.24), (2.25) and (2.27), we arrive at

(1 4 z)Yee™0 e ) k r+4 L\ 0o c
Tkzo‘sn’k(x” ~ - L+~ <
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Now, (2.22), (2.23) and the last estimate above yield
(2.28) (@) B (@)] £ =5 gt FOH), ne > 1.

Case 2: nx < 1. By means of (2.3) and summation by parts we derive
for n > 1 the relation (cf. (2.8))

Consequently,

(2.29) lw(z) Ry p ()] <

Sn,k(aj)'

o (k+i
x)pr,x< )
n

We will estimate the terms for £ = 0 and k£ = 1 separately. For the sum
on k > 2, we apply (2.21) and Cauchy’s inequality to arrive at

~ k+1
w przr n

1 k+i o .
<23 (B ) o) ot )

n

Lo X (ki \H 0 ki "
+ 1 Z( —93> <1+ o ) sne(@) [[wg! FUHY

n
k=2

=U,...,T

Sn,k(x)

1 & (k+i rtd .
<Ll ( —x> S @) [t D)
00 . 2(r+4)
c k41
+ ﬁ Z < n - .1‘) SnJg(l‘)

k=2
o0 -\ 2(70—"o0)
k+1 -
2 (1 )T e bt 0,
k=2

n

We will show that

(ki ! ca?
(2.30) Z — -z spp(z) < v leN,, [>2,
k=2
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and

[ee] . 0%
(2.31) 3 <1 LA Z) sni(r) < c(nz)?, 7 ER,

n

k=2

fornr<landi=0,...,r
Then we will get
~ k+q c r .

(2:32) Dpen (S50 | i) < S gt £, i=0.r

k=2

To verify (2.30)—(2.31), we apply [8, (3.16) and (3.17)] to the right-hand
side of the trivial inequalities

S (22 o e () e
and
ki;(HkZi)yS”k i( +0) ko)

where 0 <z <1/n,l € Ny and v € R.
Now, let us consider the terms for £ = 0,1 in (2.29). For k =0 and i =0
we again use (2.21) to get directly

() pra(0)] < ca™ gt 040
C
< 5wt £,

It remains to estimate p, »(i/n), defined in (2.15), fori =1,...,r+1. To

(2.33)

this end, we expand (i/n — u)" ™ by the binomial formula to get
. i r+3 1 i/n )
]:

Clearly, for j = 2,...,r 4+ 3 we have

/ W FU) (u) du
T

270 <ecx / w024 ‘|w904f(T+4)||
T

cxo 1 .
Jj—v0—2 (r+4)
< S (g a0 gt 040
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< g I FOH), - w € (0,1/n].

For the integral in (2.34) with j = 0 we have

x o = 0

/ f(r+4) (u) du

f(T+3) <1> - f(TJrS)(l‘)

n
,L"‘/O
S_
n

f(r+3) <%>‘ + xvo‘f(r+3) ()]

<cllwfUHIY, z e (0,1/n].

Similarly, for the integral with 7 = 1, we have, after integrating by parts,
/ wf T (u) du / wd fUH3) ()

i Yo i Z/n
[@ 7o+ <5>‘+x70\f(r+3)(9:)|]+x% [ )

S g9, @ e (0,1/n)

X0 = 0

<

1
n
c
< -

Thus we have established for nx <landi=1,...,r+1

- i c c ,
(2.35) ‘w(a:)pm (E)‘ < Y [wfT+3)| + ) [wet FrHY)|.

Inequalities (2.29), (2.32), (2.33) and (2.35) yield
5] c r c r
(@) By (@)] < S I f I 4 g 49, <1

This along with (2.28) completes the proof of (2.16). O

Similar point-wise Voronovskaya-type estimates were established in [1,
Theorem 2] for any r € Ny and w(z) := (1 4+ x)~2, and also in [2] for general
linear positive operators, which in particular include S,,, for the first and second
derivative and weights w(x) := (1 4+ )~ ™, where m € N,.

We proceed to several Bernstein-type inequalities.

Proposition 2.4. Let r € Ny and w = w(v9,Vs0) be given by (1.1) as
0 <99 <r and v € R. Then for all f € C[0,00) such that f € ACZTOZI(O,OO)
and wf™ € Ly[0,00), and alln > 1 there hold:

(2) Jw(Saf) V| < enllwfOl;
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(b) wg?(5) | < enlus ).

Proof. (a) By virtue of (2.8) with r + 1 in place of r, we have

() ()] = 7+ ZAq/t} (5) susto
(e}
<o S |Ry, 0 () e, w20
=0
Let us recall that (see e.g. [3, p. 45]
hf / M, (u)f" (z + hu) du, x>0,

where M, is the r-fold convolution of the characteristic function of [0, 1] with
itself and

0< M,(u) < cu™l, we [0,7].

Therefore,

— k r r—1
(2.36) ‘ int (—)‘ < i/ “Hu dullwf®|, k€ N.
0 ktu

n

Consequently,
(237)  w(@)(S. )" ()]

§cnw m Z/
J=0 0

It is quite straightforward to obtain (see [8, Proposition 3.1]) that

du sy, (@) [lwfT, @ >0

w k+J+ )

T urfl n Y0 n Yoo =70
2.38 du < k> 0;
I - L G ) I
hence,

r ur—l n Y0 n Yoo =70
2.39 ——du < k>0
(2.39) /Ow(%) “c<k+1> <n+k> =

as well.
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It was shown in [5, (10.2.4)] that
0 l
n -1
Z —— | spi(x) <cz™, x>0, [eNp,
= \k+1 ’

This along with (2.26), the identity » _ sy, x(2) = 1 and Holder’s inequality yields

k=0
(see [5, p. 162-163])

(2.40) i (ki 1>VO <nzk>%°% snp(@) < wz;), 2> 0,

k=0

for all 79 > 0 and 7, € R.

Estimates (2.37)-(2.40) imply (a).

(b) As in the proof of Proposition 2.2 we consider the cases nxz > 1 and
nx < 1 separately.

Case 1: nx > 1. We differentiate identity (2.8) twice to get

(51 (w) = S By f r(3) shato)

k=0

We note that the series on the right-hand side of (2.8) can be differentiated term-
by-term any number of times because, under the assumptions on f, the resulting
series are uniformly convergent on any finite closed subinterval of [0, 00), as can
be shown by means of the Weierstrass M-test.

Using (2.2) (cf. (2.4) with r = 2), we compute that

s;fbk(a:) = Snmkiix) (—(k; —nx) + (k —nz)? — nm) , keN.
Therefore,
w(z)e? (@) (Snf) " ()]

o)
S D
k=0

1/n < >‘(|k‘—m«“\+( —nx)? +nz) sy p(x), @ > 0.

Then we combine (2.36) and (2.38) to estimate |A1/n (k/n)| and derive
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the inequality

(2.41)
) @)(500) 2 )
<5 () () et e
S () () e st s

> n 70 n Yoo =70 ")
re@ S (757) () snela) laof .
k=0

We further estimate the first two sums above, using Cauchy’s inequality
(2.40) with 24 in place of 7y and 274 in place of v, and (2.6), to arrive at

o n >W0 < n >%o—70
Z |k - n$|5n,k(x)
P (k +1 n+k
2v0 2(700*’70)
(2.42) < - n n
=~ Z k+ 1 n+k Sn,k(x) Tn,2(x)

k=0
< ceyw2(z)v/nx < erg;)
and
]§)<k+1> <n—|—k> (k = n2)*sn ()

00 270 n 2(Yo0—"0)

(2.43) J 3 ( ) (n . k) $nk(@)1/Ta ()
eV “ufey
Now, combining (2.41) with (2.42), (2.43) and (2.40), we get

(2.44) [0(@)? (@) (Sa)) @) < en fuf @, na> 1

Case 2: nz < 1. We differentiate identity (2.8) with r + 1 in place of r
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and thus get
T T . _>T‘ k
() (@) = w7t YT KT <5> e
k=0

Then we use (2.2), (2.36), (2.38), (2.39) and (2.42) to get
|w(@)@? () (Snf) "+ ()]

k+j

< r+1 ~Nr MTJ -
<2n w(a:)jrg%ﬁ kgo 1/nf< - ) |k — nx|sy k()

0 n Y0 n Yoo —7Y0 (r)
< _ T
< cnw(x) ,;:0 <I<: n 1) (n n k:) |k —nx|spy (@) lwf

nx
< (r)
< cnw(o) 2 Juof )|

<enlwfO), xe(0,1/n).

where at the last estimate we have taken into consideration that nz < 1.
Thus we have established

(2.45) [w(@)* (@) (S, )" (@)] < enflwf), ne <1,

Estimates (2.44) and (2.45) verify assertion (b). O
Since (ﬁg) ™ — rg" Y 4+ p2g(rt2) | Proposition 2.4 immediately yields
the following inequality.

Corollary 2.5. Let r € Ny and w = w(Y0,70) be given by (1.1) as
0 <99 <r and v € R. Then for all f € C[0,00) such that f € ACfozl(O,oo)
and wf®) e L[0,00), and all n > 1 there holds
Hw(ﬁSnf)(T)H < anwf(r)H.

We will also use the following inequalities, which follow from Proposition
2.4 and the embedding inequalities [8, Proposition 2.4].

Corollary 2.6. Let r € Ny and w = w(9,Vs0) be given by (1.1) as 0 <
Yo < 1 and Yeo # 7. Then for all f € AC"1[0,00) such that wf) € Lu[0,00)

and w(ﬁf)(r) € Loo[0,00), and all n > 1 there hold:
(@) (S /)| < enflw (D)

(b) [[w(S2)+3]| < en?||w(Df)"]

?
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(©) wp*(Su /)| < enljw(Df) |

(d) [fwp(Su )T < enljw(DF)"].
Proof. (a) By virtue of [8, (2.15)], we have
(2.46) lw T < c|lw(Df)".

This shows, in the first place, that wf (r+1) ¢ L[0,00). Then we apply Propo-
sition 2.4(a) with r + 1 in place of r to get

lw(Snf) 2] < enllwf Y,

which combined with (2.46) yields (a).

(b) The assertion follows from Proposition 2.4(a) with 7 + 2 in place of r
and S, f in place of f and (a).

(c) Similarly to (a), we apply Proposition 2.4(b) with r 4+ 1 in place of r
and (2.46) to derive

[we? (S )T < enfluw f |
< enlw(D1)”.

(d) We apply Proposition 2.4(b) with r +2 in place of r and we? in place
of w. Thus we get

(2.47) lwop! (Saf) | < enlluwp® 2.

Let us note that the assumption in Proposition 2.4(b) on the weight exponent at
0 now is 0 < v9 + 1 < r + 2, which is satisfied. As for the assumptions on the
function, it remains only to observe that wy?f"+?) € Lo [0, 00). It follows from
[8, (2.16)], by virtue of which we have

||w(p2f(r+2)H < CHw(ﬁf)(r)H-
The last estimate and (2.47) yield (d). O

3. Proofs of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. We apply the method to establish converse
inequalities given in [4, Theorem 3.2]. This theorem is not directly applicable
because the Voronovskaya-type estimate has a different form—compare [4, (3.4)]
and Proposition 2.2. However, the same idea still works.
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We set g, 1= Sz [. First, we will show that g, is in the domain on which
the infimum in the definition of the K-functional K, (f"),t), is taken and hence

(3.1) K (F0),n Y < Jw(f® = o) + %Hw(ﬁgn)(”!!-

Indeed, clearly, g, € AC™'[0,00). Next, iterating (2.9), we see that wg,(f) S
L [0,00), whereas w(ﬁgn)(r) € L]0, 00) follows from Corollary 2.5 and (2.9),
which imply
.\ a3 ()
[w0(Dgn)™ || = [lw (DS f)™ |
< enflwSy f7|
< enflwf).

Let I stand for the identity map in the L..-space with the weight w on
[0,00). We have, by virtue of (2.9),

lw(FT) = gt = [[w[(I + Su + S2(f = Su )]
<cllw(f = Suf)T.

To complete the proof of the theorem, we will show that there exists
R > 1 such that for all n,k > 1 such that k& > Rn there holds

33) (Do) < ek (lw(snf ~ NN+ lu(Sef ~ DO

Then the first assertion of Theorem 1.1 follows from (3.1)-(3.3).

Let kK > n > 1. We want to apply Proposition 2.2 with g, in place of f.
To this end, we first verify that wgr(f+2),wg7(f+3) , wg04g7(f+4) € L]0, 00). To show
it and, moreover, get estimates of their weighted L..-norms, we apply Corollary

2.6, (a), (b) and (d) with S, f in place of f (note that w(DS,f)" € Lao[0,0)
by Corollary 2.5). Thus we get

(3.2)

(3.4) lw(S2 )0 < enlw(DSaf) ).
(3.5) lw (53 £)0+ < en?||w(DSaf) |,
and

(3.6) lwp* (521)+9)| < enlfw(DSnf) |-

Further, by means of (2.9) with S2f in place of f, we get from (3.4) and (3.6)

37 JwSEHT < e w(S2HTH| < en|jw (DS, f)"

)
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and

(38)  Jwgh(SLNTH < e upt (S2) ) < enlfu(DS) )|

For the application of (2.9) in the latter case, we observe that the assumption on
the weight exponent at 0 is 0 < vy + 2 < r + 4, which is satisfied.
Having verified that wg,(erQ),wgflr+3),wg04g7(f+4) € L[0,00), we next ap-

ply Proposition 2.2 with k£ in place of n and g, in place of f to arrive at
(3.9)

L (Do < 2k
e (Do) |

IN

)
w <Sk(Sf;f) —S3f - i 15(521‘))

+ 2 o (Si(s3) - 53)

C ) r
< = (J(SENTD) + (S50 + o (S5 +0]))

C r 2k r
5 (SR 4+ 2 || (Su(S5p) - $20)"

We will estimate the terms on the right.
Similarly as above, we use (2.9) with wy? in place of w and S2f in place

of f, and Corollary 2.6(c) with S, f in place of f to get
(3.10) lwg?(S31)T) < e uwp?(S2) )|
| < enfluw(DS. /)"

Here the application of (2.9) is justified since the assumption on the weight
exponent at 0is 0 < 9+ 1 < r 4 3, which is clearly satisfied.
By virtue of (3.7), (3.10) and (3.8), we have

(3.11) % (lo(S2AT DN+ lwp (S]] + lwp (S350
< ¢ lw(Ps.)].

Also, by (3.5), we get
1

k2 [|w

(3.12) (S3DTH < £ [w(DS. )"

)

where we have also taken into account that n < k.
To estimate the last term on the right of (3.9) we use the representation

Su(Snf) = Snf = Sk(Spf = f) + (Sef = ) + (f = Sif)-
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Therefore, using also (2.9) and (3.2), we arrive at

< e (lw(Saf = N+ llw(Sif = HON) -
We combine (3.9) with (3.11)-(3.13) to derive

(3813) [ (Sk(si) - si)"

(314) [ (Dg.)"|
< 2 u(B8u) ) + e (ulSaf — DO+ (Sef ~ HO) .

Next, we will relate Hw(ﬁSnf)(r)H to Hw(ﬁgn)(r)H. Using Corollary 2.5
and (2.9), we get
| DS + [wDsu(s - 520]"|
Dgn)<">m+cn||w<f Seh)"
Dga) ™| +en [T + Su)(f = $u5)]"|
)"

Dga) ||+ enflw(Snf = )P

(DS )| < [lw

< Hw

< Jfw

/—\/—\/—\/—\

< Jfw

Hence (3.14) yields

(3.15) %Hw(ﬁgn)(r)u
< (D) 7+ e (.1~ D)+ (s - £)7)

forall k>n>1.
Let R >1 and k£ > Rn. Then
c c

k= Rn’
where c¢ is the constant in (3.15). We fix R so large that ¢/R < 1/2. Then (3.15)
implies

~w(Baa)|

1 I r k
<o (DS, )] + ¢ (IIw(Snf — N + [[w(Skf - f)m”)

for all n,k > 1 such that & > Rn; hence the first assertion of the theorem
follows. O
In the proof of Theorem 1.2 we will make use of the K-functionals

Koo (f,t)w = inf {|Jw(f — g)l + t|wp?y"||
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: g € ACL,(0,00), wg,wp*q” € Loo[0,00)}
and
K1 (f,t)w = inf {{Jw(f — g)l| + twd'|
19 € AC1,(0,0), wg, wg’ € LOO[O,OO)},

where wf € Log[0,00) and ¢ > 0.

Ditzian and Totik [5, Theorem 6.1.1] showed that there exist positive
constants ¢ and to such that for all f with wf € Ly[0,00) and all ¢ € (0, ¢o] there
holds

(3'16) C_lw?a(fa t)w < KQ,go(fa t2)w < CW?p(fat)w'

Analogously to the unweighted case (see e.g. [3, Chapter 6, Theorem 2.4]),
we have

(3.17) () < K1 (f, ) < cw(fyt)w, t>0.

Proof of Theorem 1.2. In view of Theorem 1.1 and the left inequal-
ities in (3.16)—(3.17), it is sufficient to show that

(3.18) Koo (fs ) < ¢ Ko(f, 1)
and
(3'19) Kl(f7t)w SCIN{T(fat)wa

where wf € Log[0,00) and ¢ > 0.
Let g € AC™10,00) with wg(r),w(f)g)(r) € Ly[0,00) be arbitrarily
fixed. Then, clearly, g € ACL (0, 00). By virtue of [8, (2.16)], we have

lwg?g™ 2| < cl|u (D)
This implies that wgoQ (g(r))” € Ly[0,00) and
KZ,w(ﬁt)w < Hf - Q(T)H +1 ||wg02 (g(r))
<c(If = g+ (D))

Taking the infimum on g, we straightforwardly arrive at (3.18).
Relation (3.19) is established just similarly by means of [8, (2.15)]. O

"
|
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