NATURAL WEIGHTS FOR UNIFORM APPROXIMATION BY
THE SZASZ-MIRAKJAN OPERATOR

BORISLAV R. DRAGANOV AND KAMEN G. IVANOV

ABSTRACT. We establish a sharp characterization of the error of the Szasz-
Mirakjan operator in uniform norm with power-type weights in terms of a
K-functional. The weight exponents are optimal. We also state a sharp char-
acterization of the K-functional by means of the classical unweighted fixed-step
modulus of smoothness.

1. INTRODUCTION

1.1. Notations and main result. The Szasz-Mirakjan operator for a function f
defined on [0, 00) is given by

(na)"*

Spf(z) = Zf (ﬁ) Snk(x), spr(x)=e "° X n>1, x>0.
k=0 ’

Here n is not necessarily an integer.

In order to describe the approximation properties of S,, we need a number of
function spaces. Let C[0, 00) denote the space of all continuous functions on [0, 00)
and L[0,00) denote the Lebesgue measurable and essentially bounded on [0, o0)
functions with the essential supremum norm || - ||. For continuous functions || - ||
coincides with the uniform norm on [0,00). Also, we denote the first derivative
operator by D = 4 thus Dg(z) = ¢'(z) and D?g(z) = ¢”(z). We further set
p(x) = x. Now, for a weight function w on (0, c0) we put

C(w)(0,00) = {f € C[0,00) : wf € Loo[0,00)},
W2 (wp)(0,00) = {g € AC10¢(0,00) : Dg € AC14c(0,00), wpD?g € Log[0,00)},
Wg(wapg/z)(O, o0) = {g € AC1p.(0,00) : Dg, D*g € ACi.(0, 00),
wg03/2D3g € L0, oo)}7

where AC),.(0, 00) consists of the functions which are absolutely continuous in [a, b]
for every [a,b] C (0,00). Finally, m; stands for the set of algebraic polynomials of
first degree.

In [13] the second author introduces the concept of a natural weight for an
approximation operator.
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Definition 1.1. A weight w is called a natural weight for approximation by a
sequence @, of operators in a specified norm if the norm of the weighted approx-
imation error w(f — @, f) allows matching direct and strong inverse estimates for
the widest reasonable class of functions f.

Here we shall consider weights on (0, 00) of the form

T
14+

Yo
(1.1) w(z) = w(Yo, Yoo; T) = ( ) (14 x)7=
and show that they are natural for the uniform approximation by the Szasz-Mirakjan
operator for any 79 € [—1,0] and 7o, € R. More precisely, let the K-functional
K.(f,t) be defined for f € C(w)(0,00) + 71 and ¢ > 0 by

(12)  Ku(f.t) = inf {Jw(f - )| + tlhwpD?g|| : g € W?(wp)(0,00)} .
We establish the following characterization.

Theorem 1.2. Let w = w(70,Voo) be given by (1.1) with v € [—1,0] and v € R.
Then for all f € C(w)(0,00) +m and n > 1 there holds

1
(s = .0l ~ K (1.5).

The relation ¢(f,t) ~ 0(f,t) means that there exists a positive constant inde-
pendent of f and ¢ such that

O(f1) S (1) < cO(f. 1),

Let us note that the range of 9 cannot be reasonably extended. Indeed, if
Yo < —1 then we must assume that f(xz) = 0 in a neighbourhood of 0, otherwise
Sy f will not be bounded. On the other hand, if 9 > 0, then f(z) is not generally
defined at 0 and hence S, f is not defined. Moreover, we cannot settle this case by
restricting to functions f € C[0,00) because then S, is not a bounded operator in
the weighted uniform norm.

1.2. Characterization of the weighted K-functionals. The K-functional
K.,(f,t) is equivalent to the Ditzian-Totik modulus of smoothness if 79 = 0 (see
[4, Theorem 6.1.1]), whereas for vy < 0 it is only weakly equivalent to the so called
weighted main-part modulus (see [4, Section 6.2]). Also, this K-functional with
Y0 = Yoo = 0 was shown to be equivalent to a modulus introduced by the second
author in [12]. In a series of papers [5, 6, 7, 8] the authors introduced and studied
moduli of smoothness which are equivalent to weighted K-functionals like K, (f,t).
They are defined by means of the classical unweighted fixed-step modulus and a
continuous linear transform of the function. In particular, we can characterize
K, (f,t) by such moduli by first splitting the singularities

Koy (f,t) ~ Ko (f,t)0,2) + Ku(fi1)[1,00)5

which is valid for all f € C'(w)(0,00) and ¢ € (0,1]. The K-functional K, (f,t)s is
defined as in (1.2) with the supremum taken on the interval I. By [8, Theorem 6.2
and 6.8] we have

(1.3) Kow(ft)0,2) ~ wa( Ay fr)10,2)
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where wy (f,t)[0,2) is the classical modulus of smoothness of second order in uniform
norm on the interval [0, 2] and

x

fa?) - a?/ y 2 (y°) dy for o =0,

1
492 -1 ¥
a7 f(2?) + VTI/ v f(y?) dy
A’Yo f(:l?) = 1 x
4 2 3
— (FYO + 5))(,70 + )I74/ y27+3f(y2) dy for —1 < Yo < 0,
. 0
o) 30 [y dy for 70 = 1.
1
for € [0,2]. Relation (1.3) holds provided that wf has a limit at 0, which is,
moreover, equal to 0 if o € (—1,0).
Similarly, one can construct a modulus equivalent to Ky (f,t)[1,00). We shall
present this case in [9].

1.3. Related works. Many mathematicians investigated the approximation be-
haviour of the Szdsz-Mirakjan operator. First, Becker [2] established direct and
weak converse estimates for w(z) = (1 +x)~", N € N. Amonov [1] proved a weak
equivalence result for w(z) = (1+)7, v < 0. He studied also more general weights.
Holhosg [11] introduced a general approach to verifying direct estimates in weighted
uniform norm. As an application he obtained a direct result for S, in the case
w(z) = (14+z)7, v <0.

As for strong converse estimates, Totik [15] established the assertion of Theo-
rem 1.2 in the unweighted case w = 1. Quite recently Finta [10] developed a general
method, which in particular enable him to verify a two-term strong converse in-
equality for the weights w(x) = 27, v € (—1,0].

As can be seen, most researchers were interested in studying the rate of approxi-
mation in weighted spaces that are larger than C[0, co) and thus allowing for more
function to be approximated. In our opinion, it is also worthwhile finding in which
weighted spaces the norm of the approximation error can be neatly characterized
since that reveals intrinsic properties of the operator.

2. PROOF OF THEOREM 1.2
First, let us recall several basic properties of the Szasz-Mirakjan operator:

(2.1) S, is a positive linear operator;

(22) S.f=f Vfem;
(23) Su((e—a))(@) =", Sulle-2)’)() =

z? T 3 x? T
(24) Su((0 = 2)")(@) = di 5 +da 5. Sul(0—2))(a) = da g +da g +ds

(2.5) Snf = (S1(fi/n))n, where F,(z) = F(vz), v > 0.

Above, dy, ..., ds are constants independent of n. For (2.3)-(2.4) see e.g. [4, (9.1.13)
and Lemma 9.5.5].

The proof of Theorem 1.2 is based on [3, Theorem 4.1 and (1.2)-(1.4)]. So, we
proceed to the verification of their hypotheses. The first concerns the boundedness
of the Szasz-Mirakjan operator in weighted uniform norm. Below ¢, ¢y, co, ... denote
positive constants which do not depend on f and n.
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Proposition 2.1. Let w = w(Y0,70) be given by (1.1) with vo € [-1,0] and
Yoo € R. Then

[wSpfll < erllwfl| Vf € C(w)(0,00) Vn =1
Proof. Using the positivity of S, we get

S f(@)] < (Sp(w™))(@)[[wf]]

Thus it remains to show that
(2.6) (Sp(w™))(x) < cw(x) L.

To this end we apply a routine technique based on Hélder’s inequality. If vg # Yoo,
we fix r € Z such that r/(70 — Yoo) = 1; if 70 = Yoo, we set r = 1. Then consecutive
applications of Hélder’s inequality yield

(2.7)
k —70 k Y0~ Yoo
=) ()
n n
k>0
—70 1470
k k, Y0~ Yoo k Y0~ Yoo
SAXEE) T (X (45T e
k>0 " n k>0 "
Yo(Yeo—0) /T =70 (14 (Yoo =70) /7)
k E\" k
<94y = (1 + ) S () = sn.1(2)
o0 n =0 "
(1+70) (Yo—7s0) /T (1470) (14 (Yoo —70) /7)
AY (145) st > (@)
k>0 k>0
It is known that (cf. [4, p. 163]),
k :
(2.8) ( > snr(x) <c(l4+2x)", reZ;
k>0 "
hence also
(2.9) Zﬁ 1+k Snk(x) <cw ) 1+ () <cz(l+z)
. ” - nk(z) <cx Sni(z) <cx x)".
k>0 k>0
Now, (2.6) readily follows from (2.2) and (2.7)-(2.9). O

Next, we establish a Jackson-type inequality.

Proposition 2.2. Let w = w(y0,7e0) be given by (1.1) with vo € [—1,0] and
Yoo € R. Then

C
(g = Sng)ll < 2 lweD%gl| g € W(wp)(0,00) ¥n > 1.

Proof. Since g € W?2(wyp)(0,00), then g € C[0,00). By Taylor’s formula we have
for x > 0 and ¢t > 0 that

o) = g(a) + (¢~ 2)Dgl) + [ (¢t~ w)D?(w) du
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We apply S, to both sides of this identity with regard to the variable ¢. Then,
taking into account that S, preserves the linear functions (see (2.2)), we get

Spg(x) = g(x) + Sp </:(o —u)D?g(u) du) (x).

Next, by the positivity of S,,, we derive the estimate

19(2) - Sug(@)] < Sn ( / (0 — w)|Dg(w) du) ()
< Ry () [lweD?gl,

(2.10)

where we have set

Ryp(w;z) = (/ O1(0,u, 7) (u)ldu)(x)

and Q1 (t,u,z) = |t — u|u~" for u between ¢ and x and Q1 (¢, u,x) = 0 otherwise.
Thus it is sufficient to show that

(2.11) Ry p(w;r) < —w(z)t.

3\0

Just as in the proof of Proposition 2.1 we get
Rin(w(70,700); ) < Ry p(w(—1, = — 1); )70 =70)/7
X Rl,n(w(—l,O);x)*%(“r(%o*'vo)/r)
X Ry (w(0, —r); z)1H70)(0=7ec)/7
X Ry (w(0,0); ) 1700 (ree=0)/7)

(2.12)

We estimate separately each of the Ry ,,’s above. By (2.3) we immediately get

(2.13) Rin(w(~1,0);2) < S,((0 — 2)?)(2) = %
Next, we observe that for u between ¢ and = there hold

t— t—
(2.14) | UU|S| $$|7 (L+w)" < (1+a) +1+8)"

The first of these inequalities is verified directly and the second one is trivial. The
first inequality above and (2.2) yield

(2.15) Run(w(0,0):2) < i Sullo — () = -

Further, by means of the second inequality in (2.14) we arrive at
(2.16) Ry n(w(—1,—r—1);2) < (1+2)"Sn((o—2)?)(x) + Spn((o — 2)*(1 +0)")(z)
Let us consider S,,((o —x)%(1+0)")(z). For nx > 1 we apply the Cauchy inequality,
(2.4) and (2.8) to get

Su((0 = 2)*(1+0)")(2) < v/ Su((o —2)1)(2)V/Su((1 +0))(x)
cx(l+4z)"
—

<

To verify this inequality for nx < 1 we proceed as follows:

Sul(e—2)’(L+0))(z) = <fl - :1:)2 <1 + i) Sk ()

k>0
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5 (£ (142 ot 2 (142 st

+a?) (1 + fl) Snx ()

k>0
k K\ z K\
gcxzﬁ <1+n> sn7k(x)+c(ﬁ+x )Z(l—l—n) S k()
k>0 k>0
x(1+x)"

e (E e oy £ LY
n

n
as at the last but one step we have applied (2.8) and (2.9).
Thus we have established the estimate

(2.17) (0 — 2)2(1 4 0)")(z) < @ 2> 0.
Now, (2.16), (2.3) and (2.17) imply
(2.18) Rin(w(—1,—r —1);2) < Efgé?fﬁi.

Finally, by means of (2.14) we get

1+ )" 1 .
U2 (o~ D)@ + L Su(o - 021+ 9))(@).
which along with (2.3) and (2.17), gives

RLn(IU(O, _T); Z‘) S

c(l+a)"

(2.19) Ry n(w(0,—r);x) < — T > 0.
The estimate (2.11) follows from (2.12), (2.13), (2.15), (2.18) and (2.19). The proof
of the proposition is completed. ([

We shall also need the following Voronovskaya-type inequality.

Proposition 2.3. Let w = w(Y0,70) be given by (1.1) with vo € [-1,0] and
Yoo € R. Then

o0 (809 -0 g1 00% ) | < i 2% ¥ € W3 (0g2)(0,50) v > 1.

Proof. The proof is quite similar to the one of the previous proposition. We first
use Taylor’s formula to get the representation

o) =9(a) + (¢~ 0)Dgte) + L D%g() 4 5 [ (- up DRty du

We apply S,, to both sides of this identity with regard to the variable ¢. Then,
taking into account (2.2) and (2.3), we get

Suala) =9(e) + 5 o) D0(0) + 5 50 ( [ (0= P Do) ) (o),

Next, by the positivity of S,,, we derive the estimate
1 1 °
Suala) ~ 9(0) = 5 w@ %) < 5 . (| [ 0= D9l de]) 2)

2n
1
5 Ran(a) w2 D]

IN

(2.20)

IN



NATURAL WEIGHTS FOR THE SZASZ-MIRAKJAN OPERATOR 7

where we have set

Rop(w;z) = (/ Qs (0, u, 7) ()ldu>(x)

and Qs (t,u, ) = (t —u)?u=3/2 for u between ¢ and = and Qx(t, u, x) = 0 otherwise.
We shall show that

(2.21) Ron(w(Y0,7¥00); ) < —75 w(x) L.
As in the proof of the previous propositions we get
R (w(70, Y00 ) < R (w(—1, =1 — 1);z) 7007100/
X Rg n(w(—1,0); 2) 700+ (ee=70)/m)
X Ro.n(w(0, —7); x)(l"!"YO)('YO_’Yoo)/T

X R2,n(w(0, 0), I)(1+’YO)(1+('YOC*’YO)/T).

Thus it is sufficient to establish (2.21) only for each of the Ry ,,’s on the right above.
This is done by arguments similar to those in the proof of the previous proposition
based on the following relations:

(t—w? _(t—x)® (t—u)? _(t—2)°
(2.22) YE < YR T < 3 for u between t and =z,
(2.23) A%ﬂo—ﬂ%1+®w@ﬂ§;ﬁﬁxwal+xﬂ i€ Z, nx>1,
k ’ k'’ ¢
r_ i = 3/2 i ;
(2.24) ,; (n x) (1 + n) Spk(x) < pYeR (14+2)°, i€Z, nx<l,
and
b (& —u)” 5 c 1
(2.25) /I nuT u*(1 + )" du| spx(z) < 372 w(—a,—F;x)"", nx <1,

for £k = 0,1 and each of the couples

(Oé,ﬁ) = (070), (aaﬁ) = (17O>7 (Oé,,é’) = (0,7"), (aaﬁ) = (1776)'

The inequalities (2.22) are verified directly.
To prove (2.23) we apply the Cauchy inequality, (2.4) and (2.8) and thus get

Su(l o =z (1 +0)")(z)

IN

V(o = 2)8)(2)v/Sn((1 + 0)%) (x)
x3/2(1+:1c)l

IN

n3/2

since nx > 1.
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To establish (2.24) we observe that

]; (z - x)3 (1 + f;) Snx ()

[z (5) (o h) s 2 () (105 soato
+ % > (1 + fL) sn,k(x)]

k>1
2 i 3/2 i
o e (1+2x) oo (1+x)

nr <1,

as at the last but one step we have used (2.8), (2.9), (2.17) and the estimate

% > (1 + i)isn,k(m) = %Z% <1 + i)isn,kl(x)

k>1 k>1
cx E\ cx(l+ )
<= 1+2) s, < T
<SS (15) st < S
k>0
It remains to prove (2.25). Set

k/n (k _ )2
/ 7(" u) uo‘(lJru)ﬂdu

An,k(aaﬂ;x) = U3/2

Sn.k ().

For a = 8 = 0 we have by straightforward calculations

2

o 2 c
An0(0,0;2) = | s dusyo(z) =S 2% e™™ < ——w(0,0;2)7"
aO( s 73:) /O u3/2 us 70($) Sx € = p3/2 w( ) 1$)

and

()’

an 7
372

Aml(o, O, ZC) = /

x

1/2 1/n 1 _
_ ,—nx _ 2T _ n u
=e (2(1 nx) - 4nx/m YE du)

< #w(0,0;x)_l.

du sy, 1(x)

For a =1, p =0 we calculate

2

T 2 o c _
A o(1,0;2) :/0 Wudusmo(m) = 3x5/26 < Ww(—l,();x) !
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and

G’

n

W udu sn,l(x)

An,l(la 0, {ZZ) = /

x

3/2 1/n
=e (2(1 - nx)zx— + g (1 — nx)2/? — %nx/ u®/? du)
n x

< # w(—1,0;2) .
In the other two cases (2.25) follows from the inequality
Ap k(o) < cAppla,0;2)(14+2)", x€[0,1],
and the estimates we have already established. O

The last two propositions contain Bernstein-type inequalities.

Proposition 2.4. Let w = w(Yo,70) be given by (1.1) with vo € [-1,0] and
Yoo € R. Then

lweD?*(Sf)| < eanflwfl Vf € C(w)(0,00) Vn>1.
Proof. Analogously to the assertions we proved so far we shall show that
(2.26) |o(2)D*(Sn f)(@)] < enflwfllw(a) ™"

To this end, we shall consider the cases nx < 1 and nx > 1 separately.
For nxz < 1 we use the representation

(2.27) DQSnf(x) =n? Sn(Af/nf)(x).
It follows from
(2.28) DS, f(x) = nSp(Arnf)(2),

which is established straightforwardly. By (2.27), we have for nx <1
(2:29) () D?S, f(2)|

—1 -1 —1
9%2%w023 20 (1) +w@>>%ﬂmwm
k>0

But since nz < 1 and 79 € [-1,0]

S\ 7o —70 —70
<k+l> < (k> +en™ < (k) —|—Ex_1_70, i=1,2.
n n n n

Consequently,

N —1 —1 Y0~ Yoo
(2.30) w (kﬂ> <cw (k) + S g1 <1 + k) . i=1,2.
n n n n

Relations (2.29), (2.30) and (2.6) imply (2.26) for nz < 1.
Let now nz > 1. In this case we use that

(231) Sale) = 2 (£ =) (o)

n
Therefore
DS, f(x) =

83

Sn((o =) f(0))(x);
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hence

n2 n

DS f(w) = —5 Su((o = 2)*f(0))() - 2 Sn((0 = 2)f(0))(@).

Consequently,
(2.32) |p(2)D?S, f(2)] < g[nSn((O—I)ZW(O)_l)($)+Sn(|0—w|w(0)_l)(fv)} [[wfl].

For the first summand on the right above we have by Holder’s inequality the esti-
mate (cf. (2.7))

Sn((o — x)2u)(o)71)(x) < Sn((o — :C)2U)(1,’r' +1; o))(x)’Yo(”/oo*’Yo)/T
X Sn((o — x)Qw(l,O; o) T 70 (14 (Yoo —70)/7)
% Sul(0 — (0, 750)
X Sn((o — .Z‘)Z’LU(O, 0; o)

(2.33)

)"
x)(lJFVo (Yo="7o0)/T
x)(1+vo)(1+('voo Y0)/7)

)

)

)

To estimate S, ((o — z)?w(1,0;0))(x) we observe that by (2.3)
Sn((0 = 2)*w(1,050))(z) = @ Su((0 = 2)*)(z) + Su((o — 2)°)(2)

(2.34) 2 2P

Similarly, we have

(2.35)
Sp((0 = z)?w(l,r +1;0))(z) < cxz (k—i—1 —z

)
= Cm[,; (fL —x>2 (1 + 7]::)7 S, k() +72Lk220 (fz —x) (1 + z)rsn,k(ax)
1 r

2 21 r
SC(@@@) (14 2y < 20+
n n n

as at the last but one step we have used (2.8), (2.9) and (2.17).

Now, (2.33), (2.3), (2.17), (2.34) and (2.35) yield for nx > 1
(2.36) Sul(o = 2)*w(e) ™)) < = w(a) .

For the second summand on the right of (2.32) we have by the Cauchy inequality,
(2.36) and (2.6)

Sp(] o —zlw(o) 1) (z) < /Sp((o — x)2w(o)~1)(x)/S, (w

< c\/Ew(alc)_1 <czw(x)™!,
n
as nx > 1.

The inequalities (2.32), (2.36) and the last estimate above imply (2.26) for nz >
1. This completes the proof of the proposition. O
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The next proposition is the analogue of a result of Knoop and Zhou concerning
the Bernstein operator [14, Theorem 2.1]. We prove it following their argument.
Perhaps it is worth noting that it fits even more naturally and is easier to apply
for the Szasz-Mirakjan operator than for the Bernstein operator, for which it was
originally developed.

Proposition 2.5. Let w = w(y0,%0) be given by (1.1) with vo € [—1,0] and
Yoo € R. Let r € Z be such that v/(v0 — Yoo) > 1 if Yo # Yoo, and let v = 1 if
Yo = Yoo We set v = (1+7)(Y0 — Yoo)/7. Let also m € N as m > 2. Then

lwe® 2D (S;7g)|| < esy/m7=1(log m) 20 /i |lwpD?g|
Vg € W2(wp)(0,00) Vn >m?.
The value of the constant cs depends only on r.

Proof. For g € W2(wy)(0,00) the formulae (2.27) and (2.28) give

(2.37) DSpg(z) =Y n /Un Dyg ( +U> du sy k()

k>0
and
1/n pl/n k
(2.38) D?S,g(z Z / D?g ( +u+ v> dudv s, k().
k>0 "
Iterating the latter we arrive at
(2.39)
5 m 1/n ,1/n 5 ky
D=S] — i
Z / D (n —|—u+v> dudvS,, f. $n.,, (),
k; >0
j:l .....
where we have set k = (ky,...,kn),
o J+1
n,k ];[ n,2,k; ( n )
and
1/n 1/n
Snzk —’I’L/ / Snkl'-i-tl—f— ti)dt1~~-dti.

Next, just as in [14, pp. 319-320], using (2.37) and (2.39), we arrive at the following
m — 1 representations of D3S™g

(2.40) D3S™Mg(x)
1/n 1/n k‘l
Z / D?g (n +u+ U) dudvS, ;. Qp ik Snk,(T), Jj=1,...,m—1,

k; >0
Jj= 1 R ()

where

. k; k; ko )
Qn,j,]} :gn,kj < j;1> gnvkj+1 ( J;2> .'.e"%kmfl <nL> ;o J=1...,m=2,

Q o p* kﬂ
nm—1k = *nky, 1 n
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and

1/n
n s o (x4 t)dt
/0 72,k( ) (.’E)

Sn,3,k
*o(x) = by () = 22
m(?) @) = @)

Summing the relations in (2.40) we get

(2.41) D3*S™Mg(x)

1 ) 1/n 1/n ) kl
:m Z n/o ) D=g ;‘FU-FU dUdUSn,EQn,ESn,km(x)

k; >0
j=1,....m

with
m—1
Qn,fc = Z Qn,j,l%'
j=1

Further, let us observe that

1/n 1/n k
n2/ D29<+u+v) du dv
0 0 n
Un pin g 1 -1
gnQ/ / w(+u+v> <P<+u+v) dudv [wpD?g|
0 0 n n

-1

(2.42)

and

) 1/n 1/n k k 1
(2.43) n w|—+u+v pl—+u+v du dv
0 0 n n

<k+1>1 <k+1>1
<cw|—— % .
n n

The first of these estimates is obvious. To verify the second one we proceed as
follows:

1/n 1/n k -1 k -1
n2/ / w(—i—u—i—v) ap(—l—u—i—v) du dv
0 0 n n
Un /1 k+1 k41 -
:nz/ (—|u|>w<++u> <p(++u> du
“1/n \N n n
kA1) Unor1 k41 “ret
<c <1++) n2/ <—|u|> (++u> du
n “1/n AT n
k+1\ "' [(k+1\7!
<cw|—— %) ,
n n
as at the last estimate we have used that the function (1/n—|u|)[(k+1)/n+u]=7° !

is increasing on [—1/n, 0] and decreasing on [0,1/n]. We derive from (2.41) by the
Cauchy inequality and (2.42)-(2.43) the estimate

Z Sn,E Qi,ff Snkm (1.)
k; >0
j=1,....m

3qgm <
D387 ()] < ——
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1/n rl/n kq
n2/ D3g (—i—u—i—v) du dv
0 0 n

2

Sn,fc sn7km (x)

< |2

ki +1\ "7 (k1) ?
w(BE) o (B)  Suasanao) lue?l

M\

Thus we can finish the proof of the proposition if we show that

(2.44) > 8 Qg snk,. () < cnmp(x) !
k;>0
j=1,....m
and
By +1\ "2 [k +1)\ 2
(2.45) w( 1n ) go( ln ) Sy ki Snky, (T)
k;>0
j=1,.m

< cw(z) 2p(z) " 2m (logm) T, n > m?.

In order to simplify these two assertions we take into account that s, ;x(z) =
s1,5,k(nx). Consequently,

Sn,fc = Sl,fcv
k(@) =0y (nx), Ly k() = b k(nx),
Qn,j,E = an,j,fc'

Also, we have (cf. [14, pp. 327-328])

Z Sn,ff Qn,j/,ff Qn,j”,fc Sn,km (33) = Oa j/ 7& j”'
k; >0
j=1,....,m

Hence (2.44) and (2.45) reduce respectively to

Z Sik Q%_]l_c $1k, (T) <col@)™, j=1,....m—1,

k;>0
j=1,....m
and
(2.46) (1 + ky) 72H0) (- Ky ) 200 77) S, sy, (@)
k; >0
j=1,....m

< cm72(1+7°)(n 4 x)Q(“/o*’Yoe)m’Y(log m)1+’YO’ n>m2.
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The first estimate is verified in Lemma 2.6 below. As for for the second we use
Hoélder’s inequality as in the proof of the previous propositions to get

Z (1+ kl)’Q(””’”)(nJr kl)z(%f%o)glﬁ 51k, ()
k; >0
j=1,....m

(1470) (Yo—7=0)/ (27)

<Y (k) TS g s1m,, (2)

;>0
Jj=1,..., m
(1470) (1+(vo0 —70) /7)
X (1+ k1)7231,12 81,k,, (2)
k;j>0
j=1,...m
Y0 (Yoo —Y0) /T
X (n+ kl)QrSl,I;: $1,kn (2)
k;>0
Jj=1,....m
(I+70) (vo—7s0)/(27)
X (n+k1)*" 81 & 51,4, ()
k;>0
j=i,...,m
=0 (1+(voo—70)/7)
X Sk S1,k, (2)
k;>0
Jj=1,....m

Now, (2.46) follows from Lemma 2.7 and the fact that the last term above is equal
to 1. 0

Now we shall establish the two lemmas used in the proof above.

Lemma 2.6. Let m € N as m > 2. Then there hold

Z Sl,fc Q%’j’];; S51,km (I) < C@(x)ilv x >0,
k;>0
j=1,...m

forj=1,....m —1. The value of the constant c does not depend on x or m.

Proof. We follow the argument of Knoop and Zhou [14]. We start with the equality

(2.47)
Y S Qi ask. @) =D sk (@) Y 12k (Bm) Lk, (Bm)
k; >0 K >0 K10
j=1,....m

v > stk (Bje) Lok (Bj2)® D s1a, (Bja) £k, (k).

k?jJrle kao
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Next, we establish that

N % . c .
(248) 81727]6(2) 51 k(l)2 S ) S No,
’ 1+
k>0
and
1
(2.49) > s12(i) b1 i( )7 -, i€ Ny.
k>0 L+k +

Then the lemma follows from (2.47)-(2.49) and (2.8) (with r = —1).
To prove (2.48) for i = 0 we use that s}, ;(z) = n(snx-1(z) — snk(x)), k >0, to
derive the estimate
3k (k+1)
K

she(ty +to +ts) dty dta dts| <

Since, also, we have

1
1
(ty + to) dty dty > tkdtzi
//Slk 1+ t2) dty dtz 2k' ST

(/ / / 81 k tl + tz + tg) dtl dtg dt3>
/ / S1,k tl -l—tg dtldtg

232k k +1
< Ta
hence (2.48) follows for i = 0.
To prove (2.48) for i > 1 we apply the formula (2.31) and the Cauchy inequality

to get
(/ / / slk Z+t1+t2+t3)dt1dt2dt3>

(2.50)
/ / S1.,k Z+t1 +t2)dt1dt2

t +to+1t ti+ta +t3)?
///< Z+ 1+ t2 + 3)> Sl’k(z+'1+2+3) dtq dto dts
i+t + b+t suk(i 1t +12)
<

< —(i+5)]*+1) s1,6(i +5)

we arrive at

51,2,6(0) £7 4 (

s1,2,6(1) €7 1 (

since for tl, to, 13 € [0, 1]

<k‘—(i+t1 +t2+t3)>2
1+t +la+ 13

<5 (k= G+5)2+1)

and

(i +t1 +to + t3)?
i+t + 12
Now, (2.48) follows for ¢ > 1 from (2.50), (2.2) and (2.3).

<i+5, i>1
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The inequality (2.49) is derived by similar though more precise estimates. First,
let i = 0. We observe that

/ / S1,k t1 +t2 dtl dtg = k'/ / —ti—tz t +t2) dtl dtg
k ty 4l ! to k—1
= — gl dt Trts Tt dt
! 2_: (l)/o /o ’

=0
k 1
k 1
> — EEE AN 7 P —
k'?_%(l)/o R Ty gy
11 /! e
> — —t thdt
= e(k+1) k!/o ¢ ;(Jl L
1 1
- 1+ ty) dts.
K1/, s1k(1+t1)dty

Then by the Cauchy inequality we get

1 1,1 2
</ / / Sl,k(tl +t2 +t3) dtl dtg dt3>
1 _ 1 0 Jo Jo

1+k 14k ot
/ / Sl,k(tl —+ tg) dtl dtQ
0 0

s1(t1 + to + t3)?
dty dto dt
/// s1p(l+1t1) P

21k
:/ / / pt-ra L[t A ) 0

Now, to estimate the sum on the left hand-side of (2.49) for i = 0 we calculate
separately its term for k = 0 whereas for the terms with £ > 1 we apply the
inequality above. Thus we get

51,2.%(0) 1 £(0)?

1
> s1.20(0) £k ( )Qm

k>0
1 —e / / / ( o= Ii’flfa) 61_t1_2t2_2t3> dtq dto dts

(1—
/ / / Gt dtdtz dts = S(1— e (1= e )24 (1— e

hence, in view of [14, (4.9)], (2.49) follows for i = 0.
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For 7 > 1 we have by the Cauchy inequality

1,1 el 2
</ / / 517k(i+t1 +t2+t3)dt1dt2dt3>
1 0o Jo Jo
1+k 1+k Lol
/ / Sl,k(i —+ tl + tg) dtl dtg
t t t
< b ///SmH- 1+ to + t3)? dty dty dts
1+ k& 81k7,+t1+t2)

:/ / / ithtt e, (ittitb+ts)™ W
0 0 0 (Z+t1+t2+t3)2 1,k+1 Z+t1+t2 1 2 3-

Summing on k > 0 we arrive at the estimate

14+t + 1o _
s i)l ettt dty dto dts.
];01“ 1k 1+k—/// (i + t1 + tg + t3)? 1

Now, (2.49) follows for ¢ > 1 from [14, (4.10)]. O

81,2, (1) 01,1 (3)?

Lemma 2.7. Let m € N as m > 2.
(a) Fori € Z_ we have

Z (L4 k1)'S) f 51,5, (2) < ca’m™?logm, x> 0.

(b) Fori € Z_ we have
Z (n+ kl)iSL,; S1k, (¥) <c(n+z), x>0, n>m?

(c) Fori e Ny we have

Z (n+ kl)iSU; sik, () <c(n+a), >0, n>m.

k; >0
j=1,....m

The value of the constant ¢ depends only on i.

Proof. We again follow the argument of Knoop and Zhou [14]. For i < —1 we set
¢ = —i. We shall use the representation

1 1
(n+k)i:/ / (rp---1)" Y dry - dry
0 0

1 — e~ (-
k _ ,—(l-a)z
> dFsian(z) =e <1a )

k>0
The latter is checked directly by means of the argument

t1 +t2)]*
Za s1,2.56(x / / —F—t- tz —[ ($+k1'+ 2)] dt, dts
k> :

k>0 0

1 1
= / / e(a—l)(w+t1+t2) dtl dtg
0 0

and the formula
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1
_ 6(afl):v </ e(afl)t dt)
0

Now, just as in [14, pp. 322-323], we arrive at

> (n+k)'S, g s1k,, ()

2

kao
j=1,...,
2
Fm 1(T1 Té) e~ m—1(T1Te)T dTl "'dTb
F0(7—1 - TZ)Q
where

Fo(r)=1-71, Fy(r)=1-e " p=12..
Let D C [0,1)¢ be a rectangle with at least one 81de of the form [0,1/2]. Then,
clearly,

(251) FO(TI t 'Té) 2 1/23 (Tla s 77—@) S D

It can be shown by induction that

1
(2.52) L <Fpa(r)<1, 0<7<1.
m
Also, since ye™¥ < ¢, y > 0, then
(2.53) Fp_i(r)fe tm10 < cpt ' 7>0, z>0.

Now, (2.51), the left inequality in (2.52) and (2.53) imply
F,._ ceo)2 . )
(2.54) / —1(T1 TL;) e Fm—a(mm)z g o dr, < em T 200
p Fo(ri-m)

Similarly, (2.51) and the right inequality in (2.52) directly imply the relation

_ mel(Tl"‘Té)Q — i
2.55 i)t iERE L Y P (e m)T g < enf, ono> L.
@55) [ (neemyr 1 Bt Ldr < >
For n > m (2.51), the left inequality in (2.52) and (2.53) yield

- mel(’rl "'7—5)2 —
2.56 n—12m=I\"t = "6/ m—1(T1 Te):vd oo
(2.56) /D(n T¢) Fotr 1) € - dry

Now, by means of (2.54) we derive

2
/ / m—1 Tl 7)—52) e~ m—1(T1Te)T d7-1 e de

/ / Fn— 1 (r1: TE) e Fm-1(mm)z d71-~-dTe+cm_i_2xi;
1/2 1/2 Fo(r

Tg)
and similarly by (2.55)—(2.56) we get
Fm 1(71 72)2 _ 1(71--70)
Zmo VL e Fmea(e e gL g
/ / Fo(Tl"' €)2 e T1 T

E,,_ cee)2
S/ / (Tl---Tg)"_lLTg)e_ m—l(ﬁ"'ﬂz)szl...dTe
1/2 1/2 FO(Tl"'Te)

+e(n+x), n>m.
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So, to complete the proof of (a) and (b) it is enough to show respectively that that

r . .
(2.57) / m—1(T1 - Té) e Fm—1(m17e)z dry - -dry < cxPm ™2 logm,
1/2 1/2 Fo( +71)?

1 1 2
F_ .
(2.58) / e / (1q--- Tl)nilw e~ Fm-1(m1--mo)z dr - -dre
1/2 /2 Fo(mi -+ )

§c(n—|—x)i, n > m?.

We set
P (1)?
_ . n—1+im-—1 m—1(T)

Fn(T,LE)—T W@ 1( ) .
In the integral in (2.58) we make the change of the variables, defined by the formulae
Op =T1 Ty, p=1,...,¢, and arrange the order of integration from o; to o, to
get the estimate
(2.59)

/ / <o x)dry - dry
1/2 1/2
L7 1 /1 ot
§/ F, (o, )/ —/ — —doy | dog | -+ ) doe_1| doy
i o Oyp—1 o3 o3 02 Js, 01

2

cof [ (- ([ ([ ) ) oo

1
< C/ Fo(og,2)(1 — 0¢) " tdoy

1
< c/ (1- v)"_lv£_3Gm,1(U)2 e~ Gm-1(V)z gy
0

as at the last step we have made the change of the variable oy, = 1 — v and set
Go(v) =v, Gplv)=1- e~CGo ) =12 ...

Routine considerations show that

(2.60) v—%vz <Gp-1(v)<v, 0<v<1.

For n =1 (2.59) reads

/ / Fra Tl T@)Z e m—1(T1T¢)T dry---dmy
1/2 12 Fol Fo(m-ome)?

1
< c/ V3G 1 (0)2 e G ()T gy,
0

We split the integral on the right by means of the intermediate point 1/m. For the
one between 0 and 1/m we apply (2.60) to get

1/m 1 i
(2.61) / ve_gGm,l(v)2 e~ Gm-1(V)T gy < c/ v le TV do < ead,
0 0

as the last estimate is verified by integration by parts.
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For the other integral we again use (2.52) and (2.53) to arrive at

1 1
(2.62) / vzngm_l(v)Q e~ Gm—1()T gy < cméin’/ a@w _ cx'm~ 2 logm.
1/m 1/m U
Now, (2.61)-(2.62) imply (2.57), which completes the proof of assertion (a).
The estimate (2.58) is established in a similar way. Using the right inequality in
(2.60), we get

1 1
/ (1—0)" "W 3G, 1 (v)? e Em1(T gy < / (1—v)" W dy
0 0
(-1 (n—1)! i

=7~ 7 <ecn.

+n-11 —

(2.63)

As above we get
1/m 1 ]
(2.64) / (1 —0)" 3G, 1 (v)? e Gn1z gy < c/ v e dy < et
0 0

To estimate the integral between 1/m and 1, we first observe that

m =

1 m
(2.65) m’ (1 — ) <mfe ™™ <,

which follow from (1 —y)" <e ™, y € [0,1], and y’e™¥ < ¢, y > 0. Now, by means
of the first inequality in (2.52), (2.53) and (2.65), we get for n > m?

1
(2.66) / (1 —0)" "' 3G, 1 (v)2 e Cm1)o gy
1/m

-1
1\" ) ) .
<c (1 — ) mf 1zt < embe ™2t <cxt, n>m2
m

The estimates (2.59), (2.63), (2.64) and (2.66) imply (2.58). Thus assertion (b) is
established.
For the proof of (c) we first observe that for § > 0 there holds

SO+ k) si) < (O+2) > (0+1+k) " s1k(x).
k>0 k>0
Iterating it we arrive at
(2.67) > (O+k) sip(@) < O+x)O+1+a)--(0+i—1+2) < (0+i+a).
k>0
Similarly,
Z(O +k)'s1on(r) < (0+2+) Z(@ + 1+ k) sy 0k(2);
k>0 k>0

hence

D O+E) siok@) < O+2+2)(0+3+a) - (0+i+1+2)
(2.68) k>0

<@O+i+1+2),
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Now, applying (2.68) consecutively with @ =n,n+i+1,...,n+ (m—2)(i+1) and
then (2.67) with 0 =n+ (m — 1)(¢ + 1) we get

(n+ k1)'Sy f $1,k,0 ()

k;>0
Jj=1,..., m

= > 1k (@) Y s12k(Bm) o > (04 k1) 512, (k)
E >0 Em—1>0 k1>0

< Z 51,k,, () Z 51,2, k1 (Fm) -+ Z (n+i+1+ ko) s10k,(ks)
km >0 km—120 k2>0

< Y InH (m= 1+ 1) + k] s, (@)
km >0

<[+ (m—1)G+1)+i+a],

which, in view of n > m, implies assertion (c) of the lemma. O

We are ready to proof our main result.

Proof of Theorem 1.2. It is enough to prove the theorem for f € C'(w)(0,00) since
|lw(f —Snf)|| and K, (f,n~!) are invariant under addition of a liner function to f.

The upper error estimate of the theorem follows from Propositions 2.1 and 2.2
via a direct and well-known argument.

To verify the strong converse inequality we apply [3, Theorem 4.1] with Q, = S,,,
a=n"1 X = Cw)0,0), Y = Wwp)(0,00), Z = W3(we*?)(0,c0), the
differential operator D of [3, Theorem 4.1] is pD?, ®(g) = ||lwe®/2D3g||, M = ¢,
Ma) = (2n)71, AM(a) = esn™3/2, £ = 1, B = ¢4/2 and m replaced with m + 1.
Then

A = 2c3c5y/m7~1(logm) 1+,
We fix m € N, m > 2, so large that A < 1. Note that v < 1. Then [3, Theorem 4.1],
Propositions 2.1, 2.3, 2.4 and 2.5 imply the left hand-side inequality of Theorem 1.2
for any n > m2. To extend the latter for 1 < n < m? — 1, we first observe that the
property (2.5) of the Szdsz-Mirakjan operator yields

Snf = [Sm’ (fm’/n)]n/m’v

where we have set m’ = m2.

Consequently,

(269) ||w(f*5nf)H = me’/n(fm//nfsm’ (.fm//n))H >c Hw(fm’/n*Sm’(fm’/n))”
with a constant ¢ > 0 whose value is independent of f and n because 1 < m'/n < m/
and .
w, (x) > vty (z), v > 1.

On the other hand,
(2.70) Ko(fu,t) = Ko, , (f,vt) > v mex0rl i (fvt), v > 1,
because (g,) = v(g’), and

wyy(z) >V max{y0 vty (z), v > 1.

Now, combining the relation

Ko (o) < clluld = Sl ¥ € Clw)0.)
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with (2.69) and (2.70) with v =m//n € [1,m'] and ¢t = 1/m/, we get

Ko (£3) cllots = 8,01 f € Cu)(0.0)

for 1 <n <m?—1 as well. O
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