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Abstract

The paper presents an improved Jackson inequality and a corresponding
inverse one for best trigonometric approximation in terms of moduli of
smoothness that are equivalent to zero on the trigonometric polynomials
up to a certain degree. The inequalities are analogous to M.F. Timan’s.
Relations between such moduli of different order are also considered.
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1 Introduction

Let L,(T), 1 < p < oo, denote the space of the functions with finite L,-norm
on the circle T. We can consider C(T) — the space of the continuous functions
on T, in the place of Lo (T). Best trigonometric approximation of a function
f € L,(T) is given by
T .
EX(f)y = inf IS =7l

where T;, denotes the set of the trigonometric polynomials of degree at most n
and || o ||, denotes the usual L,-norm on T.

The error EX(f), is estimated by the so-called classical moduli of smooth-

ness. To recall, the modulus of smoothness of order » € N of f € L,(T) is
defined by

wr(fit)p = S, 1AL fllps

where the centred finite difference of order r € N of f is given by

T

W@ = S04 () e+ (/2= o)

k=0
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The following relation between EL(f), and w,(f,t), is a classical result in ap-
proximation theory (see for example [4, Ch. 7] or [15, 5.1.32, 6.1.1])

Eq(£p < cwr(f,n™ Ny, (L.1)
wr(fit)p < ct” Z (k+ 1)T71E{(f)p~

0<k<1/t

Above and in what follows we denote by ¢ positive constants, which do not
depend on the functions in the relations, nor on n € N or 0 < ¢t < t3. For
1 < p < oo these estimates were improved by Timan [16, 17] (or see [4, Ch. 7]
and [15, 6.1.5]) in the stronger forms

n 1/s
n’ {Z(k + 1)Sr1EkT(f)Z} < cwr(f,n ™)y, (1.2)

k=0
and
1/o

we(fithp <et™$ > (k+ 1) EL ()] . (1.3)
0<k<1/t

where s = max{p, 2} and ¢ = min{p, 2}. The improved Jackson estimate (1.2)
is also called a sharp Jackson inequality (see [3]).

Our main goal is to establish analogues of Timan’s inequalities with moduli
of smoothness, which are equivalent to zero if the function f is a trigonometric
polynomial of a certain degree, that is, moduli which are invariant on such
trigonometric polynomials. We call them trigonometric moduli. Such estimates
look natural especially with regard to the Jackson-type inequalities (1.1) and
(1.2) and the invariance of best trigonometric approximation. The method we
shall use reduces the new inequalities to the classical. On the one hand, this
gives a simpler proof of the Jackson inequality given in [9, Theorem 1.1], but
on the other hand, we believe, this approach can lead to estimates of best
approximation by other systems as well as of the rate of approximation of linear
processes by moduli possessing a corresponding natural invariance.

A sharp Jackson inequality in a very general setting for multivariate func-
tions was established by Dai, Ditzian and Tikhonov [3] in terms of K-functionals.
Many concrete sharp Jackson estimates are derived, among which about the uni-
variate best algebraic approximation by the Ditzian-Totik modulus, about the
multivariate best trigonometric approximation by the classical modulus, and
about best approximation by spherical harmonic polynomials by the Ditzian
modulus on the sphere [6].

The following two inequalities between the classical moduli of different order
are closely related to (1.2) and (1.3):

0 s 1/s
t"{/tt Wdu} < cw(f,t) (1.4)



and Y
to o 4
we(fot)y < ct” {/ Wdu} , (1.5)
t

where 0 < t < ty. The former was established in [3, (1.6)]; the latter is due to
Timan [16] (see also Zygmund [18]) and is referred to as an improved or sharp
Marchaud inequality (see [4, p. 49] and the references cited below). These
inequalities were extended to quite general function spaces in [5, 7, 8]. Also,
Dai, Ditzian and Tikhonov [3, Theorems 5.3 and 5.5] (see also [2]) established
more general forms in terms of K-functionals. There the multivariate form of
(1.4) was proved [3, (2.17)]. In the present note we verify the analogues of
(1.4) and (1.5) for the trigonometric moduli. Let us mention that their basic
properties were established in [9, 10, 11] — they are just similar to those of the
classical moduli.

The contents of the paper are organised as follows. In the next section we
define the above-mentioned trigonometric moduli. Then in Section 3 and 4 we
establish the analogues of (1.2)-(1.3) and (1.4)-(1.5), respectively, in their terms.

2 Trigonometric moduli of smoothness

We shall consider two different types of moduli that are identically zero on the
trigonometric polynomials up to a certain degree. The first one is based on a
modification of the finite differences, whereas the second on a modification of
the approximated function.

It was Babenko, Chernykh and Shevaldin [1] who first defined a modulus,
which is zero on the trigonometric polynomials of degree r — 1. It is given by

F (fit)y = S 1AL flp,

as the modified finite differences A,.; were introduced by Shevaldin [13] (see
also [12]) and are defined by

Zr,hf(z) =N, p A p Ay f), (2.1)

where
Ajpf(x) = f(x +h)—2cosjh. f(x)+ f(x—h), j=1,2,...

We have @ (f,t), =0 iff f € T,_;.
To define the other modulus, let the 2w-periodic function a be given on
[—7T77T] by

ale) = ; lal(2n — Ja) (22)

and let for j € Ny the bounded linear operator 2; : L,(T) — L,(T), 1 < p < oo,
be defined by

A f=f+j%axf.



Above, * denotes the convolution on L;(T)
- 55 [fe-

37,:2[7«-.09(0'

Now, we define the trigonometric modulus of smoothness

wy (f,)p = JSup IAT = -1 flp-

Further, for r € Ny we set

It has the property that w!(f,t), = 0 iff f € T,_; as it was established in
[9, 11].

In [9, 10, 11] it was shown that the moduli w! (f,t), and @! (f,t), character-
ize the rate of best trigonometric approximation just Slmllarly as the classical
modulus in any homogeneous Banach space of periodic functions and, in partic-
ular, in L,,. Babenko, Chernykh and Shevaldin [1] proved the Jackson estimate
(1. 1) in the case p = 2 for the modulus &1 (f,t)2. Shevaldin [14] verified it for
p=ocand r=2. _

Let us explicitly point out that except for the case » = 1 when both A, j f
and Airfl&_l f coincide with the symmetric finite difference of first order,
there does not exist a simple algebraic connection between them. For r > 2 the
finite difference A, p, f is a linear combination of the values of the function f at
the nodes « + (r —k — 1/2)h, k = 0,...,2r — 1, whose coefficients depend on
h. Basic properties of these coefficients including their explicit form are given
e.g. in [10, Section 2] (see also [13]). On the other hand, the finite difference
Afj—lgr_l f is the classical symmetric finite difference on the same nodes but
of the function §,_1f.

We can draw another line of comparison between the two finite differences.
The relation (2.1) implies by induction the following representation

r—1
Aof = A7 45 A(h) 2Py,

k=1

where Ai(h) are even trigonometric polynomials. Whereas in the other case,
since A, and the convolution commute, we have

AFTIF = AT e (AFTL)

with an appropriate even 27-periodic continuous function ¢ (see [11, (1.10)]).

However, the moduli @7 (f,t), and w! (f,t), are equivalent in the sense that
there exists a positive constant c, whose value is independent of f and t < t,
such that

Wl (ft)y S @F(ft)p < cwr (f, 1),

as it follows from results in [9, 10, 11] (see the end of the proof of Theorem 3.1
below).



3 An improved Jackson inequality
We shall establish the analogues of (1.2) and (1.3) for the trigonometric moduli
wl'(f, ), and @I (f,1),.

Theorem 3.1. Let f € L,(T), 1 < p < o0, s = max{p,2}, 0 = min{p,2} and
r € N. Then

N 1/s
nl—%{ 3 (k+1)8<2r—1)—1E§(f)Z} <cw, (fn™)p (3.1)
k=r—1
and
1/0
W (fp et 8 ST (k) ETITEL (s o<t <
r—1<k<1/t
(3.2)

The inequalities remain valid with &Y (f,t), in the place of WX (f,t),.

Proof. The moduli w? (f,t), and ©f (f,t), coincide with wi (f,t),. So it remains
to prove the theorem for r» > 2.
Let bj, j € No, be 2m-periodic and defined on [—7, 7] by

bj(z) = j(|z —m)sin |jz|
and let
%jF =F+ bj * F.
In [11, Proposition 2.4] we showed that for the bounded operator &, =%, - - - By:
L,(T) — L,(T) we have

Grgrf:ffsrfa f ELP(T)ﬂ

where S, f is the rth partial sum of the Fourier series of f. Also, as it follows
directly from their definition, both operators §, and &, map the set of trigono-
metric polynomials T} into itself for any k. Consequently, we get for k > r —1
and 75 the trigonometric polynomial of degree k of best L,-approximation of
§r—1f the relation

El{(f)p = Eg(gr—lgr—lf)p S ||er—1%’r—1f - 67‘—177{”]9
<c ngflf - Tka = CE]z(grflf)p-

Now, (1.2) with §,_1f in the place of f and 2r — 1 in the place of r directly
implies (3.1).
Similarly, (1.3) and the estimate E} (§,—1f)p, < cEF(f)p, k € No, imply

1/o0

Wl (fit)y et Y (k+1)7 U EL(£)7
0<k<1/t



Next, we split the sum on the right hand-side into two parts for 0 < k <1 — 2
and r — 1 < k < 1/t. We estimate above the summands of the first sum using
that k <r —1 and EL (f), <|fll, to get

1/c

wZ(f7 t)p < 21 Z (k + 1)0(27”71)*1Eg“(f)g + ,’,,0'(27“71)71”]0”;‘
r—1<k<1/t

Now, we replace above f with f — 7,._1, where 7._1 is the trigonometric poly-
nomial of best L,-approximation of f of degree r — 1, and use the invariance of
wl'(f,t), and EL(f)p, k > 7 — 1, under addition of trigonometric polynomials
of that degree to arrive at (3.2).

The inequalities for @( f, ), are derived immediately from those for w!(f,t),
because both moduli are equivalent to the same K-functional, namely,

KX (ft)p = inf  {lIf =gl + " Drgllp},
gew,; 1 (T)

where D, is the differential operator whose kernel is T,._; (see [10, Theorem 4.2]
and [11, Theorem 2.1]). O

4 Improved relations between trigonometric mod-
uli of different order

As we mentioned in the Introduction, the trigonometric moduli possess prop-
erties just similar to those of the classical one. In addition, they satisfy the
following sharpened forms of the inequality w!,,(f,t), < cw! (f,t), and of the
Marchaud inequality.

Theorem 4.1. Let f € L,(T), 1 < p < 00, s = max{p,2}, 0 = min{p,2} and
r € N. Then for 0 <t <ty there hold

1/s
to wT U s
-t { /t 7u2f§r(f1)+)f dU} <cwr (ft) (4.1)
and
1/o
_ bo wTT 1(fa u)a
wy (fit)p < et {/t i e Sl - (42)

The inequalities remain valid with & (f,t), in the place of wl (f,t),.

Proof. Tterating [3, (1.6)] (or see (1.4)), we get the inequality

_ to wWor l(fau)s e
2r—1 {/t Mdu} < cwar—1(f,t)p. (4.3)



Set F = F,_1f. Then §.f = F +r?ax F. In [11, (3.2)] it was proved that
(axg)" = g+ const for any g € L,(T). Then, using basic properties of the
classical modulus, we get

whi (fru)y = wor1 (Fr frw)p < ¢ [warg1 (Fyu)) + u™wop 1 (Fu)y] . (44)
For the first term on the right above we get by (4.3) with f replaced by F'
to Wo (F u)s 1/s
2r—1 TV Mp T

To estimate the second term on the right of (4.4), we proceed as follows. Let
F, € W2'~1(T) be such that

HF - Ft”p < cwar1(F, t)p (4-6)
and
2 EEV, < cwnpa (Fo 1), (4.7)

For F} one can take the Steklov mean of F' (see e.g. [4, p. 177]). Then we have
by basic properties of the classical modulus

UQSWQT_l(F, u); <ec ||F _ FtH;S) + us(2r+1) ||Ft(2r71) ||;

where 0 < u < tg, and, consequently,

s ) 1/s
f2r—1 /tO u*war 1 (F,u);, du
" ws@r—1)+1
< c|lF = Fflp + et EFV, < cwf (£,1),, (48)
as at the last step we have applied (4.6)-(4.7) and wl (f,t), = wor—1(F,t),.
Now, (4.4), (4.5) and (4.8) imply (4.1).

We proceed to the proof of (4.2). Iterating the sharp Marchaud inequality
(1.5), we arrive at

L [P (fuwy M
war—1(frt)p < et {/t ua(2r1)+1pdu} :
With §,-f in the place of f it yields
1/o
to wT (f u)o
r— r+1\J>
w2r—1(%’7’f’ t)p S Ctz ! {l 1/(,0(27"7_1)‘&) du .

Thus it remains to show that

WZ(fv t);v = W2r—1(37’—1fa t)p <c (w27‘—1(37‘f7 t)p + t2T71 Hf“p) . (4'9)



To verify the latter, we take into account that §,f = 0. F with F = §,_1f;
hence B,5.f = B,A.F = F + 0, « F with n.(x) = —1 — 2cosrz as was
established in [11, (2.9)]. Set G = §,f and let Gy € W2 (T) satisfy (4.6)-
(4.7) for G in the place of F. Then

W27‘—1(Fa t)p S w2r—l(%rG - %T‘Gt) t)p + W27‘—1(6;(137 t)p

+ Werl(br * Gtu t)p + W27‘71(77r * Fa t)p
<c|BG =BGl + GV,
+ 12 oy« G| 22 B F
r— 2r—1 r—

(16 = Gellp + 271Gl + 227 Fl,)
(w2r71(Ga t)p + t2r_1||f||17) .

Thus (4.9) is proved. O

<c
<c

Remark 4.2. The inequalities (4.1) and (4.2) can be verified by means of (3.1)
and (3.2) (see the proof of [3, Theorem 5.3]) and vice versa (the proof of [4,
Theorem 3.4, Ch. 7]). Moreover, such a proof maybe considered even simpler
and shorter than the one we used here. However, we preferred to use an approach
which is based on the properties of the classical moduli and is independent of
the relation of the new moduli to an approximation process. It demonstrates
the advantages of the connection between w! (f,t), and the classical moduli
in transferring properties between them and can be applied to define moduli
appropriate for other approximation operators and establish their properties.

Remark 4.3. Replacing in (4.2) f with f—7,._1, where 7.1 is the trigonometric
polynomial of best Ly-approximation of f of degree r —1, we immediately arrive
at its slightly stronger form

1/o
r— fo er l(f’ u)o
W;F(ﬁ t)p < ct? ! {/t W du + ErTfl(f>p
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