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1. Introduction

. The Bernstein - type operators discussed in this paper are given by
U.f = Un(f, z) = f(O)Pn,o(z) + f(l)Pn,'n,(x)
n—-1 1
+ E Pn,k(z) / ('"' - 1)Pn-—2,k—1(t)f(t) dt,
k=1 0

where

Poi(z) = (Z) k(1 — )"k,

The quantity (n — 1) [J Pagk-1(t)f(t)dt for 1 < k < n—1 in the operators
Un(f,z) takes place of f(;’i—) in Bn(f,z), the Bernstein polinomials. These
operators were introduced by T.N.T. Goodman and A. Sharma [3]. In this
paper we shall study the relation between the rate of approximation of U,( f, z)
and the K-functional

K(52) = K (s L WA(9)) = {1~ glles + 0" eei 9 € W),

where

W2,(p) = {f € AC[0,1]; f' € AC1dl0, 1], of" € LOO[O,I]}
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with ¢(z) = z(1 — z). We shall prove a direct inequality and strong converse
inequality of type A. Here the terminology of [2] is used. So, we shall show

(L.1) 1t = Flle ~ K (f)

i.e. we shall find two constants ¢; and ¢y such that

(12) llf ~ Unfllow < K(f2) _ < allf = Unllee

2. Some basic properties

We recall some properties proved in {3,4].

(2.1) U, is linear and positive.
(2.2) Un(l,z) =1, Up(t,z) = z.
20(x
(2.3) Un(t?,2%) = 2* + ﬁ(l)
(2.4) NUnflloo < 11 lloo-
(2.5) f < Uixf <U,f forconvex f and natural k > n. .
(2.6) UU, f = U, U f, i.e. U, commutes with Uy.

3. The Jackson-type inequality and the direct theorem

In order to show the direct part of [|Upnf — flloo ~ K(f, %) , l.e. the
oQ
first inequality in (1.2), we prove the following three lemmas concerning any
operator L satisfying condition (3.1).

(3.1) (1) L is linear and positive operator from Ly[0,1] to L[0,1],
(2) L(1,z)=1, L(t,z)==.
From (1) and (2) we obtain the following property
(3) Lf > f for convex f.

Lemma 3.1. Let

yWz—-1) for0<y<z<1

Ky(z):{z(y—l) foro<z<y<l1
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If f € WZ(p), then we have
1
(3.2) L) - @) = [ (L(Kyv0) = Kyfe) " (5) dy.

Proof. We use the idea of the proof of Lemma 1 in [5]. From condition
(3.1) we conclude that L is a bounded operator and we obtain

[ (ke 20) @y = 1 / K (0,21 "() dy).

Now we have

1

oy B@r@a= [T -0rd [ -0

T

=f(z) - (1 - 2)f(0) — 2 f(1).

1
say [ L)y =L(f,2) = SOL( - 1),2) = F(1)L(t,2)
=L(f,2) - F(O)(1 - 2) — f(L)a.
The equations (3.3) and (3.4) yield (3.2). Lemma 3.1 is proved.

Lemma 3.2. Let fo(z) = zlnz + (1 — 2)In(1 — z). Then
ILf = flleo < 17" ¢llooll Lfo = folloo

for every f e W2 ().

Proof. K,(z)is convex and nonpositive then from (3.1) it follows that
L(Ky(-),z) — Ky(z) > 0. From Lemma 3.1 we have

Lpre) - flo) = [ AR o) ay
Thus
(35) LS = flloo < [1f"¢lloo Ié’[%’i]lL(/o I:(’z(/t)) dy,2) - 0 I;(S;) |

and

‘ Ky() Ty(z-1) Ye(y-1) , .
(3:6) / w(y) / y(1-1y) Wt /x y(1-1y) v = fola).
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As a corollary of (3.5) and (3.6) we have

12F = fllos < £l mat 1LCfo,) = fole)] = NESo = folloll S plce-

Lemma 3.3. Let fy be the function from Lemma 3.2. Then the following
inequality holds true

1L fo = folleo < II;%)L(U =95,

Proof.
L(fo(t),2)~fo(z) = L((1 - ) In(1 ) + tint,a)
- L(1-t,z)In(l - z)— L(t,z)lazx

= 2((1-9)In(1 - ) - (1 - )In(1 - z),z)
+ L(tlnt —tlnz,z).

(3.7)

Expanding In(z + t — z) by Taylor’s formula
t— bt -
lntzlna:—{—(——zl-—/ g———z,u—)du
z c U
and using f: gt;—fl du > 0 we have:

t —_
(3.8) ' tlnt—tlnz < ﬁx_”’_)

(3.9) (1=l -t) - (1 -l -2) < (Lzl—t)_(—);tl

After substitution of (3.8) and (3.9) in (3.7) we get

(1-t)z—-1t) tt-=)
(1-1z) T ’z)

0 < L(fo(t),2) - folz) < I(
and therefore

0 < L{folt), &) fo(z) < ——

- 2 T).
S UE =)

Hence

ILfo — folleo < u;%L((t —95||

As a direct consequence of Lemma 3.2 and Lemma 3.3 we obtain the fol-
lowing theorem
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Theorem 3.1. (Jackson-type inequality). For every f € W2 () we have
125 = flle < 1"l 5 L= )|

Let us put L = U, in Theorem 3.1. Then

Un(t?,2) -2 2
(-2 = = =
and therefore
2 "
(3.10) 10 = flles < eyl "l

Theorem 3.2. (A direct-type theorem). For every f € Loo[0, 1] we have

(3.11) 1S = flloo < 2K (£, %)oo

Proof. Let g € WZ(p). Then

1Unf = flloo < [[Unf = Unglloo + 1Urg = 9llco + 19 = flloo-

Using (2.4) and (3.10) we get

(3:12) |Unf=flloo < 20| f-9lloot+

2 " l "
sl el < 2(17 =l 0"l )

Taking an infimum on all g € WZ () in (3.12) we derive (3.11).

4. Two important properties of U, f

Lemma 4.1. For every f € Ly[0,1] we have

¢(z)

)U"(f, z).

Un—l(faz) - Un(fvm) - (

Proof. Let
‘ Un(f7 :L') = An(f,x) + Dn(faz)a
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where
An(frz)=(1- x)"ffo) +z" f(1)
and
Dulf,z)= 3 Pur(®) [ (= DPacasa(0)1(2) dr
k=1 0
Then

Dn_1(f,z) = i Pr1k(x) /l(n = 2) Pz k-1(t) f(t) dt
k=1 0
ey 1 n-—3
=Y Poai(z) [ (n-2) t* (1= )" %2 f(1) dt
,Z:l * )/o ‘(k - 1) (
= ! n— n =3\ k-1 _ pyn—k—1
+gP -1,k(z)/0 ( 2)(k— l)t (1-1) f(t)dt
n—1 1 n—3 » .
= ; Pn_l,k_l(x)/o (n— 2)(k _ 2) 11— )R f(1) d
= ! =3\ k1 _ p\n—k-1
+;P_1’k(z)./o (n—2)(k_1>t (1-1) f(t)dt
n-1 1
= Z P, k(z) / (n = 1)Pr_gk—1(t)f(2) dt
k=1 0

) 1k(k—1) 1 (n-k)n-k-1)
X (zn(n—1)+(1—z) n(n — 1) )

Hence

n—1 1
Daa(£,) = Dul£,) = Y Pusl@) [ (n= DPaspa(0 (1) dt
k=1 0

'« (I— z)k(k — 1) +z(n—k)(n-k—1)—n(n— 1)p(z)

p(z)n(n —1)
=Y Pok(®) [ (0= DPas S0
k=1 0
(k=n2)?  np(z) + (k- na)(1 - 22)\ _¢(z)
= o) )t )
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On the other hand

/ _k—nz ‘:1:
Pn,k(:l:) = ———(P(CB) P-,,,k( )
and
— NT 2 ne\z —nz — 922
(4.1) P’/"’k(x)zp"”‘(z)<(k¢z(z)) _n( )+(1;2(z) )(1-2 ))

and therefore

(AB)r(f,2) = Dulf.2) = 72D D1, 2)

for every f € Ly[0,1]. For the other part of Up—1(f,z) — Un(f,z) we have
. (4.3)

Anca(£,2) = Al £,2) = SO (1= 2)+ F(Ve(1 -2 = ZEELS (1, 0)

for every f € Ly[0,1]. Now using (4.2) and (4.3) we prove Lemma 4.1.

Remark. Lemma 4.1 is a limit case of Theorem 5 in [1]. The method
used in the proof allows us to put less conditions on the function f than in [1].

Let
W (@){0;1} = {f € W2 (o) : E{g@(w)f"(w)) =0, lziITrll(sO(x)f”(x)) = 0}.

Lemma 4.2. For every f € W2 (¢){0;1} we have

P(@)UL(f,2) = Un(ef", 2),

i.e. U, commutes with the operator D, given by Df := ¢f".

Proof. We have U,f = Ez=ou§cn)(f)Pn,k, where “(()n)(f) = £(0),
u(f) = F(1) and wV(f) = [A(n = 1) Pacgpa(t)f(B)dt if 1<k <n—1.

Let A'u{™(f) = u{?,(f) — ™ (£) and A% () = AY(A{)(f)), there-
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fore

U,’.(f,:l,‘) = Zu(ﬂ)(f)( )(k k— 1(1 x)n—k _ (n _ k)xk(l _ x)ﬂ—k—l)
. k=0

=3 ()= eyt = X ()0 - B oy

k=1 k=0
n

(;21) st —ayt - nkgo ("3 D)t -z

= Z W, (F) = ulP () Pacrk(2)

SN

s
[l
o

3II

({2, () = w(£)) Pac1a(2)

x
I}
=)

n—

1
=n Z 1u£")(f)Pn_1,;c(:c).

k=0

From the above representation we have
n-—2
(4.4) UY(f,2) = n(n—1) Y A2 (f) Pac2 k(o).
k=0
Now we shall prove that

1
(4.5) A% (f) = ;12- /0 P (t)f(t) dt

for 0 < k < n—2. In the case 1 < k < n — 3 using integration by parts we
obtain

2u(M(f) = /Ol(n — 1)(Puzzp1(t) = 2P k(1) + Pro2p1(8)) f(2) dt

1
_ %/ P”k-rl(t)f(t) dt = — '/0 Pn,k-H (.t)f”(t) dt .

In cases k=0 and k=n-2 we have the additional terms f(0) and f(1), respectively.

But they are canceled out with —f—@in"'*ﬂ and f(l)P"‘n"“(l)

. Thus, equality
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(4.5) holds true for 0 < k < n — 2. From (4.4) and (4.5) we get

n—2 1 )
UL(f,) = 3 Pas(@) [ (0= D) Prna(0170) e
k=0 0

and therefore

DV = 3 Pasia(@) [ (0= DPacasle(0)f"(0)
k=0 o

n—1 1

=Y Pas(a) [ (1= DPacasra(D(O () d
k=1 0

= Un(‘Pf”,x)’

“because f € W2 (9){0;1}. Lemma 4.2 is proved. .
Using (3.10) for f € W2 () we have lim,_,o0 Unf = f. Hence from Lemma
4.1

(4.6) Unlfio)— f5) = 3 “”(””)U"(f"”)-
‘ k=n+1 k(k -

Now we shall improve the result of (3.10) for the operator U, and
f € W2(¢){0;1}. From (4.6),Lemma 4.2 and (2.4) we have

_ — U (ef”, ) /| —~ 1 _ 1 "
10nf = fll = ]lk; ity Nl < tes I 3 ey = lleS e

For fo(z) ( which is not in W2 (¢){0;1} ) we have

i)~ o) = | 55 #)

k=n+1

Usmg the idea of the proof of Lemma 4.2 we get o(z)U}/(fo,z) = Ur(efy,z) —
zF — (1~ z)* and then

Ur(efg,z) —a* - (1~ z‘)"l

|Un(fo,2) = fo(z)] :| > k(k—1)

k=n+1
1 o~ zF + (1 -2z)F
’i“ k(k—1) [
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Therefore
1 = 1
1Unfo = follo = = > FTEGE—1)
k=n+1
Thus
1 1 1

. —(1—-7>=)< nJOo — oo S —.
(4.7) L= 5 < Wfo~ olloo <
From Lemma 3.2 and (4.7) we get

1

(48) 10 = Fllo < ~li0f" e

for every f € W2 (p). The inequality of Jackson-type (4.8) is better than (3.10).
Theorem 4. The constant 1 is the minimal in (4.8).
Proof. If we suppose that, there exists ¢ € (0, 1) such that

1-c¢

(4.9) 1Uf = flloo < =1l f"llo

for every f € WZ (o) and every n € N. In'particular for f = fo

1-c¢

(4.10) 1Unfo ~ folleo <

From the first inequality in (4.7) and (4.10) we have 27" > ¢ for every n.
Therefore (4.9) leads to a contradition. Hence, Theorem 4 is proved.

5. Inverse theorem

In order to show the inverse theorem we shall prove the following two
lemmas

Lemma 5.1. For every f € § we have

1 1
1nf = £ = ~0F" oo < 55l (0F") e

where

S ={f e Wi(p){0;1};0f" € Wi(e)}-
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Proof. From (4.6), Lemma 4.2 and (4.8) we have

10nf = 5 = —f"leo =] _f: i

<”90(<Pf”)””°° Z k2(k )

k=n+1
But
(n+2)k 1
kzn;l k?(k 1 < E (e DEFDR(E- 1)
(n + 2)
T (n+ 1) Z Ic(k2 -1)
- Hence

E n+2 1 < 1

2(k — 2°
Nany k (k 1) n+12n(n+1) 2n
Therefore Lemma 5.1 is proved.

Lemma 5.2. For every f € Loo[0,1] and every n € N we have
oV fliso < V20| flloo-

Proof. Using (4.1) we get

U2(f,2)e(z)| n(g - z)? (1-22)(% - 2)
T 2“""“ st (M -1- )
n(f -z (1—22)(£—w)
<”f”oozpnk( )‘ (p(l') 1- 99("")
The Cauchi-Shwarz mequahty gives
(5.1) )
UM, z)p()| nt—2)? | (1-2a)(t-2)\? . :
P R < il [Bn((———so(z) =) )3,,(1, )]
= _n? .z (1 - 22)? —2)2
= I lleo Sog(x)Bn(( fz)+1+ (@) 57—~ Bn((t — 2)*,z)
- Bl = 512) - %;)3’93"(0—@3,:)

( 2z)B(t 4]
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The following properties of Bernstein polinomials are valid [6, p.14]

(5.2) Bn(1,2) =1,

(5.3) B.(t—z,z) =2,

(5.4) Ba((t - 2)%,2) = ﬁg-f—)

(5.5) Ba((t—2)%,2) = _293:52("’) 4 <P75;'7),
(5.6) Ba((t—2)t,0) = 302 | £2)

Replacing (5.2), (5.3), (5.4), (5.5) and (5.6) in (5.1) we recieve
"(f,z)p(x n? Xz Xz T
Ga el g, [¢2(z)<3¢ (@) _¢2e) | 22y

n? n

(1 - 2z)? 2n(1 - 22) ;1 2zp(z) () :
ny(z) -2 p*(z) (— n? + n? )]

2
, = | fllooy /2~ >

and therefore

L U2l < VSl

Lemma 5.2 is proved.

Theorem 5. (Inverse theorem of type A). For every f € Loo[0, 1] we have
1
K(f,~) < 6+VB)IVas ~ fllo-
n/ o

~ Proof. Using Lemma 5.1 and Lemma 4.2 with U2 f instead of f we derive
(5.7) )
1 1 1
125 = U2 = 2o(U21)"lko < 5l (U2D"Y o = 571UV ec
From (5.7) and Lemma 5.2 we have that

1 " ﬁ "
NU3f-UZf - ?P(U;':f) loo < %“‘PUnf“oo

\/5 " \/i "
o (U21) oo + S MU(S = Tn ko

V2

2n

<

< 5 Ne(Uf) loo + U f = flioo-
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Using this inequality and (2.4) we have
1 1
(021 oo < WU = UZF = —0(U2F) oo + U3 = U2 fllo

<NV =~ flleo + LUV

Hence :
@ VB2 1) eo < 20 S ~ o
U2 oo < (4 +2VD)Un] = Sl
Therefore

K(f,2)_ <NUZF = fllo + (U2 oo
S NUnf = flioo + NUZS = Unflloo + (4 + 2V2)|Unf = fllco,

Theorem 5 is proved.
Theorem 3.2 and Theorem 5 yield (1.1).
Remark. If we look trough the relation between ||f — U,f|l« and

K ( f,‘ 2-11;)00 we can prove a better estimate

A0S = flloo < K (£,5-) _ < (44 VDIIUAS = flleo

in a sence that it has the smaller quotient c2/cy for the constants in (1.2).
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