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Abstract

The uniform weighted approximation errors of Baskakov-type oper-
Yo

ators are characterized for weights of the form (%) (14 2)" for
x

70, Yoo € [—1,0]. Direct and strong converse theorems are proved in terms
of the weighted K-functional.

AMS classification: 41A36, 41A17, 41A25, 41A27.

Keywords: Baskakov-type operator, Direct theorem, Strong converse theorem,
K-functional.

1 Introduction

Baskakov [2] introduced the linear positive operators

Baf(r) =3 Pusle)f (£)

n
k=0
for approximation of bounded and continuous on [0, co) functions f, where

k-1
P, k(x) = (n + B (1 4+ 2)™ %, k € Ny = N 4 {0}, denote the Baskakov

basic functions. Following the Durrmeyer modification [5, 3] of Bernstein poly-
nomials, Sahai and Prasad [14] modified the operators B, for integrable on
[0,00) function f as follows

Buf@) = Y. Pas@n=1) [ Pas()f )iy
k=0 0

Another modification was introduced by Agrawal and Thamer [1]

Buf(2) = Puo(@)f(0) + 3 Pos(w)(n — 1) / " P () )y
k=1
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Although similar to the Goodman and Sharma [8] modification of Bernstein
polynomials, operators B,, lack some of its nice features. Both B,, and B,, do
not preserve all linear functions and do not commute with the weighted second
derivative operator.

The Baskakov-type operators discussed in this paper are given for natural n
by

Vif(x) = Z Pn,k(x)vn,k(f)
= (L.1)
vno(f) = f(0); vai(f)=(n+ 1)/0 Potor-1(y)f(y)dy, keN,

where f is Lebesgue measurable on (0, 00) with a finite limit f(0) at 0. As far as
we know the operators V,, were introduced in 2005 by Finta [6]. He established
a strong converse theorem of type B (in the terminology of [4]) for V,,. The
study of operators (1.1) is continued in [7, 9, 10]. In the present article we
show that operators V,, are related to Baskakov operators in the same way as
Goodman—Sharma operators are related to Bernstein polynomials.

We start with some notations. The first derivative operator is denoted by
D = %. Thus, Dg(z) = ¢'(x) and D%*g(z) = ¢"(x). By ¥(x) = 2(1 + z) we
denote the weight which is naturally connected with the second derivatives of
the Baskakov-type operators (1.1). Our main goal in this paper is the character-
ization of the uniform weighted approximation error ||w(f — V,, f)|| of operators

(1.1) for weight functions given by

T
1+

Yo
w(z) = w(y0, Yooi T) = < > (1+az)7> (1.2)
for € [0,00) and real 4y, Voo. The result of Theorem 1.1 below is valid for
values of the powers 7p, 7o in the range [—1, 0], while some other statements
are formulated for arbitrary vy, < 0.

Let us emphasize that, given the sequence of operators V,,, we investigate
which is the variety of weights w(vp,ve0) allowing a characterization of the
approximation error ||w(f — V,,f)||. On the other hand, for a given weight w
we are not interested in modifying Baskakov operators to some V,, in order to
ensure convergence of ||w(f — Vi, f)|| to 0.

By C0,00) we denote the space of all continuous on [0, 00) functions. The
functions from C[0, 00) are not expected to be bounded or uniformly continuous.
By Loo[0,00) we denote the space of all Lebesgue measurable and essentially
bounded in [0, 00) functions equipped with the uniform norm || -||. For a weight
function w we set C(w) = {f € C[0,00) : wf € Ly[0,00)} and

W2 (wy) = {g,9" € ACo(0,00) : wpD*g € Lo[0,00)},

where AC,.(0,00) consists of the functions which are absolutely continuous
in [a,b] for every [a,b] C (0,00). As Lemma 2.3 shows every function from
W2(w(0,7s0)?) can be defined at 0 in a way to be continuous.



Set Co(w) = {f € C(w) : f(0) = 0}. Similarly, by WZ(wv) we denote the
subspace of W2(w)) of functions g satisfying the additional boundary condition

. 2
Jlim (@) Dg(x) = 0. (1.3)
Note that the boundary conditions for both Co(w) and W (w) do not depend
on the weight w. These conditions are essential when the weight w does not go
to oo at 0, while for 49 < 0 we have Cy(w) = C(w) and W§(wyp) = W2(wip).
The weighted approximation error of V,, will be compared with the K-
functional between the weighted spaces C(w) and W2(w)), which for every

feCw)+Wwy) ={fi+ fo: f1 € C(w), f» € W?(w))}

and ¢t > 0 is defined by

Ky (f.t) = mf {[Jw(f — g)|| + tllwyD?g|| : g € W?(wi)), f — g € C(w)}. (1.4)

The above formula is a standard definition of K-functional in interpolation
theory. In approximation theory the condition f — g € C(w) in (1.4) is usually
omitted because in the predominant number of cases the second interpolation
space is embedded in the first one. However, the study of Baskakov-type opera-
tors (1.1) involves interpolation between C(w) and W2(w1)), as W2(wi)\C(w)
is of infinite dimension for some of the weights w that satisfies the assumptions
of Theorem 1.1, i.e. w(x) = w(v0,Voo) With 70,700 € [—1,0].

If -1 < 7o < 0and g € [—1,0] then C(w)+W?(wi)) = C(w)+m1, where my
is the set of all algebraical polynomials of degree 1. Note that 71 is the null space
of the operator D?. But for 7., = 0 or for 7., = —1 the space C(w)+W?2(w)) is
essentially bigger than C(w) + 1. Thus, if f(x) = z/e for z € [0,¢] and f(z) =
logz for z € [e,00), then f € (C(w) + W?2(wy))\(C(w) + 71) for 7o, = 0 and
Y0 € [-1,0]. Also, if f(z) = 2%/e for z € [0, €] and f(z) = zlogz for z € [e, ),
then f € (C(w) + W?(wy))\(C(w) 4+ m) for 70 = —1 and o € [-1,0]. The
non-emptiness of (C(w) + W?(w))\(C(w) + m1) is determined by the increase
of (r) as 22 at infinity. In this respect operators (1.1) behave differently
than Goodman—Sharma operators (see [12]), where always C(w) + W2(wy) =
C(w) + 71 (with proper weights for the finite interval).

Before stating our main results we sketch some properties of operators V,,.
They preserve the linear functions, which is an advantage when compared with
B, or B,. In the present paper we establish several new properties of Vi,
which are analogous with those of Goodman—Sharma operators. For example,
Theorem 2.6 shows that V,, and V,, commutes for all indexes n and m, in
Theorem 2.5 we prove that V;, commutes with ¢»D? and Lemma 2.2 shows that
D2V, f depends only on the difference V,,f — V,,.1f. The last two properties
essentially simplify the proof of Theorem 1.3.

Our main result is the following theorem, consisting of a direct inequality
(1.6) and a strong converse inequality (1.7) of type A in the terminology of [4].



Theorem 1.1. Let w = w(vp,71) be given by (1.2) with vyo,v1 € [—1,0]. Then
for every f € C(w) + W2(wy) and every n € N, n > 4, we have

fulf =Vl < 26 (£.5- ) < BTG -Vl (05)

Taking into account that w(vo, 1)t is concave if and only if yg,v1 € [—1,0]
we see that the first inequality in (1.5) is contained in the following direct
theorem.

Theorem 1.2. Let w=! be concave. Then for every f € C(w) + W?2(wi)) and
for every n € N we have

Vs = DIl <266 (1.5 ) (1.6

The second inequality in (1.5) is a consequence of the following strong inverse
theorem of type A.

Theorem 1.3. Let w = w(7o,7v1) be given by (1.2) with Yo, Yoo € [—1,0]. Then
for every f € C(w) + W2(wy) and for every n € N, n > 4, we have

1 975
Ko (.50 ) < alluts =Vl (1.7

Theorem 1.2 extends or improves several results from [7, 9, 10]. Theorem 1.3
improves the result in [6] in the following directions: (i) (1.7) is a stronger
inequality with only one term in the right-hand side; (ii) the inverse theorem
holds for wide range of weights w(vp,71) instead of only for w = 1; (iii) the
statement holds for f € C(w) + W?2(wy) instead of for f € C(w); (iv) (1.7)
comes with the explicit small constant 575/84 in the right-hand side.

As seen from Theorem 1.1 operators (1.1) are saturated with saturation
order n~! and W2 (w1)) is contained in the saturation class (both classes actually
coincide). But Theorem 1.1 does not imply for all f € C(w) + W?2(wy) that
|w(f —=Vaf)Il = 0or Ky (f, (2n)~1) — 0 when n — oco. In fact, both quantities
in (1.5) do not tend to zero with n — oo for some functions in C'(w). In order to
ensure convergence to zero of these quantities one may need to impose additional
restrictions on the behavior of f at 0 and at co. At 0 these restrictions are the
same as for the Goodman—Sharma operators, namely, lim, o4 27 f(z) = 0 for
—1 < 49 < 0 or the existence of lim, oy 27! f(x) for 49 = —1. In the same
time, at oo function f should not vary very fast in order to allow approximation
in C(w) with functions from W2 (w).

Although Theorems 1.1, 1.2 and 1.3 are stated for integer n they also hold
true if n is assumed to be a continuous positive parameter. In this case

I'(n+k)

k —n—k
() & e

Pnyk(x) =



where I" stands for the Gamma function. V,, is defined again by (1.1). We shall
use the above definition of P, ; only in the proof of Lemma 2.1, while for the
remaining part of the paper the index of V,, will be assumed integer.

The paper is organized as follows. Some auxiliary results about operators V,,
are proved in Section 2. Theorem 1.2 is proved in Section 3, while Theorem 1.3
is proved in Section 4.

2 Auxiliary results

We first observe that the operators V,, given by (1.1) are well defined for big
n’s on functions f with a polynomial growth at infinity. More precisely, if
w(0,Vs0)f € Loo[0,00) for some (negative) Voo, then V,, f is defined for every
natural n > —7v. — 1. The boundedness of V,, in this case is given in

Lemma 2.1. Let oo < 0 andn € N, n > —vy — 1. If f € C(w) with
w=w(0,7), then [[wV, f|| < c||wf]|| with ¢ depending only on Y.

Proof. From (1.1) for k € N we get (7 = 7o)

'n+~y+1I'(n+k+1)
Fn+1)I(n+~y+1+k)

U,k (w(0, =) = (2.1)
Representation (2.1) is trivially true for & = 0 too. For every o € R we have
I'y + a)/T'(y) = O(y®) for y — oo, which implies the existence of a constant ¢
depending only on ~ such that

F'n—y)Tn+k)T(n+y+1)I'(n+k+1)

T)T(n k=) T+ D+ v+ 14 k) = ©

for every k € No, n € N, n > —y — 1. Now from (1.1), (2.1) and the above
inequality we get

w(@)Va f ()] < w(@) Y Poi(@)on,ge(w(0, =) [w(0,7)f]
k=0

> Pn—y)T(n+k)Tn+vy+)I(n+k+1)
= P,_ x wfl < cllwfll,
kz_% i )I‘(n)F(n+k — ) IT(n+)(n+vy+1 +k)|| fll < ellwf]
which proves the lemma. O
Throughout the article we shall employ the convention P, ;j(z) = 0 for
J = —1,-2,.... Next, we give some identities involving the Baskakov basic



functions, which follows by their definition. For j € Ny, n € N we have

memH,j_l(x) = jpm,j(l‘), (22)
m(l 4+ x)Pp1,(x) = (m+ j) P, (), (2.3)
m(m + 1)¢($)Pm+2,j($) = (.7 + 1)<m +] + 1)Pm,j+1<x)’ (24)
i(r) = J—me (T .
DPy(w) = 7 P (), (2.5
2p oy | (Fmma\t m(@) + (G- ma)(1422) |
D Pm,J(x) - [( ’L/)(l‘) ) 1/}2(1,) Pm,J(x)v (2'6)
DP () = m[Pmi1j-1(x) = Py (@), (2.7)

D*Pry j(x) = m(m + 1)[Pryaj—2(2) = 2Pmy2-1(2) + Pryaj(z)].

Next, we collect from [2] and [11] some basic results for the original Baskakov
operators. With the notation e;(x) = x/, j=0,1,2 we have

B,, is a linear, positive operator; (2.9)
Breo(x) = eg(x), Brei(x) = ei(x); (2.10)
1
Bpea(z) = ex(x) + g¢($)§ (2.11)
[Buf < [If|| for f € C(1); (2.12)
Using (1.1), (2.10), (2.11), (2.12) and the basic normalization equality
oo
(n—l)/ P,i(t)dt=1 for k,neN, n>2 (2.13)
0
we get the following basic properties of the operators V,,:
V,, is a linear, positive operator; (2.14)
Vieo(z) = eo(x), Vyner(x) = er(x); (2.15)
2
Vnea(z) = ea(z) + m?/}(ac), n>2; (2.16)
IVafll < |[f] for f e C(1). (2.17)
Using (2.14) and (2.15) we obtain
Viof < f for every concave function f. (2.18)

One important property of the sequence V,, is

Lemma 2.2. If f € C(w(0,7)) and n € N, n > —vyo — 1, then

Vaf () = Ve f(2) = —— () DA (Vo f) ).

(n+1)



Proof. We write V,, f(z) = Anf(z) + Snf(z), where

’ﬂf(): HO( )f(ov ZPnk 'Unk

From the identities (2.2), (2.3) we get

(n+ Dvngrk(f) = (n 4k + Dvnk(f) = kvnp41(f)- (2.19)
Now from (2.19) and (2.2) we obtain

k k
Sny1f(z ZPnJrl k(@ (n ++—f 1Un,k(f) - mvn,kJrl(f))

> n+k+1 > k 1
- Pn —— 7 Un - Pn — n
z; +1,6() TR x(f) 2_: +1,h—1( +1v & (f)

S P @) ((n+k‘)(n+k+1) 1 k(-1 1).

— n(n+1) 14z nh+a

Using the above representation and (2.5), (2.6) we obtain

nf () = Sni1f(x)
= - (n+1)1/1(:r)+k(k—1)(1+:r)—(n+k)(n+k+1)x
,;P b )on el n(n+ (@)
> o ()i <knz>2_ n(z) + (k — nz)(1 + 2x)
) g ¥(x) P2 (x)
_ 2p Y(x)
- n+1 ZD 2ok (f) = it 1) D*(Suf)(x). (2:20)

For the other part of the difference V,, f(z) — V41 f(z) we have
Anf(z) — Any1 f(z)

=((14+z)™™—=(1+2)""") f0)= ¥(z)

nin+1)
Finally, (2.20) and (2.21) prove the lemma. O

D> (A, f)(@). (221)

The following lemma contains some boundary properties of the functions in
W2(w(0, Yoo )¥)).

Lemma 2.3. If g € W2(w(0,v50)%) and n € N, n > —vyo, — 1, then
. o . —n _ . —n—1 _
i1_>rno xDg(x) =0, xlgr;o(l +x) " Dg(z) =0, wlgrolo(l +x) g(x) =0. (2.22)

Moreover, g has a finite limit at 0.



Proof. The first limit follows from ¢'(z) )+ g * ¢’ (t) dt when the integral
is evaluated by |logz|||w(0, veo)tg” || for O < x < 1L For the second limit we
use the same formula with the bound ["t=1(1 + )71 dt[|w(0, ye0 )thg”|| for
x > 1. Similarly, we obtain the last limit in (2.22) using

g(z)=g(1)+g (1) (z—1)+ / (x —t)g" (t) dt. (2.23)

1
Representation (2.23) also gives g(0 + 0) = g(1) — )+ fo tg"(t) dt, which
completes the proof. O

Now, we apply Lemma 2.3 in the proof of
Lemma 2.4. If g € W2(w(0,750)%) and n € N, n > —vo, — 1, then

V(@) D*(Vag) (@) = D vn 1o (0D?g) P si().
k=1

Proof. Using (2.7) we get for the first derivative of V,,¢g the representation

—nzvnk Pt e—1( —nzvnk Py k()
=n Z [Un,k+1(9) = Vn,k(9)] Prt1,k(2)
k=0
From the above representation we obtain for the second derivative
D(Vag) (@) = nln+ 1) Y[t is2(0) — 20 41(9) + v (0)] P (@), (2.24)
k=0

Now from (2.4) and (2.24) we get

W (2)D*(Vag) ()

Z Un, k+2 - 2Un7k+l(g) + Umk(g)](k + 1)(’1’L +k+ 1) n k+l( )
k=0

= [Wnks1(9) = 20n1(9) + vnk—1(9)]k(n + k) Py k(). (2.25)
k=1

For the evaluation of vy, (1»D?g) we first apply (2.4) followed by twice dif-
ferentiation by part together with Lemma 2.3 and finally we use (2.8) to get for



every k € N
Un,k(wDQQ)

= [t P @uos0a =" [T p op
el T RCLY O e S OO
n 0 n 0

=k(n+ k:)(n +1) /OOO [Pn+2,k,2(t) — 2Pn+2)k71(t> + Pn+2)k<t)] g(t)dt
= k(n + k) [vn,kfl(g) - 21}n,k(g) + Un,k+1(g)] . (226)

The above proof of (2.26) is valid for k& > 2. The final formula is also correct for
k =1 but one has to take into account the additional term with v, o(g) = g(0)
produced by the second integration by parts.

Finally, (2.25) and (2.26) prove the lemma. O

From Lemma 2.4 and boundary condition (1.3) we immediately get
Theorem 2.5. If g € W¢(w(0,750)¢) and n € N, n > —vo, — 1, then
(@) D?(Vog)(z) = Vo (D?g)(2), € [0,00),
i.e. V,, commutes with the operator 1 D? on WE(w(0,vs0)t).
From Lemma 2.2 and Theorem 2.5 we get

Theorem 2.6. If f € C(w(0,7x)) and m,n € N, m,n > —vy, — 1, then
ViV f = Vil Vi f, ice. Vi, and V,, commute on C(w(0,vs0))-

Proof. From Lemma 2.2 and Lemma 2.1 we observe that V; f € W (w(0, veo)1),
J > =Yoo — 1, whenever f € C(w(0,7)), i.e. we can apply Theorem 2.5 with
g=V;f. Set \; = (j(j +1))~*. Without loss of generality we assume that
m=n-+k, keN.

We prove the theorem by induction on k. For k£ = 1 using Lemma 2.2, (2.14)
and Theorem 2.5 we get

Vnzf - VnVn+1f = Vn(vnf - Vn+1f) = Vn(AnT/JDQ(an))
= )‘nvn(wD2(an)) = )‘nwDQ(Vrff) = (Vn - Vn+1)an = Vnzf - Vn+lvnf7

which gives V,,V,11f = Vo1 Vi f.
Assume V,V,y;f = Voqj Vi f for j = 1,2,..., k. Then using the inductive



assumption, Lemma 2.2, (2.14) and Theorem 2.5 we get

k k
Vi = VaVarkirf = Va ) (Vausf = Varjirf) = Va D A g0 D> (Vs f)
j=0 j=0
k
)\n+ij2(VnVn+jf) = Z >‘n+j¢D2(Vn+jan)
J=0

Il
.
E | M?v
o

Vots = Varis)Vaf = Vi f = Vg1V f
0

J
and, hence, V,,Vy, 1 x11f = Vigka1 Ve f.-This completes the proof. O

We finalize the section by proving the operators V;, and ¥ D?V,, have norm
1 in appropriate weighted norm spaces. The first lemma improves the constant
c in Lemma 2.1 with a very simple proof but for different class of admissible
weights.

Lemma 2.7. Let w™' be concave. Then for every f € C(w) and n € N we
have ||wVy, f|| < [lwf]|, i-e. Vi, has norm 1 as an operator from C(w) to C(w).

Proof. From (2.14) and w > 0 we get
VS (@)] = [Va((wfw™) (@) < Va(llwfllw™) (@) = [hwof[[Va(w™)(x).

From the concavity of w~! and (2.18) we get V,, (wil) < w~', which proves
the lemma. O

Lemma 2.8. Let w™! be concave. Then for every g € W2(wy) and n € N we
have
lwyp D (Vog)| < [lwipD?g]|.

Proof. From the concavity of w™! we get w > cw(0,—1) for some positive
constant ¢ and hence g € W2(w(0,—1)v). Applying the representation from
Lemma 2.4 and the inequality V,, (w_l) < w™! for the concave function w—! as

in Lemma 2.7 we obtain
[0(@)$(2) DX (Vag) (@)
(@)Y Pase) [ (0 )P 00 Do) dy

k=1
< v Dy w(@) 3 Pas(o) [ (04 ) Prsasca o ) dy
k=1 0
< wpD?g|| w(a) Vi, (w™)(x) < [lwy D,
which proves the lemma. O

Note that Lemma 2.8 immediately follows from Theorem 2.5 and Lemma
2.7 if we assume g € W (w).

10



3 Proof of the direct theorem

In the proof of the direct theorem we use the following two lemmas.

Lemma 3.1. For every g € C(w(0,—2)) and z € [0,00) we have
Jim Vig(z) = g(x).

Proof. For x = 0 we have V,,¢(0) = g(0) for every n € N.

Now, fix > 0 and € > 0. We choose § = §(z,¢), 0 < 1, so that |g(z)—g(t )|
g/2 for |z —t| < §. Taking into account that w(0, —2)(t) "1 < (x+2)%(z —1)%§
for every t > 0, |x — t| > § we get

l9(2) = 9(t)] < Q(t) == M(z —1)* +¢/2 VYt €[0,00)
with M = 2(z + 2)2572|jwg|. Using the above inequality, (2.14), (2.15) and
(2.16) we get

9(2) = Vag(@)| = [Valo(e) — 9,0)] < Va(Qu2) € M—2—(e) +2/2 < e

for every n > 4M1(x)e~! + 1. This proves the lemma. O

wl/\

Lemma 3.1 represents a standard point-wise convergence statement for pos-
itive linear operators. As shown in [10, Theorem 3.1], the lemma is true for
every g with no faster than power growth at infinity, i.e. g € C(w(0,7)) for
some negative v, but the proof of this property requires the verification of the
point-wise convergence of V;, on all polynomials (not only on the quadratic ones
as provided by (2.15) and (2.16)).

The next lemma is a weighted Jackson-type inequality for the operators V.

Lemma 3.2. Let w™! be concave. If g € W?(wi)) then g € C(w(0,—1—¢)) for
every € > 0 and

1
lw(Vag = 9)ll < - JwiD3l, neN.

Proof. From the concavity of w=! we get g € W?(w(0,—1)1). Now, in view
of (2.23) we see that g(z) grows at infinity no faster than zlogz. Hence g €
C(w(0,—1—¢)) for every positive € and Lemma 3.1 gives lim,,_, o Vo g(x) = g(x)

for every z € [0,00). Then from Lemma 2.2 with v, = —1 — ¢ we have
S (@) D?Vig(x
Vag(@) — g(2) = 3 (Vig(@) - Virrg(e Z e Y@DVegle) g g
k=n

From (3.1) and Lemma 2.8 we get

Y D*Vig
[w(Vag = 9)] wz :

k(k+1)

wiyD*Vyg
Z” ol < Z ey leeDtl = wun.

11



Proof of Theorem 1.2. Let g be an arbitrary function from W?(we) such that
g— f € C(w). Then

[w(Vaf = DIl < lwVaf = Vag)l + [w(Vag = g)ll + lw(g = F)I-

From Lemma 2.7 and Lemma 3.2 we get
1 2 1 2
lo (Vi f = NIl < 2llw(f = g)ll + —llwpD7gll = 2 { [[w(f = g)ll + 5 -[lwDg] | -

Taking an infimum on g € W?2(w1) in the above inequality we prove the theo-
rem. O

4 Proof of the inverse theorem

We start with a lemma showing that for every f € C(w) + W?2(wi)) the images
Vi f, n € N, can be tested for (almost-)realization of the K-functional (1.4).

Lemma 4.1. Let w™! be concave. If f € C(w)+W?2(wi)) then for everyn € N
we have f —V,f € C(w) and V,,f € W§(wip).

Proof. Let f = fi + fo with fi € C(w) and fo € W2(wy). In view of Lemma
3.2 with e = 1/2 we have fo € C'(w(0,3/2)) and hence V,,f =V, f1 + V,, f2 for
every n € N.

Lemma 2.7 implies V,, f1 € C(w) and Lemma 3.2 gives fo — V,, fo € C(w).
Hence f -V, f € C(w).

From Lemma 2.2 and Lemma 2.7 we obtain V,,fi € Wg(wy), Lemma 2.4
shows that V,, fo satisfies (1.3) on the place of g and Lemma 2.8 implies V,, fo €
W2(wi). Therefore V,, f € W (wi) and the lemma is proved. O

The following two lemmas are crucial in the proof of the inverse theorem.
The first one is a strong Voronovskaya-type estimate.

Lemma 4.2. Let w™! be concave. Then for every g € Wg(wy) such that
YD?*g € W2(wyp) and for every n € N we have

1 g+ Vg 1
o (Vg =g Lor? (2522))| < palwvr?woto)l

12



Proof. From (3.1) and Theorem 2.5 we derive the representation

Vag —9 - %wD'Z <9+2V”9>
:n m - %wDQg - %QbDQ(Vng)
2n—1 k—
-y RIS ,;;Z Va6~ V41

with the series convergent in C'(w). From this representation, Lemma 3.2,
Lemma 2.2 and Lemma 2.8 we get

o (oo (7557))

|w(Vi(yD?g) — D?g)|| |w(Vsr1(¥D?g) — Vi(¥D?g))||
,;;n k(k+1) +k;1; k(k+1)
lwyD*(YD%g)| = = ww D2V, (wD)||
kZ;L kE2(k+1) +k§1; k(k+1)s(s+1)
< A, lwyD* (YD) || (4.1)
with

2n—1 k—1

1
Z R DIyt
Changing the order of summation in the double sum above and using
PRI SRR S SR A
p— kk+ — s(s+1)\s+1 2n

2n—2

C Zos(s+1)2 2m2(2n—1)

we get

0o 2n—2

1 n—1
Z k+1 S; s(s+1)2  2n2(2n—1)

2n—1

n+2 1 n—1
< _—
kZ;n k+1) o k;ﬂﬂ E-Dk(k+1) 20220 1)

13



1 & 1 2 1
33 (i)

k=2n

n+2 =1 21 n—1
+2n+2k_zn+1(k+1_k+k—1> S m2(2n—1)

_ 2n3 +3n? — 3n + 2 < 1
C4An2(n+1)2(2n—1)  4n?’

which in view of (4.1) proves the lemma. O

The next lemma is a weighted Bernstein-type inequality for the Baskakov-
type operators. We estimate the action of 1/D? on the second degree V,? of the
operator in order to get a smaller constant in the right-hand side. This constant
is not exact.

Lemma 4.3. Let w = w(v9,Yeo) be given by (1.2) with 7o,V € [—1,0]. Then
for every F' € Cy(w) and for every n € N, n > 4, we have

1 )
g DHVZF)| < S [wF].

Proof. For the second derivative of g = V,, F' we get from Lemma 2.2 and Lemma
2.7 that D*(V,,F) € C(w). Lemma 2.2 also implies that g satisfies (1.3) and,
hence, g € Wg(wy) € W(w(0,—1)). Applying Theorem 2.5 with this g,
using (2.4) with m = n,j =k — 1, (2.5) with m = n,j = k and integration by
parts we get for every x > 0

n~! |w(z)y(z)D? ( F)(z)] =n~" |w(z)Va (v DV, F)(x)|
k(@ /ooo (n+ 1) Pagok—1(y)¢(y) D>V F (y)dy
[e’e] 00 ki [e’e] 2
[e'e] k oo [e'e]
= w(x) ;pn,k(x)w (n) ;vm(F)/O DP, (y)DP, ;(y)dy
=w(x 3 x ﬁ Oov h k= ny Py
= o) |3 Paste)d (33 ) S vui() [ P S )
< 50 (Y0, Yoo; @) |[WF|| (4.2)
with
Sn(705 Voo )

> Yo, (L) [ k—nyl ,, . li—nyl
”;P"”“W(J; i) [ P S st

14



The next three estimates follow from Holder’s inequality.

(70, Y003 %) < S (=1, 7003 2) 77 S (0, Yoo3 ) T (4.3)
Sn(=1,700; %) < Sp(=1,=1;2) 7= 8, (=1, 052) 17 (4.4)
Sn(0,%00; ) < S (0, —152) 775, (0, 03 2) 7. 5)

Applying (4.4) and (4.5) in (4.3) we get

Sn (70, Yooi ) < Sn(—1, 71;‘%)70’\/00571(71’O;Z)*’Yo(lﬁ”yoo)
X S (0, —=1;2) "= (1F20) G (0, 0; ) IF70) A7) (4.6)

Inequalities (4.2) and (4.6) imply that it is enough to prove for every = > 0

Sn(705 Voos ) < (4.7)

W Ut

in the four extreme cases (70, Vo) = (0,0), (—=1,0), (0,—1),(—1,—1) in order to
establish the lemma. Applying Cauchy’s inequality we get

5,00 70i0) < w@) Y- Prse)i (£ ) sl VFor (49

k=1

where the quantities E, j(w), F,  are given for k € N by
Buaw) =3 [ 00) 2 Pus0) Pas)e? () .
i=170
o e}
Fog = Z/ DY) Poie(y) (k —ny)* Poi(y) (i — ny)* dy.
i=170
For the estimate of F, , we use (2.10), (2.11), (2.5) and (2.13) and get
(o) o0
Fog = / P(y) " Pui(y) (k — ny)? <Z Pi(y)(i — ny)2> dy
0 i=1

< / () Pa(y) (k — )P (y)dy
0

L (49)

. / (k= ny)d Pop(y) = n? / T Puly) dy =
0 0

For the rest of the proof we establish (4.7) via (4.8), (4.9) and estimates of
E,, 1 (w) separately in each of the four extreme cases of weight w.
(I) Let Yo = Yoo = —1. Here w(x) = 27! and v, ;(w™!) = i/n. From (2.11),

15



(2.3), (2.4) and (2.13) we get
Pn k <Z
n z -
n

)
/OP“ (2 y) - @l

dy

+ .
(n+k)(n+k+1) k(n+k)
From the above result and (4.9) we obtain for k¥ > 1

n+ k)?
( p) ) En,k(w)Fn,k

T, - (n+k)2< n N 1 ) n?

- n? (n+k)n+k+1) kin+k))n—1
_nt+lk+1l n+k _ 2(n+1)2
n—1 k n+k+1 - (n—1)(n+2)

n

Applying the above result in (4.8) and using (2.10) we get for n > 4

> k 2(n + 1)2

. 1

Sn(=1,=Liw) <™y Pog(@) Tk < (n-1)(n+2)
1

which proves (4.7) in the case Y9 = Yoo = —

(IT) Let v = 0,70 = —1. Here w(x) = (1 +2)7! and v, ;(w™t) = (n+1)/n.
From (2.10) and (2.11) we get

n+1
ZPm (”“):<1+y>2+‘/’f?— ) DL
=0

Hence

o V*(y) «(1+y)* n
n+2 00
:i / Purly) Pnk
=170 (1 y)*
n+2

Z nn+1)...(n+s—1) n 1
"k m+k)n+k+1)...(n+s—1+k) kin+k)

__n f 2n + 1 3‘1+ 1
T k(n+ k) \2n+1+k k(n+k)
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. 2n+1+k+ 1 1 1g 2
= — (n .
~ k(n+k) k kEn+k) k2 n+k

From the above estimate and (4.9) we obtain for k > 1

k,2
ﬁEn,k(w)Fn,k

e kK2 1 14 n? n? 1 14 n?
n = —_—— n =
= mk n? k2 n+k/n—-1 n-1 n n+k

Taking into account that for every n > 4 the quantity T, is a decreasing
function of k and that T;, ; is a decreasing function of n we get T), < Ty 1 =
41/15. Applying the last inequality in (4.8) and using (2.10) we get for n > 4

Sn(oa_]-' ]-+-T 1ZPn,k k+n\/ nk H
k=1

which proves (4.7) in the case 79 = 0, Yoo = —1.
(ITII) Let v9 = —1, 7o = 0. Here w(z) = 27 (z + 1) and v,;(w™!) =
i/(n+i+1). From (2.3), (2.10) and (2.11) we get

Srto (i)

(n+1i—1)( n+zf2) i?
P .
1+y2Z n—1)(n—2) (n+i+1)2 " 2:(y)
2

7 B 1 n—2 ¥(y)
<(1+y ZP” 2 2)2—(1+y)2n1(y2+n2).

From this estimate, (2.3), (2.4) and (2.13) we get
00 Pn 0o i 2
Bustw) = [T S P (M) 0y
*© Poi(y) 1 n—2
S/o 2y) (L+y)?n— < )
n—=2 (% P,i(y) e P, k(y)
_n—l/0 (1+y)* o +/ (n—1)(1+
_ (n—=2)n(n+1)(n+2)
m=—1Dn+k)n+k+1)n+k+2)(n+k+3)
n(n+1)(n+2)
(n—=1Dk(n+E)(n+k+1)(n+k+2)

B n(n+1)(n+2)(nk —k+n+3)
C (n=Dk(n+k)n+k+1)(n+k+2)(n+k+3)

W) Y

_|_

(4.10)
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From (2.2) and (2.3) we also get

Qafoalt), (B) _ p =D gy

T n?

Having in mind (4.11) we obtain from (4.10) and (4.9) for k > 1 and n > 4

((n + k)({::;'— k- 1)) En,k(w)FrL,k
(n+k)??(n+k—1)2% -nn+1)(n+2)(nk—k+n+3) n?
nt-(n—=Dk(n+Ek)n+k+1)(n+k+2)n+k+3) - (n—
(n+1)(n+2)(nk—k+n+3)(n+k)(n+k—1)> <
Cnn—1)(mk—k)(n+k+1)(n+k+2)(n+k+3) ~

< Tn,k‘ =

)

5

5

Applying (4.11) and the above result in (4.8) and using (2.10) we get for n > 4
—1,0;x) Z nok—1(2) /T < \/7

k=1

which proves (4.7) in the case 79 = —1,7 = 0.
(IV) Let 40 = Yoo = 0. Here w(z) = 1 and v, ;(w™!) = 1. From (2.10), the
definition of Baskakov basic functions and (2.13) we get

En,k(w)z/ooop"”“()) Py dy—/ P"’“ Vo -ty )y

V(y) =
© Purly) ~~ 1
= ’ d
/0 2 (y) y; T
" n4k—1\[/n+k+r+1\ " [®
== Z( k ( k 1 > / Pn+r+3,k—1(y) dy
r=1 - 0

n+k—1\/n+k+r+1\" 1
;( k )( k-1 > n+r+2
B n(n+1)(n+ 2)

Ck(n+ k) (n+k+1)(n+k+2)

Qn,k; (412)

where
- - n+s+1
=1 _ .
@ +Tz_;<s_1_[2n+k+s+1>

A trivial estimate of the above quantity is @, x < n. Another estimate is

Qn,k < 1+

" m+1 \"? m+14k
n+3 Z< n -+ > <14 n+3 2n+ +'(4_13)

n+k—|—3r:2 2n+1+k n+k+3 k

18



From (4.13), (4.9) and (4.12) we get for k > 1 and n > 4

2
o (%) Bustwi
T - k2(n+k)?-n(n+1)(n+2)Qnx - n°
STt kn+ B n+k+D(n+k+2)-(n—1)
<P (n+1)(n+2)(n+k)[2n+k+1)(n+3)+ k(n+k+3)]

nn—1Dn+k+1)(n+k+2)(n+k+3)

For every n > 4 the quantity T}, ; is a decreasing function of k. Hence,
ka S ka S Tn,l S T5,1 = 21/8 for n Z 5 and T47k S T4,k S T4,3 = 133/48.
For n = 4 and k = 1,2 we can improve the upper bound Tn,k if we apply the
trivial estimate @, < n instead of (4.13). This leads to

(n+1)(n+2)(n+k)k

Tk < (n—1)(n+k+1)(n+k+2)

and, hence, Ty 1 < 25/21 and Ty 2 < 15/7. Thus, we obtain T, ;, < 133/48 for
every k> 1 and n > 4.
Applying this estimate in (4.8) and using (2.10) we get for n > 4

> 133
Sn(oa 07 ‘T) S Z Pn,k(x) \V4 Tn,k < Ea

k=1

which proves (4.7) in the case 79 = 7o = 0 and completes the proof of the
lemma. O

Proof of Theorem 1.3. We follow the scheme for proving strong inverse theorems
of type A given in [4]. From Lemma 4.1 we get that f —V*f € C(w) and V¥ f €
W& (wy) for every k € N. Applying Lemma 4.2 with g = V,1f, Theorem 2.5
with g = V3 f and g = V2f and Lemma 4.3 with F = ¢ D?*(V2f) € Co(w) we
get

Vif+V2f

1 1
Hw (Vva:f nw?( > ))H < gz v D* (WD (VD)
1 5
= o [lweD® (Vi (wD*(ViN))|| < 5 lww DA(VE)-

Using the last inequality, Lemma 4.3 with F = f — V2f € Cp(w) and with

19



F=f-V2f € Cy(w) and Lemma 2.7 we get

o (-t —om (B550))

2
V5f+V§’f>H+5 w¢D2(W?f+fo)"
2

2

I A

oo

||wwD2 (Vi (f - ))H+ = lwwD? (V2 (F = Vi)

o e (25212

5 Vo V4
é = (||w<VSf—f)\\+||w<vs’f—f>||) + 5 WD’ <f;f>H
4 5
< 125||w(v F-Dll+ H oD (V@Vf)H

From the above inequality and Lemma 2.7 we have

n 2
V4f st

oo (v =it = oot (BRI ey - vl
Vil + V,?f)

IN

< T (Vaf ~ )l + o H wDQ(

b

2

which can be rewritten as

4 5
o [wor? (B | < s = @y

Finally from the definition of K-functional, Lemma 2.7 and (4.14) we obtain
Ko (fi5 ) =t {7 =)l + 5 lwv D3l < g€ W)
w | figy ) =inf§[lw g 5 llw gl : g w

- g o (255

<(9 197) ol = Vaf I = 222 — Vi)l

Theorem 1.3 is proved. O
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